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Adaptively Robust Phase Lock Loop for Low C/N

Carrier Tracking in a GPS Software Receiver
MIAO Jian-Feng1,2,3 CHEN Wu3 SUN Yong-Rong1 LIU Jian-Ye1

Abstract An important issue in GPS applications is how to track GPS (global positioning system) signal precisely and continuously
under low carrier-to-noise ratio (C/N). In this paper, an adaptively robust filter based low C/N carrier phase lock loop (PLL) is
developed under a GPS software receiver platform. Considering the effect of low C/N carrier signal on the traditional tracking
loop, a parallel correlation tracking loop is established. A linear optimal estimator is designed to deal with the dependent noises in
kinematics model and measurements. Furthermore, an adaptively robust filter is designed based on a three segment function adjust
factor. When received signals are under favorable conditions, the performance of the new filter is very similar to a standard Kalman
filter. For a practical weak carrier tracking, this new enhanced PLL intelligently tunes the loop parameters according to the total
phase jitter analysis. It successfully resists the outliers and dynamic model errors by adaptively balancing the influence of updated
dynamic model state and the measurements. The robustness and efficiency of the new filter is demonstrated by some real data
testing experiments. The results verify that the standard deviation of the phase errors with this adaptively robust phase tracking
loop can reach 0.01 cycles with satellite C/N ratios around 24 dB-Hz, which improves the performance significantly.
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Software-defined radios (SDRs) have been around for
more than ten years. As a global positioning system (GPS)
software receiver, this technology was implemented in GPS
signal processing domain by Akos in 1997[1]. The GPS
software receiver is a powerful tool for GPS research. The
ability to change low-level functionality of a GPS receiver
without modifying physical hardware allows rapid testing
of newly developed algorithms and use of a receiver in non-
traditional ways.

High accuracy and sensibility are the main research di-
rections in GPS technology domain. Over the past decades,
outstanding achievements have been obtained[2−4], how-
ever, they all treated GPS receiver as a black box and
only focused on processing pseudorange or carrier phase
measurements information. With the development of GPS
software receiver technology, the receiver′s inside architec-
tures and kernel algorithms are accessible for normal re-
search organizations. Researches for low C/N GPS signal
processing by improving loop architectures and developing
new filter algorithm attract much more attentions.

Thus, many revolutionary researches and applications
have been developed. The current basic contributions for
enhancing low C/N GPS signal processing under GPS soft-
ware receiver consist of the following aspects:

1) Algorithms dealing with weak signals without as-
sociated information based on fast Fourier transform
(FFT)[5−8]. All of them are concerned with how to acquire
signal and how to process it efficiently. These kind of ap-
proaches only enhanced the GPS receiver′s detection ability
but did not improve the positioning accuracy in tracking
loop.

2) Extra knowledge aided tracking loop for low C/N sig-
nal processing. The most common approaches are using
inertial measure unit (IMU) to aid estimating the Doppler

shift[9−10]. Some researchers proposed the multi-sensor fu-
sion technology[11−12]. Others raised the C/N by employ-

ing the radio antenna technology[13]. These approaches en-
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hanced GPS receiver by involving extra intricate architec-
tures, which are always difficult to implement.

3) Multiple jamming compensation by modeling com-
plex interference in tracking loop. Razavi et al. proposed
a weak signal tracking loop architecture by analyzing and
modeling the total phase jitter[14]. Special loop designs
and algorithms are proposed for reducing the effects of
multipath[15−16]. These studies improve the tracking loop
under some specific conditions, however, they all need a
mass of statistics experiments and always greatly increase
the tracking loop computational load.

4) Contributions employed a Kalman filter in tracking

GPS weak signal[17−18]. They laid a firm theoretical foun-
dation for applying optimal estimator in tracking loop in
GPS software receiver. However, these researches were
based on simulated GPS data, and they did not concen-
trate on resisting jitter noise in phase lock loop (PLL).

This study is built on the research work to develop
improved tracking loop architecture for GPS weak signal
tracking using a GPS software platform in the Department
of Land Surveying and Geoinformatics (LSGI) of Hong
Kong Polytechnic University. Under a lousy electromag-
netic environment, signal is contaminated by outliers and
multiple errors occasionally. These unstable measurements
reduce the accuracy and reliability of the ordinary linear
filtering results. Despite the challenges, in this paper, we
propose an enhancement to the weak GPS signal tracking
loop architecture based on the adaptively robust filter, and
realize the functions in a GPS software receiver. Under nor-
mal condition, the performance of the new filter is similar
to a standard optimal Kalman filter. On the other hand,
under low C/N conditions, the new filter based PLL is more
robust to the measurement errors and therefore the phase
jitter noise can be significantly reduced.

1 Tracking loop architecture of a gene-
ric GPS software receiver

The difference between GPS software receiver and the
conventional GPS receiver is that signal acquisition and
tracking of the former are carried out by software instead of
hardware. But the main processing functions are the same.
For GPS software receiver, the input signal can be collected
by a front end or a simulated intermediate frequency (IF)



No. 1 MIAO Jian-Feng et al.: Adaptively Robust Phase Lock Loop for Low C/N · · · 53

signal. The acquisition mode acquires the pseudo random
noise (PRN) code phase and the carrier Doppler shift via a
search process. These data are then used to initiate track-
ing loop. The software receiver follows the structure of the
most commonly used model, as shown in Fig. 1, consisting
of a hardware part and a software part[19−20].

Fig. 1 The system diagram of GPS software receiver

The hardware part is a radio frequency (RF) front end
including a GPS antenna, an IF downconverter, and an
A/D converter. The software part contains the program
for signal acquisition, tracking, and positioning of N re-
ceiver channels.

In this paper, we will mainly consider the carrier PLL
loop. A PLL is composed of three components: a phase
detector, a loop filter and a voltage-controlled oscillator
(VCO) (as shown in Fig. 2). The input to PLL is received
GPS continuous frequency-modulated signals, with an in-
put signal phase φi. The VCO is responsible for regenerat-
ing a replica signal with phase φr which follows the changes
of the input signal phase φi. If signal phases and frequencies
of the received signal are synchronized, the tracking loop
is in a locking state. Ideally, in a stable phase lock con-
dition, the phase error between the input and the replica
(δφ = φi − φr) should be maintained around zero.

Fig. 2 The second-order loop model for a phase lock loop

Fig. 2 shows the linear second-order loop model of a PLL
system. A proportional-integrator (PI) controller is chosen
to be the filter with F (s) as

F (s) =
sτ2 + 1

sτ1
(1)

τ2 and τ1 are the PI factors.
Substituting this relation into the classical defined

model, the transfer function becomes

H(s) =
kF (s)N(s)

1 + kF (s)N(s)
=

2ζωns + ω2
n

s2 + 2ζωns + ω2
n

(2)

where ωn is the natural frequency, ζ is the damping fac-
tor, k is the gain of the phase discriminator. The noise
bandwidth can be found as

Bn =
ωn

2

(
ζ +

1

4ζ

)
(3)

The phase error of the PLL can be expressed as

δϕ = ϕi − ϕr = δϕt + δϕε (4)

where δϕt represents the true phase difference between
received GPS carrier phase and the local generated sig-
nal, δϕε represents the phase tracking jitter errors due to

multiple-source noises, e.g. errors caused by GPS satellite
and receiver′s clock instabilities, ionosphere interferences,
thermal noises, dynamic stresses, multipath or blockage in-
terference, etc.

2 Analysis of weak GPS signal

2.1 Review of a sampled raw GPS signal

A model of the sampled signal from a digital front end
(DFE) can be expressed by[8]

S(tk) = AD(tk)C(tk) cos(ωIFtk + φ0) + e(tk) (5)

In this model, S(tk) is the sampled signal at sample time
tk, A is the signal amplitude, D(tk) is the navigation data
stream, C(tk) is the C/A code, ωIF is the IF signal fre-
quency, φ0 is the initial phase angle, and e(tk) represents
noise.

2.2 Total phase jitter of the PLL

The total phase jitter is a commonly used metric for
PLL′s tracking loop quality assessment. Contributions
have been done in this field, Elliott D. Kaplan presented a
theoretical analysis[19], and Razavi et al. did an expanded
research based on GPS software receiver platform[14]. Re-
ferring to these mature studies, the total phase jitter σφ

can be defined as[14, 19]

σφ =
√

σ2
w + σ2

c +
σd

3
≤ 15◦ (6)

σ2
w represents the phase jitter due to white noise. σ2

c rep-
resents the phase jitter due to correlated or colored noises.
And σd represents the dynamic stress that caused by the
tracking loop′s inability to quickly respond to abrupt phase
changes.

When the PLL is based on a second-order loop, the phase
discriminator (PD) chooses tan−1 and the coherent averag-

ing time is 1ms, the total phase jitter can be defined as[14]

σφ =
√

σ2
w + σ2

rx + σ2
sv + σ2

v + σ2
a + σd (7)

σ2
rx, σ2

sv, σ2
v, and σ2

a represent the colored error sources:
receiver clock phase jitter, satellite clock phase jitter,
vibration-induced phase jitter and phase jitter due to at-
mospheric effects.

Bn represents the loop bandwidth, and it can be de-
ducted

σ2
w =

Bn

C/N
(8)

Applying the receiver clock phase jitter model in [14] for
a second-order loop, σ2

rx can be expressed:

σ2
rx =

0.8254(2π)3×10−7

B3
n

+
6.1668(2π)2×10−7

B2
n

+

7.6349 (2π)×10−4

Bn
(9)

where Bn represents the loop bandwidth.
And the vibration-induced phase jitter can be

obtained[19]

σ2
v =

(
90.265

√
0.005

∫ fmax

fmin

P (fm)

f2
m

dfm

)2

(10)

where fm presents the integrated frequency region.
The dynamic stress phase error is obtained from the

steady state error formulas[19]. Bn represents the loop



54 ACTA AUTOMATICA SINICA Vol. 37

bandwidth, and the dynamic stress error based on a second-
order PLL can be given by[19]

σd =

d2R

d t2

ω2
0

=

d2R

d t2(
Bn

0.53

)2 = 0.2809

d2R

d t2

B2
n

(11)

Modeling of the rest color noise caused phase jitters need
lots of statistical information and a prior knowledge. This
paper only cites the representative point, further details
can be found in [14, 19]. It is obvious that the total phase
jitter is a complicated function of bandwidth. With an
aim to minimize noise, the decision to choose the optimal
bandwidth is very crucial to a tracking loop design.

Reducing the involved noise is a reasonably straightfor-
ward task for a PLL designer. It is necessary to consider
the total phase jitter in a second-order signal tracking loop
configuration. Experimental analysis shows that the damp-
ing ζ = 0.7 will result in a filter that converges reasonably
fast without an extra overshoot[21]. The discussion coming
next about (7) indicates a complex total phase jitter model,
but we can learn its relationship more clearly by plotting a
chart. The C/N is given by 25 dB-Hz, which can represent
the general weak signal in realistic condition. And the ac-
celeration is assumed to be at a regular vehicle application
range. Then, based on the model in Section 2.2, Fig. 3 can
be derived[14]. And it is obvious that the optimal band-
width is around 7.65Hz, where the PLL will introduce the
lowest noise and get the best tracking performance.

Fig. 3 The weak signal total phase jitter vs. bandwidth

3 PLL based on adaptively robust filter

After acquisition, the rough estimates of CA (Coarse ac-
quisition) code phase and the initial value of carrier′s fre-
quency are detected. However, with the moving of satel-
lites, these values change accordingly. The function of car-
rier tracking is to detect variations in the carrier Doppler
and phase offset. Depending on the previous analysis of
total phase jitter, an enhanced phase tracking loop will be
designed in this section.

3.1 Tracking loop architecture and the parame-
ters configuration

The most commonly used tracking method in GPS re-
ceiver is two coupled carrier/CA signal tracking loops. One
is the delay locked loop (DLL), and the other is PLL.
Both the received carrier phase and code offset should
be matched by the local generated replicas. In a tradi-
tional software receiver, this typical tracking algorithm is
still preferred. The traditional block diagram is shown in
Fig. 4[8, 20, 22].

Fig. 4 The traditional integrated GPS signal tracking loop

The tracking loop architecture in Fig. 4 can perform GPS
signal tracking generally. However, under realistic weak sig-
nal environment, the signal dynamic model cannot describe
the physical process of the signal transmission exactly, and
the time delay issue from the traditional tracking loop also
cut down the system tracking accuracy. In this paper, an
advanced parallel tracking loop architecture is proposed as
Fig. 5.

Fig. 5 The advanced parallel GPS signal tracking loop
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In Fig. 5, a parallel correlating tracking loop architecture
is adopted. This advanced tracking loop provides more
efficient and accurate GPS signal tracking ability. It di-
vides the local signal′s tracking parameters into many small
pieces in time domain, then each branch does the correla-
tion calculation separately with received signal, an optimal
result will be selected as the final measurement input for
tracking loop filter. The tracking loop filter adjusts the
next estimate dynamically according to the final optimal
measurement. Theoretically, the more parallel channels the
system has, the more accuracy and efficiency the system
will provide. In order to make a clear introduction, three
parallel correlation channels are presented in this paper.

In Fig. 5, the local generated GPS signal is divided into
three branches in time domain: T̄k−∆t, T̄k, T̄k+∆t. Then,
these three local signals are correlated with received signals
separately, and the final results: Ioptimal and Qoptimal are
optimally selected after comparing the output from E-L dis-
criminator. At last, these selected optimal measurements
are input to the tracking Loop filter to estimate the next
local GPS signal.

3.2 The local reconstructed carrier model

Actually, the GPS signal tracking in software receiver
involves a great deal of correlation calculation. Sup-
pose T1, T2, · · · , Tk−1, Tk, Tk+1, · · · are the start/stop tim-
ing points, the processing period is chosen to be 0.001 s and
fs is the sample frequency. N is the total number of sam-
pling points in a processing period, which can be obtained
by N = fs/0.001. The local reconstructed carrier model
can be presented as

Lcarr = cos[ωbia(k−1)(Tk−1 + ∆Tsn) + φre(k−1)],
n = 0, 1, 2, · · · , N

(12)

ωbia(k−1) presents the Doppler shift estimation in Tk−1

epoch, φre(k−1) is the residual carrier phase. ∆Ts presents
the sampling interval.

3.3 Basic optimal estimator model for correlated
noise

Because of the barrier of correlated noise, the traditional
solution for catching the jumped frequency/phase is to en-

large the loop bandwidth[19]. Also, some researches make
a good attempt to model the total phase jitter[14]. But
formulating the unpredictable phase jitter needs a priori
knowledge and greatly increases the computational load.
Facing the dependent noise issue, an optimal linear PLL
state estimator is proposed in this section.

At the processing period of Tk−1 − Tk, the three-state
dynamic model of a discrete-time reconstructed carrier can
be formulated as



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xv

xa




k

=




1 ∆T
∆T 2
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0 1 ∆T
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
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
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
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+
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−∆T

0
0


 ωre(k−1) +




1 0 0
0 1 0
0 0 1


 wk−1 (13)

zk = φre(k) + xp(k) + vk (14)

In this model, ∆T is the processing time interval of
the tracking loop. The frequency ωre(k−1) is the nominal
Doppler shift of the locally generated carrier. The state
xp indicates the carrier phase difference between the re-
ceived signal and the locally reconstructed signal, xv is the

Doppler frequency of the received carrier signal, and xa is
the drift rate of the Doppler shift. wk and vk are white,
zero-mean Gaussian random sequences.

E(wk) = 0, E(vk) = 0
E(wkwT

k ) = Qk, E(vkvT
k ) = Rk

(15)

The measurement zk in (14) is derived directly from
phase discriminator, and calculated using PLL′s in-phase
and quadrature accumulations. In essence, it is a car-
rier phase error between the received signal and the local
replica. Over one measurement epoch, it can be linearly
expressed with the state variations as

zk =
1

∆T

∫ tk

tk−1

xp(t)dt + vk =

[
1

∆T

2

∆T 2

6

] 


xp

xv

xa




k−1

− ∆T

2
ωre(k−1) +

[
∆T 2

24
0 0

]
w(k−1) + vk (16)

Then, the linear dynamic model in (13) and (16) can be
put into standard matrix-vector form.

xk = Φk,k−1xk−1 + Bk−1uk−1 + Γk−1wk−1 (17)

zk = Hk−1xk−1 + yk−1 + v∗k (18)

where

Φk,k−1 =




1 ∆T
∆T 2

2
0 1 ∆T
0 0 1


 , Bk−1uk−1 =



−∆T

0
0


 ωre(k−1)

yk−1 = −∆T

2
ωre(k−1), v∗k =

[
∆T 2

24
0 0

]
w(k−1) + vk

(19)
Here, uk−1 and yk−1 can be considered as the controlled

variables. wk in (17) is the input disturbance, and v∗k is the
measurement noise. wk and v∗k are both white, zero-mean
Gaussian random sequences. But from the expression in
(19), it is obvious that these two noises are cross-correlated.
Their covariance can be expressed as

cov(wkv∗k) = Sδ (20)

The foundation of linear minimum-variance estimation is
a linear dynamic model with independent noises, (17) and
(18) must be transformed to meet this compatible require-
ment.

Starting with (17), a zero-equivalent item (Jk−1(zk−1 −
Hk−1xk−1 − yk−1 − vk−1)) is added into the right term

xk = Φk,k−1xk−1 + Bk−1uk−1 + Γk−1wk−1+
Jk−1(zk−1 −Hk−1xk−1 − yk−1 − v∗k−1)

(21)

where Jk−1 is an unknown matrix which needs to be deter-
mined. A new transition matrix and a new input distur-
bance are defined

Φ∗k,k−1 = Φk,k−1 − Jk−1Hk−1 (22)

w∗k−1 = Γk−1wk−1 − Jk−1v
∗
k−1 (23)

Then, (21) can be rewritten as

xk = Φ∗
k,k−1xk−1 + Bk−1uk−1 + Jk−1(zk−1 − yk−1) + w∗k−1

(24)
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When the unknown matrix Jk−1 = Γk−1Sk−1R
−1
k−1, the

covariance between w∗k−1 and v∗k can be calculated:

cov(w∗kv∗k) = E(Γkwk − Jkvk)v∗Tk = (ΓkSk − JkRk)δk = 0
(25)

Under this condition that the new expression′s input dis-
turbance w∗k and measurement noise v∗k are independent,
and thus (24) and (18) form a standard linear dynamic
discrete-time model. Using the projection theory, the opti-
mal linear estimator is deduced as follows.

First, compute the state estimate prediction:

x̂k,k−1 = Φ∗
k,k−1 x̂k−1+Bk−1uk−1+Jk−1(zk−1−yk−1) (26)

Then, describe the optimal state estimation by the fol-
lowing equations:

Pk,k−1 = E[εk,k−1ε
T
k,k−1] =

Φ∗
k,k−1Pk−1Φ

∗T
k,k−1 + E(w∗k−1w

∗T
k−1) =

(Φk,k−1 − Jk−1Hk−1)Pk−1(Φk,k−1 − Jk−1Hk−1)
T +

Γk−1Qk−1Γ
T
k−1 − Jk−1Rk−1J

T
k−1 (27)

Kk = Pk,k−1H
T
k (HkPk,k−1H

T
k + Rk)−1

(28)
x̂k = x̂k,k−1 + Kk(zk − yk −Hkx̂k,k−1) (29)

Pk = Pk,k−1 −
Pk,k−1H

T
k (HkPk,k−1H

T
k + Rk)−1HkPk,k−1 =

(I −KkHk)Pk,k−1 (30)

where Kk is the optimal filter gain, Pk is the optimal state
error covariance, Pk,k−1 is predicted estimate covariance.

The linear optimal estimator filter is established through
recursively processing these five formulations of (26) ∼ (30)
sequentially.

3.4 Adaptively robust filter

The above discussion provides an ideal optimal filter-
ing only if the dynamic and the observation model er-
rors satisfy (15). Under realistic condition, any outliers
on the measurements errors will cause unreliable state esti-
mation or divergence of the filter[23−24]. In practical weak
signal environments, there are many unstable phase jit-
ters affecting GPS signals, such as the ionospheric scin-
tillations and multipath effects, which are difficult to be
modeled precisely due to their complex natures and vary-
ing mechanisms[25−27]. The scintillation effects have been
stressed by many researchers, for example, Chen et al. re-
ported that a large number of loss of locks and increased
phase measurement noises happened in Hong Kong due
to strong ionospheric scintillation caused by strong solar
activities[28]. The multipath signal also brings in irregular
phase error in the GPS measurement[29]. Thus, the stan-
dard Kalman filter based PLL is difficult to handle these
problems.

An adaptively robust filter can be constructed by rewrit-
ing (28) ∼ (30) as following:

x̂k = x̂k,k−1 + Ka
k (zk − yk −Hkx̂k,k−1) (31)

Ka
k = P̄ a

k,k−1H
T
k

(
HkP̄ a

k,k−1H
T
k +

1

αk
Rk

)−1

(32)

P a
k = (I −Ka

kHk)P̄ a
k,k−1 (33)

P a
k,k−1 = (Φk,k−1 − Jk−1Hk−1)×

P a
k−1(Φk,k−1 − Jk−1Hk−1)

T +

Γk−1Qk−1Γ
T
k−1 − 1

αk
Jk−1Rk−1J

T
k−1 (34)

Here, P̄ a
k,k−1 denotes the equivalent weight matrix of

x̂k,k−1, which is mainly used to control the quality of the
dynamic system model. αk is the adaptive factor for ad-
justing the measurements influence. Ka

k and P a
k present the

adaptive filter gain and the estimate state error covariance
respectively.

P̄ a
k,k−1 is an equivalent weight matrix with elements

P̄ a
(k,k−1)i

(i = 1, 2, · · · , n), and P̄ a
k,k−1 can be calculated

as[30−31]:

P̄ a
(k,k−1)i

=





P a
(k,k−1)i

, |∆x̃k| ≤ c

P a
(k,k−1)i

(
c

|∆x̃k|
)−1

, |∆x̃k| ≥ c
(35)

where c is a constant, which is usually chosen as c = 1.3∼
2.0. |∆x̃k| is the statistics discrimination:

|∆x̃k| = ‖x̃k − x̂k,k−1‖√
tr(

∑
x̂k,k−1)

(36)

where x̃k is a robust estimate of the method of least square,
which is only evaluated by new measurements at epoch k.
x̂k,k−1 is a predicted state from (26).

Under a real weak signal condition, the system dynamic
model has more credibility than the measurements, espe-
cially for a static GPS software receiver case. Thus, the
most important thing in adaptively robust filter is to de-
cide the adaptive factor αk. In this paper, we use the three
segments factor model to construct the adaptive factor[31]:

αk =





1,

∣∣∣∣
Vi

σi

∣∣∣∣ = |V ′
i| ≤ c0

c0

|V ′
i|

(
c1 − |V ′

i|
c1 − c0

)2

, c0 < |V ′
i| ≤ c1

0, |V ′
i| > c1

(37)

In (37), σi are the elements of the measurements co-
variance vector, Vi is the residual of the observation zki ,
Vi
′ is the standard residual corresponding to Vi. c0 and

c1 are constants and usually chosen to be the values c0 =
1.0∼ 1.5, c1 = 3.0∼ 8.5.

The adaptive factor αk changes between 0 and 1, which
balances the influence of the new measurements and the
new updated parameters. For a static GPS receiver when
the phase jitter jumped out of the containment boundary,
the system considered that the measurements are contam-
inated by outliers, which result in |V ′

i| > c1, αk = 0 di-
rectly. Under this condition, the predicted state x̂k,k−1 is
chosen to be the estimator output x̂k to minimize the neg-
ative influence caused by bad measurements. And if there
is no phase jitter occurred, then |V ′

i| ≤ c0 and αk = 1, the
filter becomes a classical linear optimal estimator. If phase
jitter happened in acceptable safety tunnel, c1 < |V ′

i| ≤ c0

and αk changes from 0 to 1, the filter becomes an adaptive
robust estimator. It balances the contribution of the up-
dated parameters and the measurements. Simultaneously,
the equivalent weight matrix P̄ a

k,k−1 will work coupled with
the adaptive factor αk, which optimally balance the dy-
namic model and the observations.

One thing should be noticed, if the equivalent weight
matrix in (35) and the adaptive factor in (37) are used
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together for adaptively adjusting the influence of the dy-
namic model and measurements. It is very easy to drive
the system to an endless loop. So in this paper, for a static
receiver, we just employed adaptive factor to control the
measurements′ quality.

To summarize the deduction in this section, the design of
a PLL under a real weak signal condition can be described
in the following steps:

Step 1. Initialize the parallel tracking loop parameters.
Step 2. Calculate the state disturbance input and mea-

surement noise covariance: Qk and Rk. Then, give the
original dynamic model in (17) and (18), and calculate the
cross-correlated covariance: Sδ.

Step 3. Use the factorization to build a standard linear
dynamic discrete-time model in forms of (24) and (18). ir-

regularly phase error in the GPS measurement[29]. Thus,
the standard Kalman filter based PLL is difficult to handle
these problems.

Step 4. Compute the predicted state with (26).
Step 5. Assessing the discriminator of |V ′

i| with (37).
If |V ′

i| > c1, α = 0, using the predicted state in Step 4
as the adaptive filter output. And go to Step 4 for next
recursion.

Step 6. Compute the adaptively optimal filter gain Ka
k ,

the updated estimate covariance P a
k and P a

k,k−1 the adap-
tively predicted estimate covariance according to (32)∼
(34)

Step 7. Compute the adaptively robust state estimator
[x̂p, x̂v, x̂a]T in (31). Put x̂p in VCO controller in (1) and
(2) to calculate the next ωbia. Consider x̂v as the next ωre

at time Tk+1.
Step 8. Reconstruct the local carrier with refined model

in (13), and get the next measurement yk+1 from the phase
discriminator in PLL after each processing period.

Step 9. Go to Step 4, and recycle this whole procedure
until the processing stops.

4 Verification results

In the verification experiment, a NAMURU V2 GPS
front-end data logging board is used to collect GPS
IF signals, with a down-converted central frequency of
4.1304MHz and a sampling rate of 16.3676MHz. The GPS
software receiver platform can be seen in Fig. 6. Data were
collected at two locations, one is on the roof of Hong Kong
Polytechnic University with open sky and the other one is
the one surrounded by buildings where strong phase jit-
ter effects are expected. Three different PLLs are used to
process the same data sets to compare their performances,
including a classic second-order PLL described in Section
1, with a bandwidth of 7.65Hz, a standard Kalman filter
approach (Section 3.3), and an adaptive Kalman filter ap-
proach (Section 3.4). In data processing, the bandwidth of
the code tracking loop is set to 1Hz, and the post detection
integration is 1 ms.

4.1 PLL tracking performance of normal GPS sig-
nal carrier

The sampled data used in this testing is from satellite
PRN 21, and the data is logged in an open area, with a
C/N ratio of 42 dB-Hz. Based on the testing with differ-
ent values, we set the process noise covariance Q and the
measurement noise covariance R to the following values re-
spectively, to achieve the stable filtering results,

Q: diag{4.84×10−4(cycles)2, 8.523×10−3(Hz)2, 0.864×
10−3(Hz/s)2};

R: [1.03× 10−3(cycles)2].

Figs. 7 and 8 show the phase errors and the Doppler shifts
output from the second-order and standard Kalman filter
based PLLs. Under normal signal condition, the adaptive
and robust Kalman filter based PLL performs very similar
to the standard Kalman filter approach and therefore it is
not shown here. From Figs. 7 and 8, it clearly shows that
performance with the Kalman filtering approach is signifi-
cantly better than the traditional second-order PLL. It is
obvious that the linear Kalman filtering approach brings
less overshoot and quick convergence time. The steady
state standard deviations of phase errors are 0.01069 cy-
cles and 0.00763 cycles for the second-order PLL and the
Kalman filter based PLL respectively. The improvement is
more remarkable in the Doppler shift estimation as shown
in Fig. 8.

Fig. 6 The enhanced GPS software receiver for a
real weak signal condition

(a) Performance of traditional PLL

(b) Performance of linear optimal filter based PLL

Fig. 7 Comparison of a traditional PLL and an optimal
estimation algorithm based PLL in terms of the carrier phase

difference under normal signal condition

4.2 Performance of PLL to track weak GPS signal
with transient jitter

The weak GPS signal used in this testing is from PRN
25, it was collected in Hong Kong Polytechnic University
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(a) Doppler shift estimation of the traditional PLL

(b) Doppler shift estimation of linear optimal filter

based PLL

Fig. 8 Comparison of a traditional PLL and an optimal
estimation algorithm based PLL in terms of the Doppler

frequency shift under normal signal condition

campus. The testing location is surrounded by tall con-
crete buildings. Received signal is attenuated by complex
electromagnetic environment, with C/N of about 24 dB-Hz.
And Fig. 9 (a) shows the traditional processing have two no-
table sudden phase jitters, one is close to epoch 4 000 ms,
the other one is between 6 000∼ 8 000ms. The loop phase
errors and Doppler shifts for all three PLLs discussed in
this paper are shown in Figs. 9 and 10. From the test com-
putations and results comparisons, the following facts can
be stated:

1) The unstable states in Fig. 9 (a) have been suppressed
both in the results of optimal linear filter and adaptive ro-
bust filter. However, the influence caused by the bad mea-
surements in optimal linear filter in Fig. 9 (b) is more than
the adaptive robust filter in Fig. 9 (c).

2) Some of the outliers have not been reflected in the
linear optimal estimator in Fig. 9 (b) marked with ellipse.
The maximum phase jitter of them approaches ± 20 de-
gree, which already exceeds the PLL′s limit containment.
A long duration of this situation will easily result in a “loss
of lock” state. The adaptive robust filter has successfully
resisted the influence by the outliers and errors in the mea-
surements which is shown in Fig. 9 (c).

3) Adjustment processing driven by adaptive factor αk

can be seen in Fig. 11. In this case, the determination
boundary of the adaptive factor αk in (37) is chosen to
be c0 = 1.5, c1 = 3.4. The line in the Y axis presents the
adjusting force of the measurement influence. If |V ′

i| > c1,
αk = 0, this means the measurements are totally contami-
nated, system only use the information of dynamic model.
If |V ′

i| ≤ c0, αk = 1, the system is a classical linear opti-
mal filter. When c1 < |V ′

i| ≤ c0, αk changes from 0∼ 1 to
adjust the influence adaptively according to the measure-
ments quality.

4) In general, the phase error based on the standard
Kalman filter approach is significantly smaller than that
from a second-order PLL (comparing Figs. 9 (a) and 9 (b)).
However, it still suffers from large jitter outliers errors (dur-
ing the period of 2 000∼ 6 000ms). The adaptive and ro-
bust filter approach has successfully resisted the influence
of larger phase jitters and the variation of phase error out-

puts (Fig. 9 (c)) from this new PLL is significantly smaller
than the other two PLLs. The standard deviations of the
phase errors with the three PLL outputs are 0.022, 0.015,
and 0.011 cycles, respectively. The PLL with the adaptive
and robust filter approach proves to have the most stable
and reliable performance. Even under very low C/N condi-
tion (24 dB-Hz), the standard deviation of the phase error
(0.011 cycles) is very close to the normal tracking perfor-
mance with the C/N ratio of 42 dB-Hz (Fig. 7 (b)) (0.0076
cycles). From Figs. 9 (c) and 10 (c), the phase error with the
new PLL is controlled within ± 9 degrees and the Doppler
shift variation is controlled within ± 9Hz.

(a) Performance of traditional PLL

(b) Performance of linear optimal filter

(c) Performance of adaptive robust filter

Fig. 9 Comparison of a traditional PLL, an optimal estimation
algorithm based PLL, and an adaptively robust PLL in terms

of the carrier phase difference under weak signal condition

5 Conclusion

GPS software receiver is a new field for GPS technology.
The major advancement of software GPS receiver is that re-
searchers can develop and improve the internal algorithms
according to their specific requirements. A linear optimal
estimation has been proposed and analyzed, which can suc-
cessfully process the correlated noise. Considering the mea-
surements are contaminated by the unpredicted phase jitter
in a practical weak signal, which distorts the common op-
timal linear filter seriously. Finally, an adaptively robust
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PLL is developed in this paper. It can not only balance the
contributions between the dynamic updating of states and
the measurements in accordance with the magnitudes of
their discrepancy, but also resist the influences of measure-
ment outliers. This enhanced weak GPS signal tracking
PLL has been evaluated using digital data which is sam-
pled from a real weak signal condition. Results show that
this proposed algorithm achieves a significant improvement
in the performance of processing low C/N GPS signal.

(a) Doppler frequency estimation of traditional PLL

(b) Doppler frequency estimation of linear optimal filter

(c) Doppler frequency estimation of adaptive robust filter

Fig. 10 Comparison of a traditional PLL, an optimal
estimation algorithm based PLL, and an adaptively robust PLL
in terms of the Doppler frequency under weak signal condition

Fig. 11 Adaptive factor distributions
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