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Abstract Two kinds of observers for linear singular time-delay systems, namely functional ob-
servers and full-order observers, are considered in this paper. For the former, observers with and
without internal delay are considered. For the latter, observers without internal delay is given. The
corresponding design steps for various observers, which are all normal linear time-delay systems, are
presented. Numerical examples are given to illustrate the methods.
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1 Introduction

Time delay is frequently a source of instability and encountered in various engineering systems,
which often occurs in the transmission of information or material between different parts of a system.
The control of time-delay systems has received considerable attention over the last few decades. The
specific application examples of time-delay systems in automatic control theory, physics, biology, chem-
istry, economics, astronomy and so on have been given in [1]. On the other hand, singular systems have
comprehensive practical background such as power systems, social economic systems, circuit systems,
and so on. Singular systems are also referred to as descriptor systems, implicit systems, generalized
statespace systems, differential-algebraic systems, or semistate systems. Great progress has been made
in the theory and its applications since 1970s!?. Singular time-delay systems are also called descriptor
time-delay systems. Recently, much attention has been paid to singular systems with time-delay. There
have been some papers[BNﬂ on the research in this field. Robust stability and stabilization for linear
singular time delay with uncertainties were studied in [3]. [4] considered the guaranteed cost control
problem for linear uncertain singular time delay systems. [5] studied singular linear-quadratic optimal
control problem for discrete singular systems with multiple time delays. Stability for nonlinear singular
time delay systems was discussed in [6]. [7] considered robust D-stability for uncertain discrete singular
systems with state delay.

The study in various synthetical problems of control systems has showed the advantage of state
feedback. However, the states of systems are not always measurable in many applications. One way
to solve this contradiction is to reconstruct the states of system. There are many publications on
designing observers for time-delay systems and different methods have been proposed. Methods based
on the spectral decomposition theory and finite spectral assignment techniques were given in [8~11].
The survey of various results obtained until 1981 was presented in [12]. In addition, numerous results
about the observer theory have been obtained, see [13~16], where observers without internal delay
were studied in [14~16]. To the best of our knowledge, there are no results on the observer design for
singular time delay systems.

In this paper, functional observers and full-order observers will be discussed respectively. For the
former, observers with internal delay will be presented. The concrete design methods will be derived
using linear matrix-inequality formulation. The design method of the full-order observers, which is
without internal delay, is more simpler. The virtue of all the observers is using the state of the normal
linear time-delay system to converge the state of the singular time-delay system. Numerical examples
will be given to illustrate the methods.

1) Supported by National Natural Science Foundation of P. R. China (60374021, 60474013, and 60474001), Mathe-
matics Tianyuan Foundation of P.R. China (A010203) and Outstanding Mid-Young Scientist Prize Foundation
of Shandong Province (03BS097)

Received April 27, 2004; in revised form December 28, 2004

Copyright © 2005 by Editorial Office of Acta Automatica Sinica. All rights reserved.



No.3 FENG Jun-E et al.: Observer Design for Linear Singular Time-delay Systems 373

2 Functional observer
Consider the following linear singular time-delay system

Ez(t) = Az(t) + Arx(t — 7) + Bu(t)
y(t) = Cw( ) (1)
2(t) = Ka(t)

where, x(t) € R™ is the state, u(t) € R™ is the control input, y(¢) € R" is the measurement output and
z(t) € RP is the vector to be estimated; the coefficient matrices are all constant matrices of appropriate
dimensions; particularly, rankE < n; 7 > 0 is a constant delay duration.
For convenience of writing, denote the variables x(t), w(t), y(t) of system (1) by @, u, y, but (t—7)
is still written as (¢ — 7). The variables of the sequel systems will use the same denotations.
Without loss of generality, in this section it is assumed that rankC' = r, rankK = p and rank

K L | K. K .
{C’} = r + p. Because if {C’} is not of full row rank, we can assume K = {KJ with { c } being of
K
full row rank and each row of K2 can be linearly expressed by c . Then there exists matrix L such

K
that Ko = L { C’l } Denote the corresponding outputs of K1 and K2 by z1 = Kix and z2 = Kex. If

the estimate of z1 is 21, that is, lim (21 — z1) = 0, then from z2 = L {Kl} x =[L1 Lo {Klw} =
t—o0 C Cx
Liz1 + Loy, we can get the estimate of z2 is 22 = L121 + Loy.
We first introduce a useful lemma.
Lemma 117, The system @(t) = Ax(t) + A,x(t — 7) is asymptotically stable if there exist
matrices P > 0 and @ > 0 satisfying the following inequality

PA+ATP+PA.Q'ATP+Q <0
Consider the following functional observers for system (1) of the form

{é:AC+ATC(t—T)+By+B7y(t—7')+ju
2=(+Dy

where ¢(t) € RP is the state of the observer and 2(t) € R” is the estimate of z(t). A, A,, B, B,
are unknown matrices of appropriate dimensions, which must be determined such that hrn [2( )
0.
The following theorem gives a sufficient condition guaranteeing system (2) is the functional ob-
server for system (1).
Theorem 1. The system (2) is the functional observer for system (1) if there exists matrix M
satisfying the following conditions.
a) AME + BC = MA.
b) A,ME + B,C = MA,.
¢)J=MB.
d) ME + DC = K.
e) &= At + A, &(t — 7) is asymptotically stable.
Proof. Let £ = — MFEz. Then

§¢=(- M(ED) =
AC+ A C(t—7)+By+ Byt —7)+ Ju — M(Azx + A,x(t — 7) + Bu) =
At + Akt —7)+ (AME + BC — MA)x + (A, ME + B,C — MA)x(t —7) + (J — MB)u =
Ag + A gt —7)

From

2—z=(+Dy—Kax=(+MEx)+DCx—Kz=£(+ (ME+DC —K)z =¢
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and by using condition (e) in the theorem, tlim (2—2z) = 0. So the observer (2) estimates asymptotically
z(t). O
Remark 1. When A, =0, let A; = 0,B; = 0. Then system (2) is the functional observer for
singular system without time-delay.
Denote £ = E — I. From the conditions (a) and (d) in Theorem 1 we have

A(K —DC)+ BC = MEA - MEA

Then
CA
AK = ADC - BC+ (K - DC)A-MEA=KA-[D T M]| C (3)
EA
where T'= B — AD. For the same reason, from the conditions (b) and (d) we obtain
CA,
A K=KA,—[D § M]| C (4)
EA,

where S = BT — Afﬁ
K
Since { } is of full row rank, r + p < n. Supposing r + p < n (the case of r + p = n will be

c
K
discussed in the next section), it follows that there exists matrix G € R™~""P)*" guch that | C' | is
G
K-t
nonsingular. Let | C' =[H1 E:1 Fi]; then (3) and (4) are equivalent to
G
A=KAH,—[D T M|%1H, KAE F]=[D T M]Si[E:1 F] (5a,5b)
A, =KA.H,—[D S M|S:H:,, KA. [Ei F]=[D S M]%:[E: F (6a,6b)
CA CA-
where X1 = | C | ,32 = C
EA EA.

From the above equations we can see that finding matrices A /A, B,B;,J,D and M satisfying
the conditions a)~d) in Theorem 1 can be reduced to finding matrices D, T, S and M satisfying (5b),
(6b) and the condition d) in Theorem 1.

We have known that there exist solutions to (5b) (6b) and d) in Theorem 1 is equivalent to the
following matrix equations is solvable.

[D S T MEr=86 (7)
where
CAE1 CAFRW CA.E. CAFy C
5 0 0 1 0 0
- I 0 0 0 0
EAE, EAF, EA.E, EA.F\ E

6 =|KAE, KAF, KA,E, KA.F\ K|

Lemma 2. There exist matrices A,AT,B,BT,j,[) and M satisfying the conditions a)~d) in
Theorem 1 if and only if
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[¢A CA, O CA CA, C

EA EA. E EA BA, E

KA KA, K K OT 0

rank | K 0 0 | =rank (8)

0 K 0

0 K 0
C 0 0

C 0 0 0 C 0

L O C 0

:| = rank3. Now, Define the following

@ M

Proof. There are solutions to (7) if and only if rank {

nonsingular matrix:

H, Ei F
S = H Ei F
I,
Then the left-hand side of (8) is equivalent to
r[CA CA.] C1 rfCcA CA.| C7
74] |24] 24| |24)]
KA KA, K KA KA, K
rank K 0 0 | =rank K 0 0]|S=
0 K 0 0 K 0
C 0 0 C 0 0
0 c o] 0 c o]
CAFy CAFy C]
2(r +p) +rank | FAFy EA,Fi E
KAF, KAF K|

and the right-hand side is equivalent to

CA CA, C

EA EA., E

K 0 0 _ CAF, CAFy C
rank 0 % 0 S—2(r+p)+rank{EAFl BAF E}

C 0 0

0 C 0

So, (8) is equivalent to

CAF, CAFy C
rank | EAF, FEA,F, E :rank{

CAF, CA Ry C’}
KAFT KA-Fi K

EAF, EA.Fy FE

that is, rank = rankX.. The proof is completed. O

2
C]
Under condition (8), the general solution to (7) is
D S T M]=60x"+2z(I-35%) (9)

where Z is an arbitrary matrix of appropriate dimension and XV is the generalized inverse matrix of 3.
Substituting (9) into (5a) and (6a) yields

CA
A=KAH,-[D S T M)| g H 2 A-ZI
EA
CA CA
where A = KAH, — O%* g Hy, I' = (I -xxH) (0; Hi.

EA EA
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For the same reason, we get A, = A — ZQ, where

CA; CA,
A=KAH —0x7" o | Hu N=>1-xx%) g H,
EA. EA,

Now the problem of the observer design is reduced to how to find matrix Z such that the condition
e) in Theorem 1 is satisfied. Using the result of Lemma 1 we know that a sufficient condition guaran-
teeing matrices A and A, satisfy condition e) in Theorem 1 is there exist positive definitem matrices
P > 0,Q > 0 such that
PA+ATP+Q+PA.Q 'ATP <0

that is, S .
PA+A"P+Q PA;
[ ATp —0 } <0 (10)
Substituting A = A — ZI' and A, = A — Z2 into above inequality and letting Z = PZ yield
Tp_op_ pT 5T oz
PA+ A P—ZI" Z;Z +Q PA-ZQ2 <0 (11)
(PA —-Z02) -Q

Then the following theorem is obtained.

Theorem 2. A sufficient condition for the existence of the observer (2) for system (1) is that (8)
holds and there exist matrix Z and positive matrices P > 0,Q > 0 satisfying LMI (11).

So the design of the observer (2) can be made as follows.

Step 1. Let E = E — I and verify whether condition (8) holds. If it holds, go to the next step; if
not, stop;

K K]t
Step 2. Choose matrix G such that | C' | is nonsingular and let | C = [H1 Ei Fi].
G G

Calculate matrix ¥ and solve (11). If it is solvable, denote Z = P~'Z and continue; if not, stop;
Step 3. Matrices A and A, can be obtained from A = A — ZI', A, = A — Z02;
Step 4. Matrices D, S, T, M can be obtained from (9);
Step 5. Matrices B,BT and J are given by B=AD + T, B, =A.D+ S, J = MB.
Example 1. Consider the linear singular time-delay system (1) with

100 1 2 0 0 01 0 1
E=|0 1 0|,A=|0 -1 0|, A.=| 0 o0 o0|,B=|-1
000 1 0 -1 —01 0 0 2

C=[1 0 0], K=[0 1 0]
By using the design method in this subsection we can obtain the linear functional observer (2) with
A=-1.0253, A, = —0.2025, B =5.1271, B, = 0.6126, J = 1.0253, D = —2.0253

Remark 2. The design methods can be extended to another kind of observer without internal
delay, i.e., A; = 0, the observer (2) becomes a functional observer of the form:

{é:AC—l—By—l—BTy(t—T)—&-ju (12)

z=(+ f)y
Remark 3. The methods can be extended to the cases of reduced-order observer. The main idea

of reduced-order observer is that part of states can be obtained by the measurement output y(t). We

only need to estimate the leftpart. Without loss of generality, it is assumed that is nonsingular.

K
C

Thus reduced-order observers can be designed by similar methods.
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3 Full-order observers

It {g} is of full column rank, and rank[C] = rank {f

} , we can design the full-order observers

for system (1). Now K = I, of course the condition that {[g} is of full row rank is not satisfied.

Without loss of generality, suppose matrix C' is of full row rank.
Corollary 1. The system (12) is the full-order observer for system (1) if there exists matrix M
such that the following conditions are satisfied.
a) AME + BC = MA.
b) B,.C = MA,.
¢)J=MB.
d) ME+DC=1.
e) E AS is asymptotically stable.
Proof is similar to Theorem 1.
Remark 4. If A, = 0 in system (1), let B = 0 in system (12). Then Corollary 1 gives a sufficient
condition of the existence of full-order observers for singular system without time-delay.
Remark 5. A necessary condition of the existence of matrices A B,B,,J,D and M satisfying

the conditions in Corollary 1 is matrix { } is of full column rank.

C

Lemma 3. {E} is of full column rank if and only if there exist matrices E*, C* with E* being

c
nonsingular such that E*E + C*C =

E
Lemma 4. If { } is of full column rank, for any square matrix A with the same dimension as

C
E, [E, A,C] is impulse observable.
Lemma 5. If [E, A,C] is impulse observable, (E*A, C')is observable.
In the sequel we will design the full-order observer (12).

Since {g} is of full column rank, there exist E*, C*, with E* being nonsingular such that

E*E+C*C =1 Let D=C*,M = E*,J = MB and choose A, B satisfying AME + BC = MA and A
is asymptotically stable. From M = E* we have AE*E+ BC = E* A, that is, A(IfC’*C) +BC = E*A.
So A=E*A— (B—-AC*)C. Let F = B— AC*; then A = E*A — FC. By using the results of Lemma
4 and Lemma 5, we know that there exists matrix F such that A = E*A — FC is asymptotically
stable. Then let B = F + AC*. Finally, find matrix B, satisfying condition b) in Corollary 1. Matrix
. Noticing M = C*

equation b) in Corollary 1 has solution B, if and only if rankC' = rank { Mi

holds if only if rankC' = rank {f } .

nonsingularity, we get rankC = rank [ MC/;T}

Therefore we obtain the following theorem.

Theorem 3. There exists the full-order observer of the form (12) for system (1) if {E} is of full

c

column rank and rankC = rank {f } .
The design steps are given by:

E
Step 1. Verify whether condition rank { } = n and rankC = rank { ¢

c AT} holds. If it holds, then

go to the next step; if not, stop;
Step 2. Find matrices E* and C* with E* being nonsingular such that E*E + C*C = I;
Step 3. Matrices M, D, J and B, are given from M = E*, D = C*, J = MB;
Step 4. Choose matrix F' such that A=FE*"A-FCis asymptotically stable. Let B=F+ AC*;
Step 5. Matrix BT is solved from BTC’ =FE*A,.
Example 2. Consider the linear singular time-delay system (1) with:

s=[3 ) a=[ ] =g 2] m=[2) oo o
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From the above steps the full-order observer (12) is obtained with

T N N N RN [
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