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Abstract This paper presents a new method for the modeling and control of the output probability

density functions (PDFs) of linear stochastic systems. At first, a new PDF approximation method,

namely the rational square-root B-spline model is proposed and the innovative concept of pseudo-

weights is introduced. The new model is then compared with the existing B-spline models in terms

of feasible domains. Next, a controller is developed to realize the output PDF tracking performance.

An alternative minimal entropy control strategy is also provided for the case that no target PDF is

available. Finally, illustrative examples indicate the effectiveness of the proposed algorithms.
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1 Introduction

As required by a number of practical systems such as the particle size distribution control and

molecular weight distribution control in polymerization processes, 3D solids density distribution control

in paper industries, particle size distribution control in powder industries, etc., the shape control of the

output PDF of general stochastic systems has been a subject of research in recent years[1∼7], which is

named as stochastic distribution control (SDC). The advantages of the shape control of output PDF

have been recognized in that the shape of PDF includes complete information about both the system

dynamics and the PDF of the system distributions. Traditional statistics such as mean and variance are

easily calculated from the PDF, while the shape of PDF comprises a wealth of additional information.

In the shape control, three major approaches have been developed: 1) closed-loop PDF control[8], 2)

process PDF control[9] and 3) output PDF control (SDC). In this paper, our attentions focus on SDC.

The main purpose of SDC systems is to select a crisp control input that can make the output PDF to

follow a target PDF. This is different from the traditional stochastic control methods such as minimum

variance control and LQG control, in which it is required that the system is subjected to Gaussian

noises and only the output mean and variance are addressed[10∼15].

Most of the SDC strategies are based on the B-spline approximation of output PDFs. So far there

are three types of B-spline models: 1) linear B-spline model[1,2,5,6], 2) square-root B-spline model[1∼3]

and 3) rational B-spline model[2,4], and a series of algorithms have been developed based on these

models. However, since the PDF has inherent integral characteristics on the defined interval, not all the

weights are independent in models 1) and 2) and the weights are constrained by the non-negativeness of

PDF in models 1) and 3). As such, none of the three models can be used directly without constraint. It

is therefore necessary to develop new B-spline models for SDC systems. This forms the main purpose

of our work in this paper, where a rational square-root B-spline model is proposed and the control

designs are performed.

The remainder of this paper is organized as follows: in Section 2, the new B-spline model is

proposed and comparisons with the previous models are performed by a two-dimensional system. A

nonlinear observer is designed to obtain the pseudo-weights vector in Section 3. Consequently, based

on the new B-spline model, the PDF tracking control and the minimum entropy control are developed
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in Section 4 and Section 5. Illustrative examples are discussed in Section 6. Finally in Section 7 the

conclusions are given.

2 Rational square-root B-spline model

Denote η(t) ∈ [a, b] as the output of a stochastic system at time instant t and assume that it is

uniformly bounded. Denote u(t) as the control input signal, which controls the distribution of η(t).

Then at any time t, η can be characterized by its conditional PDF γ(y,u(t)), which is defined by

P (a 6 η(t) < ξ|u(t)) =

∫ ξ

a

γ(y, u(t))dy (1)

where P (a 6 η(t) < ξ|u(t)) is the probability of the output η(t) lying inside the interval [α, ξ) when

u(t) is applied to the system. That means the PDF shape of η(t) is controlled by u(t). Based on

the well-known B-spline neural networks[16], the output PDF can be approximated by the B-spline

functions indicated in the following theorem.

Theorem 1. Suppose that the B-spline functions in the interval [a, b] have been pre-specified as

Bi(y), (i = 1, 2, . . . , n, n > 2), y ∈ [a, b] and the corresponding weights coefficients are ωi(i = 1, 2, . . . , n).

Then the following model can approximate γ(y,u(t)) for y ∈ [a, b]

√

γ(y,u(t)) =

n
∑

i=1

ωiBi(y)/

√

√

√

√

n
∑

i,j=1

ωiωj

∫ b

a

Bi(y)Bj(y)dy + e0 =
C(y)V (t)

√

V (t)TEV (t)
+ e0 (2)

such that ‖e0‖ < c0, c0 is a pre-specified small positive number. C(y) = [B1(y),B2(y), . . . , Bn(y)],

E =
∫ b

a
C

T(y)C(y)dy, V (t) = [ω1, ω2, . . . , ωn]T and V (t) 6= 0.

Proof. According to the functional approximation theory, for any arbitrarily small c0, there

exists an integer n such that the continuous function
√

γ(y,u(t)) can be approximated by (2). By

using formulation (2), it is obvious that

∫ b

a

γ(y,u(t))dy = 1 (3)

when e0 = 0, which means the integral condition of PDF is satisfied. Moreover, the square-root

operation in (2) guarantees the non-negativeness of the PDF. Hence, this approximation can be used

to express a continuous PDF. �

From (2), it can be found that the new approximation is a square-root B-spline model without the

denominator and it is similar to a rational B-spline model in the formulation. Hence this model is named

as the rational square-root B-spline model. It should be noted that all the weights ωi, (i = 1, 2, . . . , n)

in (2) are independent, and therefore, no further constraints are needed. In the following expressions,

e0 is ignored for simplification.

Remark 1. The meaning of the weights ωi, (i = 1, . . . , n) in (2) is the same as that of the

rational B-spline model. In both cases, they are only mid-variables in terms of approximation of

the PDF or the square-root of the PDF, and they are not unique. This is different from the lin-

ear and the square-root B-spline models, in which ωi, (i = 1, . . . , n) are actual weights. The actual

weights of the rational model and the rational square-root modle are ωi/
∑n

j=1 ωj

∫ b

a
Bj(y)dy[3] and

ωi/
√

∑n

i,j=1 ωiωj

∫ b

a
Bi(y)Bj(y)dy, respectively. According to the B-spline neural network theory[16],

however, the actual weights for approximation should be unique. Hence, the concept of pseudo-weights

is introduced into the new model for ωi, (i = 1, 2, . . . , n) in (2). It is unnecessary for the pseudo-weights

to be unique so long as the B-spline model can approximate the PDF.

In the next part, the new model will be compared with the existing three B-spline models in terms

of the feasible domain of the weights, which is defined as the domain where the B-spline approximation

can be realized and the approximation function is the PDF.

Inorder to simplify the comparison, the following assumptions are made:
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1) For the linear and square-root B-spline models, 3 basis functions are chosen for approximation,

and among the three weights ω1, ω2 and ω3, only ω1 and ω2 are the two independent weights;

2) For the rational and rational square-root B-spline models, 2 basis functions are chosen;

3) The pre-specified B-spline functions are independent to each other.

In this case, all the models in discussion have two independent weight coefficients.

The 4 feasible domains of the weights can be obtained from the 4 models as shown below:

1) For the linear B-spline model, the output PDF is γ(y,u(t)) =
∑3

i=1 ωiBi(y)[14]. From the

natural constraint (3) it is easily obtained that ω3 = (1− b1ω1 − b2ω2)/b3, where bi =
∫ b

a
Bi(y)dy, (i =

1, 2, 3), and ωi > 0, (i = 1, 2, 3).

2) For the square-root B-spline model, the output PDF is γ(y,u(t)) =
∑3

i=1 ωiBi(y)[14], and

ω3 = (−
∫ b

a
WB3(y)dy ±

√

∫ b

a
W 2(B2

3(y) − 1)dy + 1)/
∫ b

a
B2

3(y)dy, W = ω1B1(y) + ω2B2(y) due to the

constraint (3). In order to make ω3 is a real number it is required that
∫ b

a
W 2(B2

3(y) − 1)dy + 1 > 0,

i.e., ω2
1

∫ b

a
B2

1(y)(1 − B2
3(y))dy + 2ω1ω2

∫ b

a
B1(y)B2(y)(1 − B2

3(y))dy + ω2
2

∫ b

a
B2

2(y)(1 − B2
3(y))dy 6 1.

This makes the feasible domain of the weights an elliptical area.

3) For the rational B-spline model, γ(y,u(t)) = (ω1B1(y)+ω2B2(y))/(ω1b1+ω2b2), bi =
∫ b

a
Bi(y)dy,

i = 1, 2. The constraint is ω1ω2 > 0 and ω1, ω2 should not be zero at the same time[9].

4) For the new model in (2) there is no constraints except that ω1 and ω2 should not be zero at

the same time.

The 4 feasible domains are shown in Fig. 1 (a)∼(d) respectively

(a) Linear B-spline (b) Square-root B-spline (c) Rational B-spline (d) Rational square-root B-spline

Fig. 1 Feasible domains of the 4 B-spline models

Remark 2. 1) The rational square-root B-spline model synthesizes the merits of the rational and

the square-root B-spline models; its feasible domain covers almost all the space except for the origin.

2) The relationship between the 4 B-spline models can be shown in Fig. 2.

Fig. 2 Relationship between the 4 B-spline models

In this paper, it is assumed that the dynamic links between the weights and the control inputs

are linear; therefore, the following system will be studied
{

V̇ (t) = AV (t) + Bu(t)
√

γ(u, u(t)) = C(y)V (t)/
√

V (t)TEV (t)
(4)

where A ∈ Rn×n and B ∈ Rn×m are assumed known parameter matrices of the system.

3 Nonlinear observer design

Once model (4) is set up, the state variables (weights or pseudo-weights) of the model need to

be obtained for the controller design. There are two ways to obtain the state variables of the B-spline

model, one is the parameter estimation and the other is the state observer. Parameter estimation
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mainly employs the recursive least square (RLS) identification algorithm[1,17] , but it is only applicable

to the linear and square-root B-spline models because their weights are unique. For the rational or

rational square-root B-spline models, problem will occur when obtaining the pseudo-weights vector

V (t) from the actual weights because V (t) is not unique. Hence the parameter estimation method

cannot be used here. In this paper, a nonlinear observer is designed to obtain the pseudo-weights.

Assuming matrix A is stable, the nonlinear observer is constructed as follows.

˙̂
V (t) = AV̂ (t) + Bu(t) + Hε(t)

ε(t) =

∫ b

a

(
√

γ(y, u(t)) −
√

γ̂(y, u(t)))2dy (5)

√

γ̂(y,u(t)) = C(y)V̂ (t)/

√

V̂ (t)TEV̂ (t)

where V̂ (t) = [ω̂1, ω̂2, . . . , ω̂n]T is the states vector of the observer, H is the gain matrix which has

appropriate dimension. ε(t) is the residual signal and can be further expressed as

ε(t) =

∫ b

a

(

C(y)V (t)
√

V (t)TEV (t)
− C(y)V̂ (t)

√

V̂ (t)TEV̂ (t)

)2

dy = 2 − 2
V (t)TEV̂ (t)

√

V (t)TEV (t)V̂ (t)TEV̂ (t)
(6)

Consider the function f(x, y) = xTQy/
√

xTQxyTQy, Q = QT > 0. From

∂f/∂x = (QyxTQx − QxxTQy)/(xTQx) = 0, ∂f/∂y = (QxyTQy − QyyTQx)/(yTQy) = 0 (7)

it can be obtained that x = ±y. When x = y, f(x, y) is the maximum and when x = −y, f(x, y) is the

minimum. Therefore,

0 6 ε(t) 6 4 (8)

Denote Ṽ (t) = V (t) − V̂ (t). Then the error dynamics equation is formulated as

˙̃
V (t) = AṼ (t) − Hε(t) (9)

The following theorem for the state error of this nonlinear observer can be stated.

Theorem 2. Assume the system matrix A is stable and ‖H‖ 6 δ, where δ is a pre-specified

small positive number. Then the norm of the stable solutions of (9), i.e., ‖Ṽ (t)‖, will not exceed a

pre-specified small positive number.

Proof. Since matrix A is stable, ‖H‖ 6 δ and 0 6 ε(t) 6 4, from the theory of ordinary

differential equation, the solution of (9) is bounded. Therefore, it can be supposed that ‖Ṽ (t)‖ 6 M .

Also, since matrix A is stable, there exists a positive definite matrix P such that

ATP + PA = −I (10)

Select the following Lyapunov function

π(Ṽ (t)) = Ṽ (t)TP Ṽ (t) (11)

Then there is

π̇(Ṽ (t)) = −‖Ṽ (t)‖2 − 2Ṽ (t)TPHε(t) (12)

which leads to

π̇(Ṽ (t)) 6 −‖Ṽ (t)‖2 + 2‖Ṽ (t)‖‖P‖‖H‖|ε(t)‖ (13)

If δ is selected to be δ = φ/(8M‖P‖), and φ is also a pre-specified small positive number, then from the

inequality (13), it is clear that ‖Ṽ (t)‖ will not grow larger than
√

φ. This is because when ‖Ṽ (t)‖ >
√

φ,

π̇(Ṽ (t)) becomes negative and π(Ṽ (t)) = Ṽ (t)TP Ṽ (t) will decrease. �

Theorem 2 shows that the boundedness of H guarantees the boundedness of Ṽ (t).

4 Optimal PDF tracking control
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The purpose of the control algorithm design is to choose the control input u(t) such that the

actual output PDF of the system is made as close as possible to a pre-specified continuous PDF g(y),

which is also defined on [a, b] and is independent of u(t). Similar to the approximation of γ(y, u(t)),

the target PDF can also be approximated by the rational square-root model as

√

g(y) = C(y)V g/
√

V
T
g EV g (14)

In this paper, the performance function for PDF tracking is formulated as

J =
1

2

∫

∞

0

(

∫ b

a

(
√

γ(y,u(t)) −
√

g(y))2dy + ζ(t)TRζ(t))dt (15)

where R = RT > 0, Bζ(t) = Bu(t) + AV g, V g is one of the target pseudo-weights vectors. Taking (2)

and (14) into (15), it can be seen that the LQR algorithm[18] cannot be employed directly because of the

nonlinearity in the performance function. Thus, a sub-optimal controller design strategy is developed

and the following new performance function

J =
1

2

∫

∞

0

(e(t)TEe(t) + ζ(t)TRζ(t))dt (16)

is formulated to replace (15), where e(t) = V (t)−V g is the tracking error between the output pseudo-

weights vector and its target vector. The dynamic of the tracking error turns to be

ė(t) = Ae(t) + Bζ(t) (17)

(16) and (17) form a typical LQR problem[18]. Although only a sub-optimal LQR tuning can be

achieved to this system, it′s good to see that the minimization of (16) corresponds to the minimization

of (15). In this case, the PDF tracking problem is transferred to a standard LQR tuning, the controller

design is thus greatly simplified. Assume that B is invertible; the standard sub-optimal tuning to (16)

and (17) is given to be

u(t) = ζ(t) − B−1AV g = −Ke(t) − B−1AV g (18)

This leads to the PDF tracking controller

u(t) = −K(V̂ (t) − V g) − B−1AV g (19)

The following theorem summarizes the controller design.

Theorem 3. Assume that the dynamic system and the output PDF are described by (4) and

the states vector can be observed by (5), and suppose that the system matrix A is stable and B is

invertible. Then the output PDF of the system will trace the given target when the controller (19) is

applied.

Proof. Omitted. �

Remark 3. If V (t) is a pseudo-weights vector from the former formulation, then aV (t), (a 6= 0)

also satisfies the B-spline model (2). Thus the target weights vector can be chosen arbitrarily only if

the actual weights satisfy the approximation requirement. From the control theory of linear systems,

a higher gain system has better robustness under the same other conditions. Therefore, ‖V g‖ can be

enlarged to improve the robustness. This indicates that the new model can improve the robustness

conveniently without other robust design.

In this section, the PDF tracking design is based on the assumptions that the target PDF V g is

available and matrix B is invertible. These assumptions, however, may not hold in some conditions.

To overcome these limitations, an alternative minimum entropy controller is designed next.

5 Minimum entropy control

For an SDC system, in the case that the target distribution PDF is unavailable, the PDF tracking

operation will be impossible. In another case, when the dimension of the B-spline approximation and/or

the dimension of control input are too high, the PDF tracking performance might be difficult to realize.
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In these situations, minimum entropy control of the system output can be considered as an alternative

strategy[19∼21].

The entropy originates from the thermodynamics. It is a degree of chaos of molecule movements.

The relationship between the entropy and the system′s states is a continuous mono-value function, which

has nothing to do with the process. The link between entropy and probability can be interpreted by

theory of molecule kinematics, which shows the entropy is a measure of uncertainty[22]. For Gaussian-

type stochastic systems, the one-to-one mapping of the entropy and the variance has been proved

already. The minimum variance control of linear Gaussian systems is only a special case of the minimum

entropy control[19,20].

The Shannon′s entropy[19,20] of the continuous stochastic distribution γ(y, u(t)) is defined by

H(y) = −
∫

∞

−∞

γ(y, u(t))lnγ(y,u(t))dy (20)

In this context, the performance function is selected as

J =

∫ b

a

γ(y,u(t))lnγ(y, u(t))dy +
1

2
u(t)TRu(t) (21)

where the first term is the Shannon′s entropy of the system′s output. The second term represents a

constraint on the control inputs. R = RT > 0 is a pre-specified weighting matrix. The aim is again to

select an input u(t) such that J is minimized.

This is a nonlinear optimization problem, which is difficult to solve in practice, especially when a

global solution is required. As an alternative, we will select a u(t) so that the performance function J

decreases monotonically. This is similar to the approach used in Wang′s work[20] where the performance

function was taken as a Lyapunov function for the closed-loop system. This leads to dJ/dt < 0, i.e.,

−
∫ b

a

∂γ(y,u(t))

∂V (t)
V̇ (t)(lnγ(y, u(t)) + 1)dy + u(t)TRu̇(t) < 0 (22)

The actual control inputs are obtained by using observer (5).

6 Simulation

6.1 Optimal PDF tracking control

Consider a stochastic system whose output PDF can be approximated by the following B-spline

functions Bi(y), (i = 1, 2, 3)











B1(y) = 0.5(y − 2)2I1 + (−y2 + 7y − 11.5)I2 + 0.5(y − 5)2I3

B2(y) = 0.5(y − 3)2I2 + (−y2 + 9y − 19.5)I3 + 0.5(y − 6)2I4

B3(y) = 0.5(y − 4)2I3 + (−y2 + 11y − 29.5)I4 + 0.5(y − 7)2I5

(23)

where Ii =

{

1, y ∈ [i + 1, i + 2]

0, otherwise
, (i = 1, 2, 3, 4, 5). Assume the system dynamics can be expressed as

V̇ (t) =





0 1 0

0 0 1

−1 −5 −3



 V (t) +





0.5 0.3 0

0 0.9 0.1

−0.5 −0.2 0.1



 u(t) (24)

The initial and the target state vectors are set to be [1, 4, 2]T and [10, 16, 10]T, respectively. The control

algorithm is in (19). The initial state vector and the gain matrix H of observer are [0, 0.1, 0.2]T and

[−0.005, 0.005, 0.005]T , respectively. The sampling time is 0.25s. Fig. 3 shows the 3-D plot of the PDF

development and the corresponding state response. It can be seen that the closed-loop system is stable

and the perfect PDF tracking performance is obtained. When the system dynamics change to V̇ (t) =

1.5AV (t) + 0.8Bu(t) and the other conditions are kept unchanged, the finial output PDF, the target

PDF and the state response are shown in Fig. 4. When system is V̇ (t) = 1.5AV (t) + 0.8Bu(t) + υ(t),
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where the noise term υ(t) = [0.1rand, 0.2rand, 0.1rand]T is introduced and all the other conditions are

unchanged, the development of the PDFs and the corresponding state response are shown in Fig. 5. All

these results satisfy control requirements, and show that the control algorithm has good robustness.

It can be seen from the simulation that the pseudo-weights are only mid-variables without any

physical meanings. However, this helps to improve the system performance somehow: when there

exists external disturbances or system uncertainties, the output PDF tracking performance can be

mostly achieved although the given target weights might be difficult to obtain sometimes.

Fig. 3 The response of the PDFs and the states of the nominal system

Fig. 4 The response of the PDFs and the states of the uncertain system

Fig. 5 The response of the PDFs and the states with disturbance and uncertainty

6.2 Minimum entropy control

The B-spline functions of the out PDF are the same as those in Section 6.1, but the dynamic part
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is

V̇ (t) =





0 1 0

0 0 1

−1 −5 −3



 V (t) +





0

0

1



 u(t) (25)

The initial state vector is set to be [4, 3, 4]T, the initial state vector and the gain matrix H of the observer

are [0.5, 1, 0.5]T and [−0.005, 0.005, 0.005]T. The control algorithm is in (22), and the response of the

PDFs and the corresponding entropy are shown in Fig. 6. It can be seen that the control input is

driving the system towards the direction of smaller randomness. This can also be verified in the 3-

D PDF figure, where the output PDF curves become narrower and sharper when the time increases

indicating the decreasing randomness of the system output.

Fig. 6 The response of PDFs and entropy

7 Conclusions

The new rational square-root B-spline model proposed in this paper has an obvious advantage

over the other B-spline models in that its feasible domain of the pseudo weights almost covers the

whole space. The main limitation of this model is that the pseudo weights are not unique, and the

pseudo weights cannot be obtained by parameter estimation. This, however, doesn′t affect the PDF

approximation, and on the other hand, can be employed to improve the robustness of the control

system.
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