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Abstract This paper investigates the consensus control for multi-agent systems subject to external disturbances, input delays
and model uncertainties of networks. By defining an appropriate controlled output, we transform this question into a robust H.,
control problem. Then, we give two criteria to judge the consensusability of closed-loop multi-agent systems and present a cone-
complementary linearization algorithm to get the state feedback controller’s parameters. Finally, numerical examples are given to

show the effectiveness of the proposed consensus protocols.
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During the last decade, the distributed cooperative con-
trol of multi-agent systems has attracted the attention
of many researchers from different disciplines!" =% This
is partly due to its broad applications in different ar-
eas, for example, the formation™, ﬁltering[2], flocking and
coordination[374], rendezvous problems[‘s*G] and so forth.
In those fields, one of the most important and fundamen-
tal issues is consensus control of multi-agent systems which
was initially studied for self-driven particles by Vicsek et
al.l7l. By using algebraic theory and control theory, Jabd-
abaie et al.l®! gave an theoretical explanation to Vicsek’s
model, and this stirred the excitement of the research on
cooperative control in the control community. With the
help of abstract system, Tang and Hong!® used distributed
hierarchical control to study the coordination problem of
multi-agent systems.

In real systems, time delay phenomena concerning the
systems input are often the sources of unconsensusability;
this is in general due to the limited communication capacity
of systems. Olfati-Saber and Murray™® studied the consen-
sus problem for first-order multi-agent systems with switch-
ing topologies and time-delays. Lin et al.'Y] extended the
system model proposed in [10] to second-order multi-agent
systems. Xiao and Wang[lz] studied the consensus prob-
lems for discrete-time multi-agent systems with changing
communications topologies and bounded time-varying com-
munication delays. Yang and Jial*! studied the consensus
control for linear multi-agent systems with external dis-
turbances and input delays. In real control systems, most
of the state information exchanged among agents is ana-
log signal, and there maybe exists signal attenuation dur-
ing transmission. The operational amplifying circuits will
solve this problem, but the amplification factor is affected
by the values of resistances and the factor of amplifiers
which are not exact values. This kind of uncertainties of
communication channel gain is another source of uncon-
sensusability. Zhang and Tian!'¥ studied the consensus
problem for discrete-time linear multi-agent systems with
random lossy network and pointed out that the parameters
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of communication channel would affect the consensusabil-
ity of multi-agent systems. Mo et al."% and Lin et al.[*¢]
studied the consensus problem for multi-agent systems with
model uncertainties of networks and input delays.

In this article, we studied the consensus problem for
multi-agent systems with linear dynamics, external distur-
bances, input delays and model uncertainties of networks.
Mo et al.['? gave two theorems to verify that the asymp-
totic synchronization can be reached with desired Ho per-
formance. Lin et al.l'® studied the consensus problem for
first-order multi-agent systems with external disturbances,
model uncertaint of networks and input delays. By using
a different method to deal with the uncertainties of Lapla-
cian, we transform the consensus problem into a robust
Hoo control problem. Two criteria are given to judge the
consensus of multi-agent systems in the form of matrix in-
equalities and an iterative algorithm is given to obtain the
state feedback controller. We use the cone-complementary
linearization algorithm to cope with the nonlinear matrix
inequalities.

1 Problem statement

1.1 Graph theory

In this paper, we use undirected weighted graph G =
(V,E, A), where V = {v1, va, - -+, vn} is the set of nodes,
E C V xV is the set of undirected edges and A =
[ai;] € R™*™ is a symmetric adjacency matrix with weight-
ing factors a;; > 0 to describe the interaction topology
of the multi-agent systems with n agents. An edge of
graph G denoted by pair (vj,v;) represents a communi-
cation channel between v; and v;, and (vj,v;) € & if
and only if (v;,v;) € £ The neighborhood of node wv;
is denoted by N; = {v; € V|(vi,v;) € £} For any
vi,v; € V, aij = aji > 0, and a;; > 0 if and only if
(vi,v;) € €. The Laplacian of a weighted graph G is de-
fined as L = D — A, where D = diag{d1,dz2, -+ ,dn} is a
diagonal matrix with d; = Z?:1 a;j. A sequence of edges
(v1,v2), (v2,v3), -+, (vk—1,v%) is called a path from node
v1 to node vi. Graph G is called a connected graph if for
any v;,v; € V, there exists a path from v; to v;. Since
the Laplacian of an undirected graph is a real symmetric
matrix, all its eigenvalues are real numbers.

Lemma 1"}, Consider an undirected graph G with
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N nodes and M edges. Under the assumption that labels
are associated with the edges in a graph whose edges are
arbitrarily oriented, the N x M incidence matrix Dg is a
matrix with rows and columns indexed by the nodes and
edges of G, such that

—1, if v; is the tail of edge e;

[Dgli; = 1, if v; is the head of edge ¢e;
0, otherwise
Let W = diag{w1, w2, - ,wam}, with w; as the weight of

the ¢th edge of G. Then the Laplacian of G can be given as
L = DgW D¢
1.2 Problem formulation

Consider the linear multi-agent system of m intercon-
nected agents with the ith agent modelled by the following
dynamic system subject to external disturbances:

T; (t) = Aml(t) + Biu; (t) + Bow; (t) (1)

with ; € R™ as the state of ith subsystem, u; € R™! as
the control input, w; € R™? as the external disturbance
that belongs to L2[0,00). It is assumed that (A, Bi) is
stabilised.

The multi-agent system (1) is said to reach consensus
under protocol u;(¢), iff the states of all agents satisfy

lim (@i(t) — (1) =0, Vije{Ll2---,n} (2)

It may be not easy for us to judge the consensus defined in
(2) of multi-agent system (1) under the influence of external
disturbances. We define the following controlled output
function

2i(t) =ai(t) — 3+ > w51 3)

to measure the disagreement of &; (¢) with the average state
value of all agents, ¢ = 1,2,--- ,n. Note that if 2;(t) = 0
for any ¢ € {1,2,--- ,n}, then z;(t) — z;(¢) = 0 holds for
Vi # j, that is, the consensus problem of the multi-agent
system is solved. Thus, we can use 2;(t) to analyse the
consensus behavior of the multi-agent system.

Denote

2(t) = [&1 (1), 25 (1), ,zn ()] €R™
w(t) = Wi (1), w3 (1), ,wa (8)]" € R™"
u(t) = fur (), us (1), u, ()] € R™"
2(t) = [21 (1), 22 (), 2 ()] € R™

Then the combination of the dynamic equation (1) and the
controlled output (3) yields the following system:

z(t) = (In ® A)z(t) + (In ® B1)u(t) + (In ® B2)w(t)

z(t) = (Le ® Im)z(t) (4)

where L.(ij) = ";17 i = j, otherwise, L.(ij) = —%.

Since 2z(t) = 0 means (2) holds, we can use Ho norm
of the close-loop transfer function 7%« (s) from the external
disturbance w(t) to the controlled output z(t), defined as

|Ed

I Tew(8)loo = sUPF(Taw(0)) = sup 2 (5
veR 0w (t)E La[0,00) |W][2

to measure the attenuating ability of the multi-agent sys-
tem against external disturbances. Hence, our objective is
to design a distributed dynamic output feedback u;(t)(i €
{1,2,--- ,n}) such that ||T%w(s)||cc < 7 holds for a given
index v > 0, or the closed-loop system satisfies the follow-
ing inequality

/ l2][3dt < +? / wlBdt, Ve € La[0, )
0 0

By doing this, the consensus problem of the multi-agent
system subject to external disturbances is transformed into
an H. control problem.

1.3 Protocol and model

As information is exchanged between every two agents
which are connected by one edge through the communica-
tion channel, we must take time delays of message trans-
mission and model uncertainties of networks into account.
In this sense, the control protocol of ith agent can only use
its neighbour’s lagged states:

wit) = Y (ai; + Daij (1) Klz;(t — d) —2i(t = d)] (6)

v EN;

with d € [0, 7] as the constant time delay, K € R™*™
as the state feedback control gain matrix, Aa;;(t) as the
uncertainty of a;; whose absolute value is much smaller
than that of a;; and satisfies | A a;;(t)] < e. Here, we
use a;;(t) to denote the communication channel gain and
Aa;;(t) the uncertainties of communication channel gain.

Remark 1. Another control protocol of ith agent is
stated as follows:

wi(t) = Y (ay + Daiy () Kle;(t — d) —zi()]  (7)

v EN;

That means the ¢th agent can use its own state information
directly without delay, and this kind of protocols have re-
ceived attention in recent years[s'ﬁ’ 18] Those papers stud-
ied consensus problems for first-order and second-order lin-
ear systems, where the time delay affects only the informa-
tion state that is being transmitted. However, the consen-
sus for protocol (7) for a general system with nonuniform
time delays remains unknown.

Substituting protocol (6) into system (4) yields the fol-
lowing system:

z(t) = (In ® A)z(t) + (L(t) ® B1K)x(t — d)+
(In @ B2)w(t)
2(t) = (Le ® Im)2(t)

(8)

where £ = £ 4+ AL(t) is the Laplacian of graph G.

Let Z(t) = 13" zi(t), and 8:(t) = zi(t) — (1), i =
1,2,---,n. Since L1, = 0 and L(t)1, = 0, we transform
system (8) into the following form:

5(t) = (Le® A)8(t) + (L L(t) @ BiK)§(t — d)+

2(t) = (Lo ® L)8(t)
where 8(t) = [67 (t),85 (t),-- ,6, (t)]*. By introducing the
new variable §(¢), we transform the consensus of multi-

agent system (8) into examining the stability of the new
system (9).
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According to Lemma 2[11]7 there exists an orthogonal
matrix U = [Uy, Uz] € R"™" (U2 = 1,/+/n) such that

UTL.U = |:In>(:1 07L71:| — .

0

and

UTE(H)U = {Ll(t) 0"*1} = Ly(t)
* 0
where L1(t) is semi-positive definite and has the same

nonzero eigenvalues as L',N(t) Pre-multiplying the equation
(9) by UT & I, we get

8(t) o(t) ® BLK)8(t — d)+

I
=
o
24
=
G
=+
™
b«\

(10)

where 8(t) = (UT ® I,)8(t), @(t) = (UT ® In)w(t), 2(t) =
(UT ® In)z(t). Since the last rows of matrices L. and
L.Ly(t) are both 0}, we get the following reduced-order
system from (10):

8'(t) = (In-1® A)8'
(In—1 ® B2)w
El(t): (n 1®1m)

(t) + (L1 (t) ® B1K)8 (t — d)+
'(t)

()

(11)

with 8'(t) = (UT ® I,)8(t), and @' (t) = (UF @ Ln)w(t),
and 2*(t) = (Uf ® In)2(t). Tt is easy to prove that system
(10) is equivalent to the reduced-order system (11) in terms
of Hy performance, that is, ||T3c(8)||cc = [|Tz151 (8)]]co-

Since U is an orthogonal matrix, the transformation be-
tween (9) and (10) is an orthogonal one. According to the
definition of Ho norm defined in (5), we can easily prove
that ||Tzw(5)|lec = ||T2@(5)|lcc = [|T151(8)||cc. Moreover,
from the orthogonal transformation §(t) = (UT ® I,,,)8(t),
we know that 31(15) = 0 results in 8(¢) = 0, which guar-
antees the consensus of multi-agent system (8). Thus, we
can study the robust H., consensus behaviour of the multi-
agent system (8) by analysising the robust Hs performance
of the reduced-order system (11).

2 Main results

In this section, we give consensus criteria for the robust
Hs consensus. Before doing this, we will give a lemma
which is useful for the robust Hs consensus analysis.

Lemma 2. Let \i(t) < Xa(t) < --- < An(t) and
A1 < A2 < --- < A, be the eigenvalues of L and £
in an ascending order, respectively. Under the assump-
tion that the undirected graph G is connected, we obtain
0=X(t) <Aa(t) < < Xa(t), 0= <A <+ < Ay
and \; — eAg < Ai(t) < \i + edg with Ag = ||[Dg DZ ||

Proof. By the Lemma of 2.4 in [6], under the assump-
tion that graph G is connected, it is easy to obtain

0=/\1()<>\2() < An(t)

<
0:)\1<)\27 S)\

According to Lemma 1, the Laplacian of undirected
graph G can be given as

L(t) = DgW (t)Dg =

Dg(W + AW (t))Dg =
L+ AL(t)

where AW (t) = diag{Aw; (t), Awa(t), - , Awar(t)} with
[ Aw;i(t)] <€ Vie{1,2,--- ,M}. As|Aw;(t)] <e, we get

—eDgD§ < Dg AW (t)D§ < eDgDg
that is
| & L(t)]]2 < €l|Dg Dg ||2 = eXg

We provide a brief constructive proof for the rest proof
of the lemma. We assume that for simplicity, £ has n
different eigenvalues which satisfy € < ﬁ7 where p =
max{|\; — A;| |[Vi # j}. Since L is a real symmetric matrix,
there exists an orthogonal matrix U satisfying UTLU = =
with 2 = dlag{)\l, A2, , An}. Pre- and post-multiplying
the matrix E( )by UT and U, respectively, we get

UTLHU =UT(L+ AL)U =2+ UT A LU

By the Corollary of 6.3.4 in [19], the eigenvalues of £(t) are
contained in the discs:

Since p = max{|\;i — \j| |Vi # j} and the eigenvalues are
continuous functions of the entries of the matrix, there do
not exist two discs intersecting each other and each disc
containing an eigenvalue of L£(t). Because the eigenvalues
of £ and Z(t) are real numbers, the discs on the complex
plane can be reduced to real intervals:

Ai—edg < Ai(t) S Xit+edg, i=1,-,n

This completes the proof. O

Remark 2. The symmetric property of Laplacian ma-
trix of a connected undirected graph guarantees that its
nonzero eigenvalues are positive real numbers. However,
for the connected directed graph, all nonzero eigenvalues
of the Laplacian matrix are complex numbers with positve
real part. We can use Lemma 2 to deal with the uncer-
tainties of Laplacian matrix and transform the consensus
problem into the robust Hs control problem of n — 1 sub-
systems.

Lemma 3. Assume that the interaction graph G
is connected. System (11) is asymptotically stable and
|| T5151(s)||oc < 7, if the following n — 1 subsystems

fsms): A5,(1) + (A +m<t>>BlKSi<t—d>+Bzai<t>
3t

), 1=2,3,-
(12)

are simultaneously asymptotically stable and satisfy the
H performance index «y, where 8;(t), w;(t), and 2;(t), will
be determined later. \; are the positive eigenvalues of L,
15(2) € (A, eXo).

Proof. By Lemma 2, under the assumption that the
undirected graph G is connected, matrix Li(t) is pos-
itive definite. There exists a unitary matrix V(¢) €
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R~ Dx(n=1) such that V'(H)Li(t)V(t) = A(t) =  where
diag{A2(¢), - , An(t)}, where A;(t) can be rewritten as o
) Dot Vaa () = 07 (6) P, (1)
0yt
) L Vo) =d [ [ (T2 (s)sa
8(t) = (V(1) @ Lm)b (1) = [65 (1), -~ .8, ()] md e
t ~ ~
@(t) = (V(6) @ Inm)@" (t) == [@3 (1), -+ ,@a (1)] t) :/ 5 ()Qbi(s)ds
t—d
2(t) = (V(1) ® Im)z (1) := [52 (¢), - , 20 (1))
_ with symmetric positive-definite matrices Z = {Zn 212} ,
with 8;(t) € R™, @i(t) oo

eR™, Zi(t) e R™ (i =2,---,n).
The following proof steps are similar to that of Lemma 3.1
n [13], and we omit it. O

For simplicity, we firstly assume that the uncertainties
of ai; equal zero, i.e.,, Aa;;(t) = 0, which indicates \; =
Ai(t), and we use A; to replace A;(t) in Theorem 1. More
complicated situation will be given later.

Theorem 1. Assume that the undirected graph G is
connected. Given nonnegative constants 7 and -, the feed-
back control gain K = LX ! globally asymptotically sta-
bilizes the closed-loop system (12) with an Hs disturbance
attenuation level of +, if there exist positive definite matri-
ces X, 1512, 1522, Zu, le, Zgg, Zl, @, T and matrices L,
N1, N2, N3, Ny with appropriate dimensions such that the

following matrix inequalities are satisfied for i =2,---, n:
Qo E} Ei
Y= | *x =T 0 <0 (13)
* * —XT7'X

{X P12}>O, {Zu Z12

Lo ZJ >0 (14)

where

i1 =[AX \MiB1L B2 0000 0]
Bia =1[000 P 7255 7729 0 0]

Qi Qi Qs Qs Qs Qas TNT X
* Qizz Quaz Quza 0 0 7N 0
* * Qiss 0 0 0 TN 0
* * Qa0 0 NS 0
Qio = R .
* * * *  Quss Qise 0 0
* * * * * Qigg 0 0
* * * * * * Qirr 0
L * * * * * * * -1

with Qzll = AX + XAT + Pio+ Pf5 — Zoo +Q+Zl +N1+
NE, Qo = \iBiL — Pio + Zoy — Zl NT + N, 9113 =
By + Ns, Qi = Poo — Zi5 + Nu, Qins = 7211, Qiie =
7712, Quiog = —?22—Q+Z1—N2—N2 , Qioz = — N3, 9124 =
— Py + Z5 — Nu, Qlizgzs = =7~ 1, Qiga = ~Z11, Siss =
—Z11, Quse = —Zha, s = —Za2, Qirr = —77Z1.

Proof. Define the following Lyapunov-Krasovskii func-
tion for (12)

Vi(bi,t) = va

P, Q and ni(t) =
8 (5),87(s))-

The time derivative of V;(8;(t), t) along the state trajec-
tory of (12) is

(), [l 8 (s)ds], ¢T(s) =

ViBi(1) 1) = 3 Vit) (15)

Then, we define

F._IOOOF_A_A)‘iBlK By 0
Yo 0o o 1|0 T I -1 0 0

which allows us to write n,(t) = Tix;(¢t) and 9,(t) =
Ti2x;(t). Hence, we get

Vir(t) = 2n; Pip, (1)

with Qi1 := I'f PT2 + 'L PTy.
The time derivative of Via(¢) is

/ ¢T(5)2¢,(s)ds

According to Jensen integral inequality, we obtain

—d/ C
(o

Thus, using (18), we get
Via(t) < d*C7 () 2¢, ()~

/ G {Z; 22221_221} /t ¢/ (s)ds—

ICORIVALED

S 0 0 _[o 0 01
B =1A MBiK By 0% 7 |I —-T 0 0

=X ()i, (t) (17)

Via(t) = d*¢; (t

(s)ds <

WA e

We can denote {,(t) = Tizx; (¢ s)ds = I'ax; (1)

Note that d € [0, 7], we get

Via(t) < x; (£)Quax; () (19)

andft 4Ci(s
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with Qo := 72T 203 — [T {Z; Z12 }n

Za2 — 21
Define I's :=[I 00 0], I's := [0 I 0 0] and

Qig = F5TQF5 - FgQFS
We can rewrite 8;(t) = Isx, (t), 8:(t—d) =

=X (£)Qiax; (t) (20)

Tex;(t) and get
Via(t)

Using equation j:ﬁd&(s)ds = 6,(t) — b:(t — d), we can

construct the following null equation:

/ 8 ds}—o (21)

with NV := [Nl N2 N3 N4] and F7 =
(21) to squares results in

(/ 8 ( S)TZl</ttdSi(s)ds)
(22)

where Q4 := NTT'; + TTN +7NTZ'N. Adding (22) to
Vi(8:(t),t) and substituting Vi;(t), j = 1,2, 3 computed in
(17), (19) and (20) yields

Vi(8:(t),t) + 25 (£)zi(t)

o ()N [nxz

[I —100]. Completing

0 < x; (6)Quax; (t

—~of (t)wi(t) < X;r(t)QiXi(t)
(23)

where Q; = (Y5, Qi) + T35 — 4*T§Ts with T :=

[0 0 I 0] and is explicitly calculated as

Qitr itz Qs Qiia

o * Qize Qizz Qioa
Qi=| | v Qs Q| <0 (24)
* * * Q44

where Qi1 = PiuA+ ATPy + P + PS + 72(Zu +
ZoA+ ATZY + A" Zoo) + Zy + Nu+ N+ 7NT 27 Ny —
Zoo +Q + I, Q2 = MiPuBi1K — Pis + 72(MNiZ12B1 K +
NAT Z2oB1K) + Zog — Z1 — N + No+7NT Z7 ' Nay, Quaz =
Pi1Bo47%(Z12B2 + AT Z22B2) + N3 +TNT Z7' N3, Qia
APy + P — ZE + NP + TNFZ7'Ny, Quze
2N KTBY Z0oBiIK — Zay — Q + Zy — No — NF
TN;Z;1N27 Qo3 = Tz)\iKTB?ZzzBQ — N3
TNEZleg, Qioa = )\iKTB;FPm — Py + Zsz
Ni + 7N3Z7 Ny, Qizs = 712B3Z2Bs — I
7"N§FZ171,N?,7 91'34 = B2TP12 + TNgZ;1N47 Qi44
TNEZ Ny — Z11.

If Q; <0, then Vi(8i(t),t) + 27 (£)2:(t) — v?@] (t)ai(t) <
xF(£)Qix;(t) < 0. When @;(t) = 0, Vt >0, Vi(8:(t),t) still
holds and guarantees that system (12) with no disturbance
is globally asymptotically stable. Hence, the initial state is
supposed to be zero-valued, under which we consider the
cost function

=+ 1++1

s = [ BB - 76T 000 + V60, 0)ar
Vi(8:(T),T) + Vi(0,0) <

T
/ X (H)Qux: (Bt < 0
0

that is, [ ||2:(¢)]|2dt < 7% [, ||l@i(t)||*dt. Let T — oo, we
get ||Z:]]2 < yll@ill2, Y@i(t) € L2[0,00). Applying Schur
complement formula to €; < 0 in (24), we get Q; < 0

(i1 Qo Qus Qi1a Qns QilG TN1T I
* Qizz Qi23 Qi24 Qi25 Qms TNE 0
* Qizz Qiza Qizss Quas 7N 0
TNE 0
0
0
0

*
* % * Qi44 0 0
* * * * Qiss  Qise 0
* * * * * Qiss 0
* % % ES * * 91'77
S * * * * * * —1]
(25)

with Qi1 = PiiA+ ATPiy + Pio + Py — Zoo + Q + Z1 +
Ni + NT, Qiio = MPuBiK — Pio + Zoo — 71 — N1
No, Qis = PuBs + N37 Qita = ATPig + Py — 795 +
NE, QZL, = TZ11+TA Zlg, QzlG = TZ12+TA Zzz, lez =
—Za — Q + Zl — No — NJ, Qizs = —N3, Qioa =
Qios — TN2 Z7 Ny, Qm = MK Bsz, Qizg =
TANKTBY Zos, Quss = —7*I, Qusa = B3 Pia, Quiss =
TBy Zty, Qzs = TBaZoo, Qs = —Zu, Qss =
—Z11, Quse = —Z12, Qies = —Z22, Qirr = —T21.

Let U = diag{X, X,I,X, X, X, X, I} where X := P'.
Pre and post-multiplying matrix by U,i.e O =U0U <
0, and employing the variable changes (- ) = X ()X except
for variable N3 for which we define it as N3 := X N3, we
get

R . . - - - .
Qitn Qi Qs Qe Qs Qae 7V
A A & & oT

* Qo2 Qioz Qioa Qizs ae TN

A ~ ~ ~ NG

* Qizz Qiza Quzs  Quze  TN;3

X
0
* 0
* * * Qi44 0 0 TNE 0
* * * * Qiss Quss 0 0
* * * * * Qiso 0 0
* * * * * * in 0
| * * * * * * * —1]
(26)

Where Qz14 = Qzl4 + XATX 113127 9215 =
Qs +7XATX 25, Qirg = Qe +7XATX " Zag, Quog =
Qioa + N LTBY X~ 1P127 Qios = T LTB?X 12127 Qize =
TNLTBY X Z, Qusa = BIX 'Pia, Qs =
TBYX~ 12127 Qiss = 7B X 'Zsy , with L := KX.

Note that QZ can be decomposed into

A =T y—1= =T -1
Qi = Qo +E5 X Eix +ERX Ea

and for any positive definite matrix 7', we have the following
inequality

ERX 'Ep +ELX B <
- =T 1
'—leT =i1+ =D) (XT X) \—412

Substituting the above inequality into Q; and applying
Schur complement formula leads to (13). O

Due to the existence of nonlinear entry — X7~ 'X, the
matrix inequality conditions (13) are not LMIs. In order
to obtain the feedback gain K, we employ the so-called
cone-complementary linearization algorithm[zolel. First,
we define a new positive definite matrix W such that W <
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XT7'X and replace inequality conditions (13) with

=T =T
QiO -

=01 =42
* =T 0 <0 (27)
* * 4
and
w X w I X I T I
LorzelT el &zl 2]z
(28)

where W, X and T are positive definite matrices with ap-
propriate dimensions. Then the feedback gain matrix can
be obtained by the following linearized algorithm[°~24;

1) Choose a large initial value for ~ and small
one for 7 such that there exists a solution set
{Xo, X0, Wo, Wo, To, To} to LMI conditions in (14), (27),
(28), and set k = 0.

2) Solve the following LMI optimization problem for the
variables

{X—7 X7 W7 W7 T7 T}
min tr(WkW+XkX+TkT—|—WWk+XXk+TTk)
st LMIs(14), (27), (28)

and set: Xk+1 = X7 Xiy1 = X, Wk+1 = W7 Wig1 =W,
Tr = T, Tet1:=T.

AW <L XTle7 then set v0 = 7, 70 = 7 and return to
step 1) after decreasing v and increasing 7 to some extent.
Otherwise, set £k = k + 1 and go to step 2) and repeat
the procedure for a prescribed number of iterations, until
finding W, X, T satisfying W < XT~'X. If there exist no
such matrices, then exit.

Remark 3. The main results in Theorem 1, matrix in-
equalities (13) and (14) rely on the non-zero eigenvalues
Ai of Laplacian matrix L. That means we must verify the
matrix inequality for every non-zero eigenvalue of Lapla-
cian matrix. However, the cone-complementary lineariza-
tion algorithm will save us from the tedious works. The
application of cone-complementary linearization algorithm
coverts the matrix inequalities (13) and (14) which contain
the nonlinear entries to LMIs (14), (27) and (28). Due to
the convex property of LMIs, only two groups LMIs related
to the smallest positve eigenvalue A2 and largest eigenvalue
An need to be verified. And this still works for matrix in-
equalities (29) and (30).

Theorem 2. Assume that the undirected graph G is
connected. Given nonnegative constants 7 and -, the feed-
back control gain K = LX ! globally asymptotically sta-
bilizes the closed-loop system (12) with an H distrubance
attenuation level of ~, if there exist positive definite matri-
ces X, 1512, 1522, Zn, le, Zgg, Zl, @, T and matrices L, N1,
N2, N3, Ny with appropriate dimensions and scalar ¢ > 0
such that the following matrix inequalities are satisfied for
1=2,---, N

Qio =4 =5 =5

242 T
*  oeAgBi1Bi —T 0 0

0 (29

* * —-XT7'X 0 < (29)
* * * —O'I

X Plz Zu Zl2

RN EARE

where Zi1 = [AX +02A2Bi BT \;B1L B200000],Ei3 =
[0L0OO0O0OODO0] and SNL-O has same entries as §2;0 except
Qi1 = Qi1 + 02\ B1BY.

Proof. Replacing A; with A\; + p;(t) in (13), we rewrite
the matrix inequality conditions (13) as X; + ©;II; +
o7ef < 0, where

OF =[ui(t)Bf 0000000 u(t)Bf 0]

(31)
I, =[0L000000O0O0]

If there exists a o > 0 such that >; —|—J@i@? —|—071HZ—TH¢ <
0, we will get ¥; + ©,II; + IITO < 0. Thus using Schur
complement formula on EH—J@i@? +071H?Hi < 0 results
in (29). O

3 Numerical examples

In this section, we will give examples to show the effec-
tiveness of our protocols. We consider a network with four
agents, as shown in Fig.1, with the communication chan-
nel gains a12(t) = a21(t) = 1 + A1(t), a13(t) = az1(t) =
1+ Az(t), a14(t) = a41(t) =1+ A3(t)(|Az(t)| < 0.1).

Fig.1 Interaction undirected graph: G

First, we consider the case of the uncertainties of a;;(t)
equal 0, i.e. A;(¢t) = 0. Second, we give the results when
A;(t) # 0. In simulations, the Ho performance index 7 is
chosen as 1, and communication delay 0 < d < 7 = 0.06.
Consider the open-loop system (1) with

a=ly Fom=fs ) m=[] @

Table 1 Simulation results

—1.0716 1.0032
Ai(t)=0 feasible K=

—1.0014 —1.0515

—1.1548 0.8026
Ai(t) #0 feasible =

—1.1134 —1.7950

4 Conclusions

In this paper, we design a state feedback protocol to solve
the consensus control of multi-agent systems with exter-
nal disturbances and model uncertainty on communication
topology. An augmented type Lyapunov-Krasovskii func-
tional is employed, and two consensus criteria in the form
of matrix inequalities are derived which guarantee the con-
sensus of multi-agent systems with input delay under the
Hs controller. A cone complementary algorithm is used
and the solution of Hs control problem is solved by using
an iterative algorithm.
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