Vol. 40, No. 4 ACTA AUTOMATICA SINICA April, 2014

Fast Algorithm for Nonsubsampled Contourlet

Transform
YAN Chun-Man' GUO Bao-Long? YI Meng?

Abstract The multiscale geometric analysis (MGA) has been recognized as an effective strategy for image processing. As one
of the discrete tools of MGA, the nonsubsampled contourlet transform (NSCT) has been widely used for image denoising, image
fusion, image enhancement, feature extraction and so on. However, the processing performance is limited due to its high redundancy,
and leading to an intensive computational efficiency. Therefore, its fast algorithm is desired in practice. In this paper, we adopt
an optimized directional filter bank (DFB) and embed it into the NSCT to significantly accelerate the computational speed while
keeping slight loss of the reconstructed performance. Experimental results show that the reconstructed image quality can satisfy the
human visual system. Moreover, the improved NSCT has a speed about several times than that of the traditional one. Experimental

results on image denoising also validate the feasibility and efficiency of the proposed method.
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Wavelets have found wide applications in signal pro-
cessing due to the time-frequency localization and multi-
scale decomposition property. Wavelets are well adapted
to abrupt changes or singularities of signal; unfortunately,
they are not the most optimal and best sparse represen-
tation for a function in high dimension. With the devel-
opments of computational harmonic analysis, computer vi-
sion, pattern recognition, and statistics, a novel multiscale
geometric analysis (MGA) theory was proposed to capture
the intrinsic geometrical structure of pictorial information.
With these MGA tools, one can achieve optimal represen-
tation for high dimensional function. The MGA tools with
multiscale, multiresolution, and multidirection decompo-
sition are more beneficial for image processing, which can
achieve appealing performance over wavelets. Over the past
few years, it has been proved that they are quite useful and
have been successfully applied in many signal processing
fields.

Generally, the MGA methods can be categorized into
two classes: adaptive methods and non-adaptive methods.
The principle of the adaptive methods is that the trans-
form basis changes according to the contents of image to be
processed. These methods include brushlet!!!, bandelet?,
directionlet®, and so on. Fundamentally, the adaptive
methods require some prior knowledge of image (e.g., edge
detection). Therefore, for an image with complex struc-
tures and rich textures, the obtained performance by this
family of methods is not as good as wavelets. The repre-
sentatives of the non-adaptive methods include ridgelet!*,
curvelet®= ") and contourlet®=%). The ridgelet can achieve
optimal representation for a function with linear singularity
in high dimensional size; Nonetheless, its sparse represen-
tation performance is just as wavelets for a function with
curve singularity. Based on the ridgelet, the curvelet was
proposed by Candés et al.’~71. Because of the procedure of
subband decomposition, smooth partitioning, renormaliza-
tion, and ridgelet analysis, curvelet is very complex for nu-
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merical application. To handle this adverse influence, a fast
discrete curvelet transform was later presented by Candes
et al.l’l, which is implemented by unequally spaced fast
Fourier transform and wrapping-based transform. curvelet
can provide anisotropy scaling relation which is a key factor
for image sparse representation, and it can achieve high-
performance representation of a function with curve sin-
gularity. Under the enlightenment of curvelet, Do et al.
proposed a “true” image representation method, namely
contourlet transform (CT)®~ which succeeds to the mul-
tidirection and anisotropy of curvelet, and can provide an
optimal edge description for images. The contourlet may be
seen as the discrete version of curvelet with lower redun-
dancy. However, the original contourlet is not just shift-
invariant and may cause pseudo-Gibbs phenomena around
singularities. To overcome this problem, the nonsubsam-
pled contourlet transform (NSCT) was suggested by da
Cunha et al.*%. The NSCT is a fully shift-invariant, multi-
scale, and multidirection expansion for images. Moreover,
its iterated structure is easy to construct. With high re-
dundancy, the NSCT is proved to be very useful for many
special image processing tasks, such as image denoising[n],
image despeckling[12], and image fusion3 14 However,
its high redundancy consequentially leads to an overloading
computational cost. As a result, it is necessary to develop
a fast algorithm for the NSCT in practice. Considering
that the directional filter bank (DFB) plays a key role in
the NSCT, in this paper, we adopt an optimized DFB and
embed it into the NSCT to improve its performance. To
validate the feasibility and efficiency of the proposed strat-
egy, we first carry out an experiment on image decompo-
sition and reconstruction task. It is experimentally shown
that the improved NSCT can obtain a remarkable process-
ing speed by sacrificing a loss of the reconstruction error,
while preserving the reconstructed image quality sufficient
enough for the human visual system. We further conduct
another experiment on image denoising. The experimental
results suggest that, with a slight loss of peak signal-to-
noise ratio (PSNR) value on average, the processing speed
of the improved method is about 7 times faster than that
of the traditional one.
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1 Structure of the directional filter
bank

The original construction of the DFB was proposed by
Bamberger and Smith in 199215 which employs quincunx
filter banks (QFB) and the input image is required to mod-
ulate. To simplify and improve the frequency partition, Do
and Vetterli proposed an improved DFB[S_Q], in which the
QFB is also used and an ideal frequency partition is ob-
tained without modulating the input image. As the key
factor of the DFB, the QFB uses diamond filter pair and
fan filter pair for frequency partition, where the first one
divides the frequency into low and high subbands, while the
second one obtains vertical and horizontal subbands for di-
rectional partition. We can obtain one filter pair from the
other by modulating the filter by 7 in either the wo or w1
frequency variable. Thus, only one filter design is needed
in practice.

The DFB is efficiently implemented via an ¢-level binary
tree decomposition, which leads to 2¢ subbands with wedge-
shaped frequency partition. To illustrate the frequency par-
titioning, Fig. 1 shows a four-channel DFB, where Fig. 1 (a)
demonstrates the first two levels of the DFB, the black re-
gions represent the ideal frequency supports of the filter,
Qo and @ are sampling matrices® .

(®)

Fig.1 Four-channel DFB ((a) The block building of the first

two stages; (b) Equivalent block building of (a))

For the four directional frequency partitions, we can ex-
change the resampling operator at the first stage and the
fan filter at the second stage by using multirate identities,
and then we obtain the equivalent quadrant filter at the
second stage, as shown in Fig. 1 (b).

For an ¢-level tree structured DFB, it can be equivalently
viewed as a 2° parallel channel filter bank by the identities
of multirate system as shown in Fig. 2, where Hj, and G, are
the analysis filter and the synthesis filter respectively, and
S, is the resampling matrix. For Sk, we use Si to denote
a diagonal matrix at the ¢-th level, which is given by (1).
According to the directional angle range, Sﬁ is divided into
two forms, i.e., the horizontal (—45° ~45°, 0 < k < 2°71)
and the vertical (45° ~135°, 27! < k < 2Y) directions,
respectively.

for 0 < k < 2671
Sk = (1)
for 271 < k < 2°

Fig.2 The equivalent multi-channel system of DFB

2 Optimal design of the directional fil-
ter bank for NSCT

The contourlet expansion, associated with multiscale,
multidirection, and anisotropy, uses contour segment like
function to approximate a natural image at multiple scales
and multiple directions. There are two filter banks used in
contourlet transform, wherein the Laplacian pyramid (LP)
filter bank is employed to decompose the image into multi-
scale components at the first stage; and the directional filter
bank (DFB) is used to obtain directional subbands at high
scale at the next stage. Therefore, the contourlet expansion
is also called pyramidal directional filter bank (PDFB). In
the process of decomposition and reconstruction, because
downsampling and upsampling operations may cause spec-
tral aliasing, so it is not shift-invariant. By contrast, the
NSCT uses the nonsubsampled Laplacian pyramid filter
bank (NSPFB) and the nonsubsampled directional filter
bank (NSDFB) to replace the original LP and DFB. In
such a way, the NSCT can obtain shift-invariability. Ac-
cordingly, the NSCT employs a double filter bank struc-
ture, i.e., the NSPFB is used for multiscale decomposition,
which is followed by NSDFB for directional subbands at
high scale, and an iterative process is performed at the
coarse scale. This can obtain multiscale and multidirection
decomposition for an image. Therefore, to capture the ge-
ometrical structure of an image, an optimal design of the
DFB for NSCT is very important. As aforementioned in
Section 1, we can know that the QFB is key to a DFB.
Inspired by this cue, we mainly focus on how to design an
optimal QFB in this paper.

To achieve a high performance, the QFB should have
the ability of perfect reconstruction (PR), high coding gain,
good frequency selectivity, certain prescribed vanishing mo-
ments, and linear-phase. The PR property ensures a high
peak signal-to-noise ratio (PSNR) of the reconstructed im-
age. The linear-phase property helps to avoid phase distor-
tion. The presence of vanishing moments benefits to reduce
the number of nonzero coefficients in the highpass subbands
and get smoother synthesis basis functions. While good
frequency selectivity is useful to minimize aliasing in the
subband signals[w].

To design nonseparable two-dimensional filter banks
with the aforementioned properties, lifting schemel!” %]
should be one of the valuable options. This reversible
integer-to-integer transform is meaningful for image pro-
cessing and helps to improve the processing speed. The
PR condition can naturally be satisfied via its parameteri-
zation, and the linear-phase condition can be imposed with
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relative ease. Thus, unlike the traditional structure, we
adopt the lifting scheme proposed in [16] and summarize
it in what follows. The structure of this scheme is shown
in Fig. 3, where z[n] is the input signal, z,[n] is the recon-
structed signal, yo[n] and yi[n] are the subbands of z[n],
and Ag(z) is the lifting filter.
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Fig.3 The structure of the lifting scheme of a QFB with 2\
lifting steps ((a) Analysis filters; (b) Synthesis filters)

The design problem of a QFB involves two parts: the
analysis filters and the synthesis filters. For the lifting
scheme, given the coefficients of the lifting filter {Ax(2)},
the transfer function of the analysis filter can be calculated.
Correspondingly, the transfer function of the synthesis fil-
ters can be obtained by the PR condition, which can be cal-
culated from the function Gx(2) = (—1)' 2y ' Hi_x(—2).
As a consequence, the major task of filter bank design is to
construct the coefficients of the lifting filter {Ax(2)}. For
the purpose, we need to parameterize the QFB and only
consider the analysis side of the filter bank, which is spec-
ified as follows.

According to the lifting property, the need for additional
constraints during optimization for PR and linear phase
can be eliminated. Thus, we only discuss the two impor-
tant constraint conditions: frequency response and vanish-
ing moments.

1) Frequency response

Let  be a vector consisting of all the independent coef-
ficients of lifting filter {Ax}, which takes the form of x =
[ al af - al }T, The number of independent co-
efficients in {Ax} is 2lx,0lk,1, and the frequency responses
of the analysis filters can be defined as (2):

- (0

k=1

et wus V)] @

where Vo, is a vector with 2lay 0l2k,1 elements, and Var_1
is a vector with 2l2x—1,0l2x—1,1 elements. The n-th element
in the two vectors are respectively given by:

Vax[n] = 2cos [wo(no +n1 — 1) +wi(no — n1)] ®3)
Vak—1[n] = 2cos [wo(no +n1 + 1) + wi(no —n1)]  (4)

withn=[ no m }T, and no,n;1 € Z.

By expanding the above equation, the frequency re-
sponses of the analysis filter can be viewed as a polynomial
of z, the order of which depends on the number of lifting
steps.

2) Vanishing moments

For a QFB, the number of vanishing moments is equiva-
lent to the order of zero at [ 0 0 ]T or[ 7 ]T in the
frequency response, respectively. For a linear-phase filter H
with group delay d € Z?, its frequency response is defined
as h(w) and its signed amplitude response as hq(w), then
the m-th order partial derivative of h,(w) in the Fourier
domain is then given by (5):

amo+m1j1a(w) B
Ow(" dwy™
> hn](n—d)™cos [w (n—d)], for|m| € Zeven
necz?
— ¥ h[n](n—d)™sin [w" (n —d)], otherwise
nez?
(4)
where m = [ mo m1 |T. From (5), when |m| € Zeven,

the m-th order partial derivative is zero at [ 0 0 ]T and

[ T T }T Therefore, in order to obtain an N-th order
zero at [ 0 0 }T, the coefficients of the filter only should
be satistied with the following condition:

Z hn] (n —d)™=0, for |m| € Zeven,|m| < N  (6)

n€eZ?

Similarly, in order to obtain an N-th order zero at

[7 « }T, the filter coefficients should satisfy the con-
dition as below:

S (=) hin] (n —d)™=0, for |m| € Zeven, Im| < N

necz?
(M)
Since it uses a lifting-based parameterization, the rela-
tionships need to be represented in terms of the lifting filter
coefficients. For a filter bank with N, N primal and dual
vanishing moments, the coefficients of the analysis filter are
required to satisfy (8):

Az =b (8)
Here, we briefly give the example of a filter with two lifting

B A1 0 _ a; _
steps. For(8),letA—{0 AQ},m—[aQ}»b_

{ g; } . The number of equations is [N/2]? + [N/2]?. Ac-

cordingly, b is a vector with [N /2)? elements, and each
element of it takes the form of —27 /™I b, is a vector with
[N/2]? elements, and each element of it takes the form of
—(=2)"ImI=1_ Let the singular value decomposition (SVD)

of Abe A=USVT, then all of the solutions to (8) can be
parameterized as the following:

T =25+ Vg 9)

where V;. is a matrix composed of the last (n — ) columns
of V, and ¢ is an arbitrary (n — r)-dimensional vector.
Henceforth, ¢ can be used as the design vector.

From the above discussion, the vanishing moment con-
dition is the solution of a system of [N/2]? + [N/2]? linear
equations, and the frequency condition is an optimization
problem for the coefficients of the lifting filter, which makes
it as close as possible to ideal frequency response. In this
way, the design objective is to maximize the coding gain G.
subject to a set of constraints, which are chosen to ensure
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that the desired vanishing moment and frequency selectiv-
ity conditions are met. Since the coding gain G. can be
expressed as a nonlinear function of vector ¢, Suppose that
G = —101g G, for a given parameter vector ¢, we should
seek a small perturbation d, such that G(p+4,) is reduced
with regard to G(¢). Because ||d,|| is small, the linear ap-
proximations of G(p + 8,) can be written as (10):

Glp+8,) =Glp) +9"6, (10)

where g is the derivative of G at ¢ point. Then the design
task is to search 8, until |G(¢ + 6,) — G(p)| becomes less
than a predetermined tolerance €.

To accomplish the design of a filter with two lifting steps,
the core optimizing procedure is summarized as below:

Step 1. Calculate A and b from (8), with the frequency
constraint, calculate the error of high-pass analysis filter.
The error function is given by (11):

en =@ Hop+ ¢ 84+ cp (11)

Note that the initial value of ¢ can be randomly selected.

Step 2. For the k-th iteration, compute g at the point
@k, the derivative of G (z), calculate Hy, 8k, ¢, and mini-
mize g7, subject to ||Hxbg + 8x|| < \/8n — &, and ||84]|
< B. Here (3 is a given small value which ensures that the
solution is within the vicinity of ¢, and 85 is a predeter-
mined upper bound on the error. Afterward, update @41
= k + Y84, where 7 is step size. Note that it can be set
to 1 or other values, which determines the iteration speed.

Step 3. If |G(pr+1) — G(pr)| < €, then output ¢* =
Prt1, £ =25 + V™, and stop the procedure. Otherwise,
goto Step 2 to continue.

It is noticeable that 2™ is the desired output containing
optimized coefficients of the lifting filter. In the optimizing
procedure above, more details and the rest parameters can
be referred to [16].

3 Numerical experiment

In this section, to evaluate the effectiveness of the opti-
mized DFB, we embed it into the original NSCT, identify
this NSCT as optimized NSCT, and notate it as ONSCT.
We compare the original NSCT with our ONSCT under the
numerical experiments. We first perform an experiment on
image decomposition and reconstruction task, where the
optimized DFB and other different DFBs in the NSCT tool-
box are respectively applied in the NSCT model. We next
carry out an image denoising experiment by combining the
Gaussian scale mixtures model to demonstrate the feasibil-
ity and the efficiency of the optimized NSCT. All tests are
run in Matlab 7.1 on a laptop, with PM 2.13 GHz CPU,
single core, and 1 GB DDR2 RAM.

3.1 Image decomposition and reconstruction

In this subsection, the image zoneplate in the NSCT tool-
box is used as the test image. The performance is reflected
by the reconstructed image quality and the elapsed time
taken by the algorithm. We employ three parameters to as-
sess the performance, including mean square error (MSE),
peak signal-to-noise ratio (PSNR), and the elapsed time T'.
Where MSE and PSNR are used as objective measures to
indicate the reconstructed image quality, and T is used to
reflect the elapsed time of the image decomposition and
reconstruction procedure, which indicates the time com-
plexity of special algorithm, the unit of which is second.
Table 1 reports the experimental results. For convenient
expression, we denote the optimized directional filter bank

as ODFB. In Table 1, the left column lists the names of the
different directional filter banks, except the ODFB, and
all others come from the NSCT toolbox. In our experi-
ment, the pyramid filter bank is followed the default filter
“dmaxflat7” of NSCT. For obvious comparison, the assess-
ment values in Table 1 are arranged in ascending order of
the PSNR value.

Table 1 Experimental results of image decomposition and
reconstruction on image zoneplate by
NSCT using different DFB
Name of DFB T (s) MSE PSNR (dB)
kos 3.02 9.89E4-003 9.05
qmf2 4.45 7.66E4003 9.30
ko 3.02 8.37E+003 9.63
Haar 2.59 8.78E4003 9.67
lax 14.9 1.53E+003 20.07
sk 5.66 37.99 33.20
ODFB 2.58 2.00E—004 85.12
Dmaxflat6 55.42 9.45E—009 128.38
cd 4.42 1.57E—021 256.18
Dmaxflat7 73.19 6.54E—025 289.98
Dmaxflath 38.64 2.51E—-025 294.13
Dmaxflat4 25.56 1.29E—-025 297.02
pkva 49.78 2.79E—026 303.67
dvmlp 7.53 2.24E—-026 304.64

From Table 1, we can see that the PSNR values achieved
by kos, qmf2, ko, Haar, lax, and sk filters are low, which
means poor reconstructed image quality. From filter ODFB
to dvmlp, the PSNR values are high and can meet the need
of image processing system. Among all these DFBs, the
PSNR value of dvmlp is the highest. Although the result
achieved by the ODFB is not as high as that of the dvmlp,
the time spent by the former is significantly less than that
by the latter. It is noticeable that ODFB runs nearly three
times as fast as dvmlp, and about 28 times as fast as the
default filter Dmaxfat?7.

In order to further evaluate the dependability of the
ODFB, we compare the subjective quality of the exper-
imental results obtained by NSCT and ONSCT. In this
experiment, two test images are used as benchmark: one is
image zoneplate and the other is image Barbara. The two
images are representative in that both contain plenty of tex-
tures and structure information. We select the filter dvmlp
to compare ODFB, because its PSNR value is the highest
among all the DFBs. Figs.4 and 5 show the original image
and the reconstructed images by two methods, respectively.
The whole resultant zoneplate images are shown in Fig. 4.
For more detailed comparisons, Fig. 5 shows the local mag-
nified results of image Barbara. As shown in Figs. 4 and 5,
there are no obvious differences and unexpected artifacts
in the two results by the proposed ONSCT. Moreover, the
PSNR value of 85.12dB achieved by ONSCT means that
the reconstructed result is sufficient enough for human vi-
sual system.

For an image processing system in practice, the process-
ing speed should be fully considered. That is to say, under
the need of the human visual system, we can sacrifice some
PSNR values for achieving a real time application. By us-
ing the optimized scheme of filter design, we can yield a
desirable visual quality of reconstruction while preserving
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high processing performance, which is beneficial to practi- Table 2 Tmage denoising results of image Lena
cal applications.

NSCT-GSM ONSCT-GSM
[od

PSNR T (s) PSNR T (s)

10 35.67 923.8 35.38 113.7

15 33.91 927.2 33.54 114.3

20 32.59 931.9 32.18 115.9

25 31.54 925.1 31.09 115.9

. 30 30.67 930.9 30.19 120.1

@ ) © 50 28.17 923.9 27.71 121.8

Fig.4 Comparison of zoneplate image ((a) Original image; (b) AVgA 32.09 927.12 31.68 116.95

Reconstructed result by the original NSCT;
(¢) Reconstructed result by ONSCT)
Table 3 Image denoising results of image Barbara
NSCT-GSM ONSCT-GSM
o

PSNR T (s) PSNR T (s)

10 34.15 933.7 33.65 115.3

15 31.97 922.1 31.31 113.1

20 30.43 932.6 29.67 116.7

. ) . . . 25 29.22 923.5 28.41 115.3

Fig.5 Comparison of detailed barbara image ((a) Original

image; (b) Reconstructed result by the original NSCT; 30 28.21 931.7 27.36 127.7
(c) Reconstructed result by ONSCT) 50 25.43 925.1 24.67 123.5

Avg. 29.90 928.11 29.18 117.76

3.2 Image denoising

As we know, the method that combines the NSCT and
the Gaussian scale mixtures model (GSM)!1 19 is an effec-
tive way for image denoising. However, the computational
cost of this method is considerably intensive. To test the
effectiveness of the proposed method that makes a trade-off
between denoising performance and computational cost, we
apply the proposed ONSCT to assess its performance for
image denoising. As the standard test image, image Lena
and Barbara are used as the testbed. The original NSCT
and the proposed ONSCT are respectively combined with
GSM, denoted as NSCT-GSM and ONSCT-GSM, to per-
form the denoising task. At the LP stage, the pyramid
filter bank is selected as in Subsection 3.1 for both NSCT
and ONSCT. For NSCT-GSM, we choose the default filter
demaxfat7 at the DFB stage. In this test, Gaussian white
noises with different variances are added into the original
image to produce the noisy images at different noise levels.

The experimental results are shown in Tables 2 and 3.
PSNR is also used as objective measurement of image qual-
ity, while T is used to represent the elapsed time of denois-
ing procedure, which can reflect the time complexity of
the algorithm. o is the noise variance. As seen, although
the average PSNR of the denoised image by ONSCT-GSM
is decreased by 0.41dB and 0.72dB for image Lena and
Barbara, respectively, the average computational time of
ONSCT-GSM is significantly decreased by about 7 times
as much as that of the NSCT-GSM.

To compare the visual quality of the denoised images,
Figs.6 and 7 show the original image, noisy image, and
the denoised image by the two methods, respectively. For
careful distinguishing, we give their local magnified results.
We can observe that, for additive Gaussian white noise,
both methods can produce satisfying denoising results with
higher PSNR, fewer artifacts, and well preserved textures.
In particular, there are no obvious differences and unex-
pected artifacts in the denoised images by the ONSCT-
GSM method.

Afdidadad

Fig.6 Comparison of the denoised results on image Lena
(o = 20) ((a) Original image; (b) Noisy image; (c¢) Denoised
image by NSCT-GSM; (d) Denoised image by ONSCT-GSM)

(b) © @

Fig.7 Comparison of the denoised results on image Barbara
(o = 20) ((a) Original image; (b) Noisy image; (c¢) Denoised
image by NSCT-GSM; (d) Denoised image by ONSCT-GSM)

4 Conclusion

The NSCT is one of the most effective tools of MGA and
can be effectively used for multidimensional signal process-
ing. However, its high computational cost may limit its
real time application in practice. In this paper, to achieve
a trade-off between the reconstruction quality and com-
putational cost, we adopt a lifting scheme and optimiz-
ing step to improve the NSDFB of the NSCT. The exper-
imental results suggest that the processing speed of the
improved NSCT significantly outperforms the original one.
Furthermore, the image denoising experiments also show
that, with a slight loss of PSNR values on average, the pro-
posed method performs at about 7 times faster than the
speed of the traditional one, while keeping pleasing visual
quality of the resultant image.
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In the future work, this improved NSCT also can be

naturally extended in other image processing fields, such

as

10

11

12

13

image impainting, image restoration, and image fusion.
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