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Abstract The optimal disturbance rejection problem for linear time-delay systems affected

by sinusoidal disturbances is considered. The paper proposes a sensitivity approach to design

of feedforward and feedback optimal control law. By introducing a sensitivity parameter and

expanding power series around it, the optimal control problem is reduced to a series of two-

point boundary value problems without time-advance or time-delay terms. By intercepting

finite sum of the optimal control series, a suboptimal control law for the system is obtained.

Simulations show that the algorithm presented in this paper is more efficient to damp external

sinusoidal disturbances than the classical feedback optimal control law.
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J)�g�J� “:�'D ”. >�wCgjEC�WwKJ)i��GA"��CHA"�US&�5PK0℄W�
�AA"�u1�A"�E0VMp\j8��Ajp��3
DW�1B�d5rVn�i��G (C��G) //��8Vi��G,W
D��h�Yue [[2] ts y��(wKW&\jj��J)W:. H2/H∞)
i��GA"��? �QC��GNWqJ~x�Tang [[3] 5u�mwKJ)wCgjEC�i��GA"� ? C��GNqJWUC�n~x�Michael [[4] +����_:�9ts y�	iwKWWjJ)Wi��GA"�'/���WJ)p�(/k<n�_Wl�M�l[5,6]
. ;P_l(zN�GJ)N�}F(��h(���i^��GJ)N���;��W
��Me#6l8S;P�Wh}[7]

; ($yJ�W6l�GJ)N�g�F;�W��$��Wh7#7;P#[8,9][[�u�(/k;P_ll�MWwKJ)Wi��GA"��3�>AA"USWqfz
i��Gu(/k;P_ll�MWJ)&�i�W��u_lW)
ja2�(�GJ)NPiP
�G��%4�_uJ)	?WÆ\[10,11]
. (�2WjAJ)i��GtsN���D�+J)W>AA"�v/p�+/k_luJ)WÆ\�ts(/k<n_ll�MJ)Wi��GA"�D�+J)>AWi��GA"��S{WzN��[12∼14]

.�=tsZ���&�wKWWjJ)(/*;P_lMWi�X6�GA"� ? P
 – z
i��GNqJW$<qx�&"
i$<q-�!4a�-�6G��&�$<qx[&�5PK0℄W�
�AA"U47&&5PK0℄W�
�AA"f�J)Wi��G,�6G�+Wh}�&"dZG�WP�U℄?+US"J)WP
 – z
C��G,�&"�2z��D5[�= ?WP
 –z
i��G,�qfZ�z
i��G,mi�a��2g �>��=W~xu;P_l��)W)
j�E��P�
W�G/�_l�
2 C$;��+M"J�;P_lWWjwKJ)

ẋ(t) = Ax(t) + A1x(t − τ) + Bu(t) + Dv(t), t > 0

x(t) = φ(t), t ∈ [−τ, 0] (1)MN x ∈ Rn �Z�`��u ∈ Rr ��G`��v ∈ Rm �;P_l`��A, A1, B, D �y��N:�W3�x8�τ > 0 �wK℄�φ(t) ��nW>|`�(��Rj (A, B) E��
v y�hMh}
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α1 sin(ω1t + ϕ1)

α2 sin(ω2t + ϕ2)
...

αm sin(ωmt + ϕm)




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



(2)MNI. 0 6 ωi < π ��>W�(�MWtsN�D5Rq v ��0�W�u��/k<n_lWJ)Wi��GA"���J)WZ�`�+�G`�W��AEp���&W�#���qfi��GWEUwTwCgjEC��&��W����J)WZ�`�+�G`�W��A���6O"9�M	A+Z;Ex!O\j���,�qfi��GW�UwTwCgjEC�Ex\jZ�`�WPA�7j}qfi
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 o 7 q � 32|��GwCgjEC�WwUj�D5[A"Y47{r/���G u∗(t), {UM"wCgJ~jEC� J Cb
J = lim

T→∞

1

T

∫ T

0

[xT(t)Qx(t) + uT(t)Ru]dt (3)MNx8 Q + R 3e&3WZ�hfN%Z�D5>T�J) (1) �� (3) Wi��GA"W�{%ZQFM"�
�AA"
ẋ(t) = Ax(t) + A1x(t − τ) − Sλ(t) + Dv(t)

− λ̇(t) = Qx(t) + ATλ(t) + AT
1 λ(t + τ), t > 0 (4)

x(t) = φ(t), t ∈ [−τ, 0], lim
T→∞

λ(T ) = 0J)Wi��G,7
u(t) = −R−1BTλ(t) (5)MN S = BR−1BT. X�SA" (4) ���M&�5P℄ λ(t + τ) +wK℄ x(t − τ), �&�/*_l v(t) W�
�AA"�u1�A"E0�Vp\j8�V�Ajp��3
DW�	B�ts1�J)i��GA"Wn�j��3���W�

3 R� – |�k��JOZo�sL�fD55uJ) (1) ��jEC� (3) Wi��GA"� ?�Q��G�+n�VjP
 – z
i��G,W$<qqJ~x��O�>� (4) + (5), �*M"&�$<q-� ε W�
�AA"
ẋ(t, ε) = Ax(t, ε) − Sλ(t, ε) + εA1x(t − τ, ε) + Dv(t)

− λ̇(t, ε) = Qx(t, ε) + ATλ(t, ε) + εAT
1 λ(t + τ, ε), t > 0 (6)

x(t, ε) = φ(t), t ∈ [−τ, 0], lim
T→∞

λ(T, ε) = 0+i��G,
u(t, ε) = −R−1BTλ(t, ε) (7)MN 0 6 ε 6 1 �� t E�Wz��$<q-��Rq u(t, ε), x(t, ε), λ(t, ε) ( ε = 0 A�� ε EU�3��5�� ε W Maclaurin -�}7

u(t, ε) =

∞
∑

i=0

εi

i!
u(i)(t), x(t, ε) =

∞
∑

i=0

εi

i!
x(i), λ(t, ε) =

∞
∑

i=0

εi

i!
λ(i)(t) (8)o� (i) �~( ε = 0 A�� ε W i 
Q��(�MW�0N�D5Rqo
�G�( ε = 1 A���R℄�(6) :
W�
�AA"( ε = 1 AWG�j[S� (4). J�? u(i)(t) 0�� (8) ��USi��G u∗(t), F

u∗(t) = u(t, 1) =
∞
∑

i=0

1

i!
u(i)(t) (9)u
A"Wi��G�D5�?M9Wg �
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u∗(t) = −R−1BT[P1x(t) + P2v(t) + P3vω(t) +

∞
∑

i=1

1

i!
gi(t)] (10)MN P1 �M" Riccati x8~9W6�;jj

ATP1 + P1A − P1SP1 + Q = 0 (11)

P2 + P3 �M"x8~9W6�j
(AT − P1S)2P2 + P2Ω

2 = −(AT − P1S)P1D, (AT − P1S)2P3 + P3Ω
2 = −P1DΩ (12)` i 
��`� gi �M}VU

g0(t) = P2v + P3vw

gi(t) = i

∫

∞

t

e(A−SP1)
T(r−t)[P1A1x

(i−1)(r − τ) + AT
1 P1x

(i−1)(r + τ) + AT
1 gi−1(r + τ)]dr

i = 1, 2, · · · (13)` i 
Z�`� x(i) �M}\j
ẋ(0)(t) = (A − SP1)x

(0)(t) + (D − SP2)v(t) − SP3vw(t), t > 0

x(0)(t) = φ(t), t ∈ [−τ, 0]

ẋ(i)(t) = (A − SP1)x
(i)(t) + iA1x

(i−1)(t − τ) − Sgi(t), t > 0

x(i)(t) = 0, t ∈ [−τ, 0], i = 1, 2, · · · (14)MN
Ω = diag[ω1, ω2, · · · , ωm], vω(t) =

[

v1(t −
π

2ω1
), v2(t −

π

2ω2
), · · · , vm(t − π

2ωm

)

]T���[ (8) Ki (6), !([}��EUG�+W(C℄u
Z[�ε → 0, �U�M�
�AA"f
ẋ(0)(t) = Ax(0)(t) − Sλ(0)(t) + Dv(t)

− λ̇
(0)

(t) = Qx(0)(t) + ATλ(0)(t) (15)

x(0)(0) = φ(0), lim
T→∞

‖λ(0)(T )‖ < γ0+
ẋ(i)(t) = Ax(i)(t) − Sλ(i)(t) + iA1x

(i−1)(t − τ)

− λ̇
(i)

(t) = Qx(i)(t) + ATλ(i)(t) + iAT
1 λ(i−1)(t + τ) (16)

x(i)(0) = 0, lim
T→∞

‖λ(i)(T )‖ < γi, i = 1, 2, · · ·MN γi 7A;3��[ (8) Ki (7), ��US�G℄ u(i)(i = 0, 1, · · ·) W�G}
u(i)(t) = −R−1BTλ

(i)(t), i = 0, 1, 2, · · · (17)
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 o 7 q � 32|M9�0 u(i)(i = 0, 1, · · ·) WVx�N i = 0 w�(
λ(0)(t) = P1x

(0)(t) + g0, g0 = P2v(t) + P3vω(t) (18)X�S v W�G} (2), �U
v̇ = −Ωvω, v̇ω(t) = Ωv(t) (19)� (18) + (15) W`�}�!X�S (19), �U

λ̇
(0)

(t) = (P1A − P1SP1)x
(0)(t) + (P1D − P1SP2 + P3Ω)v(t) − (P2Ω + P1SP3)vω(t) (20)[ (18) Ki (15) W`w}��U

−λ̇
(0)

(t) = (Q + ATP1)x
(0)(t) + ATP2v(t) + ATP3vω(t) (21)�a (20) + (21) WJ��J��U Riccati x8~9 (11) +x8~9

P1D + P3Ω − P1SP2 + ATP2 = 0, ATP3 − P2Ω − P1SP3 = 0 (22):� (22), ��USx8~9 (12). [ (18) Ki (17), ��US
u(0)(t) = −R−1BT[P1x

(0)(t) + P2v(t) + P3vω(t)] (23)M9�0 (23) N u(0)(t) WF(6�jA"�R℄�1[S� P1, P2 + P3 WF(6�jA"�	7 Q + R 3eWjhfN%Z��� P1 �6�;jj��x8~9�0>�x8~9 (12) Wj P2 + P3 F(S6�W=��{%Z� (A−SP1)
2 � −Ω

2 E���9A[15]
, F

λi(A − SP1)
2 6= λj(−Ω

2), i = 1, 2, · · · , n; j = 1, 2, · · · , m (24)�i��G�0>�λi(A − SP1) = −αi + jβi, (αi > 0, βi ∈ R, j =
√
−1), 	B�

λi(A − SP1)
2 = [λi(A − SP1)]

2 = α2
i − β2

i − j2αiβi (25)X�S λj(−Ω
2)7�;z��� (25)�> βi = 0,F λi(A−SP1)

2 = α2
i > 0. �� (A−SP1)

2� −Ω
2 E���9A�F P2 + P3 F(S6��M9�b.�xJ� u(i)(t)(i = 1, 2, · · ·). (

λ(i)(t) = P1x
(i)(t) + gi(t) (26)� (26) + (16) W`�}���USVj x(i)(t) WZ�`�3�~9f (14), !��US

λ̇
(i)

(t) = (P1A − P1SP1)x
(i)(t) − P1Sgi(t) + iP1A1x

(i−1)(t − τ) + ġi(t) (27)[ (26) Ki (16) W`w}�US
−λ̇

(i)
(t) = (Q + ATP1)x

(i)(t) + ATgi(t) + iAT
1 (P1x

(i−1)(t + τ) + gi−1(t + τ)) (28)[ (27) + (28) [}��ZP��UVj gi W~9
ġi(t) = −(A − SP1)

Tgi(t) − iP1A1x
(i−1)(t − τ) − iAT

1 [P1x
(i−1)(t + τ) + gi−1(t + τ)]
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lim
T→∞

‖gi(T )‖ < ηi, ηi > 0 (29)D5C?�?��( (29) N[ gi(T ) j�7�kWv4��?M\j�A�	7 (29)Wj�PA%ZE���zo�u (29) z`A���VUMjW�G}7
gi(t) = lim

T→∞

e(A−SP1)
T(T−t)gi(T ) + i

∫

∞

t

e(A−SP1)
T(r−t)[P1A1x

(i−1)(r − τ)+

AT
1 P1x

(i−1)(r + τ) + AT
1 gi−1(r + τ)]dr (30)�� gi WPA�kSx8 (A − SP1) �j�Evu�e�WwT t,

lim
T→∞

e(A−SP1)
T(T−t)gi(T ) = 0 (31)d. (18) D (29) Wj�US gi jWiK�G} (13).[ gi(t), x

(i)(t) D (26) Ki (17) ��V? u(i), F
u(i)(t) = −R−1BT[P1x

(i)(t) + gi(t)], i = 1, 2, · · · (32)[ (23) + (32) Ki (8) W`�}U
u(t, ε) = −R−1BT[P1x(t, ε) + P2v(t) + P3vω(t) +

∞
∑

i=1

εi

i!
gi(t)] (33)( ε = 1, USJ) (1) WP
 – z
i��G, (10). �� 1. (J) (1) N�h A1 = 0, +� (13) + (14) >�gi(t) ≡ 0, (i = 1, 2, · · ·). � (10)UJ)WP
 – z
i��G,7

u∗(t) = −R−1BT[P1x(t) + P2v(t) + P3vω(t)] (34)1�g +=T [13] Wg �?.W�1}�>(P
 – z
i��G, (10) Ni0�℄Wl��%4wKuJ)WÆ\�� 2. h Ω 7�Gx8�+Vj P2 + P3 Wx8~9 (12) ��m�)U47
(AT − P1S)2P3 + P3Ω

2 = −P1DΩ , P2 = (AT − P1S)P3Ω
−1 (35)!Sh Ω �G�/*_l (2) N ωi = 0 u
�
%_l����=WqJ~x}���
%_lMWwKJ)Wn�i��GqJ�� 3. �iK~9 (13) + (14) >�Vj gi w�MNW x(i−1) + gi−1 ��>WB�(����Vj gi W"9���MEwK℄�E5P℄WWjb."9�� 4. (zN�GJ)WP
 – z
i��G,qJN�p\Vji��G, (10) Wi0�℄I1�&�EW�D5DE(i��G, (10) i0�℄NdZG�WP M ℄+�n�Mi��G,�FUSJ) (1) W M 
P
 – z
C��G,

uM (t) = −R−1BT[P1x(t) + P2v(t) + P3vω +

M
∑

i=1

1

i!
gi(t)] (36)��� (36) 8��USJ�C��G, uM (t) Wb.�x

u0(t) = −R−1BT[P1x(t) + P2v(t) + P3vω]
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 o 7 q � 32|
ui(t) = ui−1 −

1

i!
R−1BTgi(t), i = 1, 2, · · · , M (37)� (36) �>�M[*��WPl℄�i��Gh7*�Wp\j�Mn�jD�`�℄����h `�℄�AZuab= gi ÆXa	�C��G, (36) (abWiPC�wv���ni��G, (10). D5�?(zN
�N\jiKC�W�Q~x��j3� δ > 0, N |(Ji−1 − Ji)/Ji| < δ w�Z M = i, EvUSP
 - z
C��G, uM .

4 �4�`�f&"u�/*;P_ll�WwKJ)W�2�_��1� ?WP
 – z
i��G,W�
j�J)�g� (1) :
�MN
A =

[

0 1

−2.4649 −0.1570

]

, B =

[

0

0.2742

]

, A1 =

[

1 0

0 0

]

, D =

[

0

0.2742

]

, v(t) = 5 sin
πt

5
, τ = 1J)WwCgJ~jEC�7

J = lim
T→∞

1

T

∫ T

0

[50x2
1(t) + 0.23u2(t)]dt (38)qJ�US�,�qfWEUw�Z�z
i��G,�J)WjEC�A7 J = 6.8973,v,��= ?WP
 - z
C��G (36), i = 0, 1, 2 w�J)WjEC�A� 7

J0 = 6.4266, J1 = 2.4812, J2 = 2.4661. k( δ = 0.01, + |(J1 − J2)/J2| = 0.0061 < δ. F u2(t)�bn�J)Wi��G,�, 1 +, 2 �? Z��� x1 +�G�� u W�2XW�MN
W�~,�qfWZ�z
i��G,W�2g �s3W�
3W+zW� �~,�P
 –z
C��G, (36) w�i = 0, i = 1 + i = 2 Wg ���2g ���?�P
 – z
C��G���
�G/�;P_luJ)jEWÆ\�>R��qfWZ�z
i��G��\iKC�W,P�J)jE&t 
���= ?W�G�x����/pWiKC�GSjEi���xW��j)�
- 1 [��� x1 YY

Fig. 1 Curves of state variable x1

- 2 �I-YY
Fig. 2 Curves of control law

5 i1�=5u/*;P_ll�MWWjwKJ)� ? �QP
 – z
i��GNW$<qn�qJ~x�&"
m$<q-��mi6G�-��USi��G,WG�
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