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In this paper, the problem of delay-dependent robust exponential stability is investigated for uncertain singular Marko-
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vian jump systems with time delay. A delay-range-dependent condition is given which ensures that the nominal system is regular,
impulse free, and mean-square exponentially stable in terms of linear matrix inequality (LMI) approach. The criterion is also extended
to uncertain case. Numerical examples are given to show that the proposed criteria improve the existing results.
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Singular time-delay systems have extensive applications
in electrical circuits, power systems, economics and other
areas, as these systems can describe the behavior of engi-
neering systems better than state-space ones' 3. Thus,
the problem of robust stability analysis for uncertain sin-
gular time-delay systems is important both in theory and
practice and is of interest to many researchers. In terms of
the methods devised so far, a lot of interesting and impor-
tant results have been established, see, for example, [4—11]
and the references therein. It should be pointed out that
the existence and uniqueness of a solution to a given sin-
gular time-delay system is not always guaranteed, and the
system can also have undesired impulsive behavior. There-
fore, for a singular time-delay system, it is important to
develop conditions which guarantee that the given singu-
lar system is not only stable but also regular and impulse
free, and thus the study for such systems is much more
complicated than that for standard state-space time-delay
systems.

On the other hand, time-delay systems with Markovian
jump, being an important kind of hybrid systems, have
received considerable attention, and lots of significant re-
sults have been reported. For more details on such sys-
tems, we refer the readers to [12—13] and the references
therein. Recently, much attention has been paid to the
study on the stability problem of singular time-delay sys-
tems with Markovian jump. For the discrete-time case,
based on the system equivalent transformation and us-
ing linear matrix inequality (LMI) approach, some delay-
dependent conditions were proposed in [14—15] for the dis-
crete singular time-delay systems with Markovian jump to
be regular, causal, and stochastically stable. In the con-
tinuous setting, [16] established an LMI condition for the
singular time-delay systems with Markovian jump to be
regular, impulse free and stochastically stable. However,
the result of [16] is delay-independent. Generally speak-
ing, delay-independent conditions are more conservative
than delay-dependent ones, especially for small time de-
lays. Based on some assumptions on the considered system,
a delay-dependent criterion was established in [17] using
the LMI approach. Without restoring to any assumption
on the considered system, an improved delay-dependent
condition was proposed in [18] via free-weighting matrix
method®~23 which can reduce the conservatism of the
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obtained results effectively and is widely used to deal with
the delay-dependent stability problem for all kinds of time-
delay systems. However, some researchers have pointed out
a major shortcoming of such method is that too many free-
weighting matrices introduced in the theoretical derivation
sometimes cannot reduce the conservatism of the obtained
results, whereas they make the system analysis and syn-
thesis complicated®*2°!. How to overcome the aforemen-
tioned disadvantage of the free-weighting matrices method
is an important research topic in the delay-dependent re-
lated problem that motivates the work of this paper.

This paper is concerned with the stability problem of sin-
gular systems with both time delay and Markovian jump
parameters. In terms of LMI approach, stability condi-
tions are proposed to guarantee the considered system to
be regular, impulse free, and mean-square exponentially
stable. In the derivation of the stability criterion in this
paper, no free-weighting matrix is introduced, which sim-
plifies the mathematical expression of the given condition
and is in contrast with the method in [18]. In addition, the
involved time delay here is time varying, which is different
from [17—18], where the considered time delays are time
invariant. Some numerical examples are given to illustrate
the effectiveness of the methods given in the paper.

Notations. R"™ denotes the n-dimensional Euclidean
space, R™*™ is the set of all m x n real matrices. || - ||
stands for the Euclidean norm of a vector and Cp,q =
C([—d,0],R™) denotes the Banach space of continuous vec-
tor functions mapping the interval [—d,0] into R™ with
norm [[(t)]la = sup_y<.<q [(5)ll- (2, F,P) is a proba-
bility space, €2 is the sample space, F is the o-algebra of
subsets of the sample space, and P is the probability mea-
sure on F. E {-} denotes the expectation operator with
respect to some probability measure P. The superscript
“x” denotes the term that is induced by symmetry.

1 Problem formulation

Let {ri,t > 0} is a continuous-time Markovian process
with right continuous trajectories and taking values in a fi-
nite set S = {1,2, -+ , s} with transition probability matrix
IT = {m;; } given by

mijh + o(h),

Pr{riin = jlre =i} = { 1+ miih + o(h) e

j=i

where h > 0, lim, .o o(h)/h = 0, and m;; > 0, for j # 1, is
the transition rate from mode i at time ¢ to mode j at time
t+ h and m;; = — Z;:Lj# Tig -

Fix a probability space (£2,F,P) and consider the sin-
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gular time-delay systems with Markovian jump parameters
Ei(t) = (A(re) + AA(r))z(t) +
(Aa(re) + AAa(re))a(t — d(t)) (1)
l'(t) = ¢(t)7 te [—dz,o]

where z(t) € R" is the state, ¢(t) € Cy 4, is a compatible
vector valued initial function. The matrix £ € R"*" may
be singular and it is assumed that rank E = r < n. d(¢) is
a time-varying continuous function that satisfies:

0<di < d(t) < da, d(t) < (2)

where d; and dz are the lower and upper bounds of time de-
lay, respectively, and 0 < p < 1 is the time delay variation
rate. A(r:) and Ag4(r¢) are known real constant matrices
with appropriate dimensions for each r; € S, and AA(r;)
and AAg(r:) are unknown matrices representing parameter
uncertainties, and are assumed to be of the form

[AA(’M) AAd(Tt)] = G(?”z)F(Tz) [Na(rt) Nd(Tt)] (3)

for any ry € S, where G(r¢), Nq(r¢), and Ng(r¢) are known
real constant matrices for all ry € S, and F(ry), for all
r¢ € S, are the uncertain matrices satisfying

F(ro))"F(r) <1, Vrie8 (4)

The uncertainties AA(r;) and AAg(r,) are said to be ad-
missible if both (3) and (4) hold.

Throughout the paper, we shall use the following con-
cepts.

Definition 1.

1) The singular Markovian jump time-delay system

Bi(t) = A(ro)a(t) + Aa(ro)a(t — d(t))
z(t) = ¢(1), t € [—d2,0]

is said to be regular and impulse free, if the pairs (E, A(r))
are regular and impulse free for every r; € S.

2) The singular Markovian jump time-delay system (5)
is said to be mean-square exponentially stable, if there
exist scalars @ > 0 and 3 > 0 such that E{||lz(t)|*} <
ae " (0)[3,. t > 0.

3) The singular Markovian jump time-delay system (5)
is said to be mean-square exponentially admissible, if it is
regular, impulse free, and mean-square exponentially sta-
ble.

For notational simplicity, in the sequel, for each possible
re =1, 1 € S, the matrix M (r;) will be denoted by M;; for
example, A(r:) is denoted by A;, Aq(r:) by Adgs, and so on.

The following lemmas are essential for the proof of the
main results.

Lemma 1. Suppose that a positive continuous function
f(t) satisfies

E{/(0} < GE{ sup_ f(s)} + Coe ™"

()

where e > 0,0< (1 <1,0< (e’ <1, >0, and d > 0,
then
C2978t

E{f(t)} <e "I f(s)]la + -Gt

Proof. The proof of Lemma 1 can be carried out simi-
larly to that of Lemma 2 of [26], and hence it is omitted. O
[27]

=

Lemma 2 Given matrices 2, I', and = with ap-
propriate dimensions and with 2 symmetrical, then 2 +
I'FZ + ETF'TT < 0 holds for any F satisfying FTF <
I, if and only if there exists a scalar ¢ > 0 such that
Q+eIT" +e 272 <0.

2 Main results

For the singular Markovian jump time-delay system (5),
we have the following delay-range-dependent stability cri-
terion.

Theorem 1. For given scalars 0 < d; < d2 and 0 <
u < 1, the singular Markovian jump time-delay system (5)
is mean-square exponentially admissible for any time delay
d(t) satisfying (2), if there exist symmetric positive-definite
matrices Q;, j = 1,2,3, Z;, Il = 1,2 and matrices P; such
that for every i € S,

E'P,=P'E>0 (6a)
Z11 S 0 0  Afw
%  Bag FETZoFE Sy ALW
* * * 5441' 0
* * * * -W

where di2 = do — dl, W = dmd%Zl —+ d%gZz, and

s 3
=114 :Z WijETP]‘ +P1TA1+AZTPZ+Z Qk 7d12ETZ1E

Jj=1 k=1
Si2i = P Agi + di2ET 2 E
Hooi = — (1 — p)Qs — ET((d12 +d2)Z1 + 2Z2)E

Sa3i= — Q1 — ETZF
Zo4i = ET(d221 + Z9)E
Eai = — Q2 — ET(d221 + Z2)E

Proof. Since rank E = r < n, there exist nonsingular
matrices G and H such that

I, 0
GEH = { 0o } )
Denote
_ | An A Ty | Pu Pa
GAH = { Az Au ]’G RH = [ Ps P } ()

From (6a) and using the expressions in (7) and (8), it is
easy to obtain that Pj» = 0 for every i € S. Pre- and post-
multiplying Z11; < 0 by HT and H, respectively, we have
AL Py + PEA;s < 0, which implies A are nonsingular
for every i € S and thus the pairs (E, A;) are regular and
impulse free for every i € S. Thus, by Definition 1, the
system (5) is regular and impulse free for any time delay
d(t) satistying (2).

Next, we will show the mean-square exponential stability
of the system (1). Define a new process {(z:,7:),t > 0} by
{z: = x(t+0),—2d2 < 0 < 0}, then {(x¢,7:),t > 0} is a
Markov process with initial state (¢(-),70)?®. Now, define
the following stochastic Lyapunov candidate for the system
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(5), Similarly, we can also get
1% ty=z(t)"E"P t t=da
(@e,7e,1) mi) (ro=(t) + —dm/ #()" daE" 7, Ei(a) da <
t t—da
T
Z ‘/tridk m(a) Qkx(a) da + 72ETZ1E ET21E ETZ1E
= ()| ~ETZE 0 [ 4y(t)
T
/ z(2)" Qsz(a) da + * * —-E"Z,E
t—d(t)
where
dlgdz/d2 /+5 TETZ1Ei(a) dadf + z(t —d(t))
Yy(t) = | (t —dv)
d12/ / )T ET Zy Bi(a) dadf z(t — d2)
B oo (9) Thus, for every i € S, we have
Let A be the weak infinitesimal generator of the random AV (24,,t) < E(1)TWE(1) (10)
process {x¢,7:}. Then, for each i € S, we have*?!
where
; <
AV (@e,i,8) < S S 0 0 AT AT
T | x Eami ETZRE S Ag; A
22(t)" B P(t |:Z7T”E P () + Vi = * * E33 o|*]o w 0
* . s E44i 0 0
3 2 ;
> at) Qua(t) = Y w(t— di) " Qua(t — di) — Et) = [z)" z(t—dt)" z(t—di)" z(t—d2)"]
k=1 k=1

(1 =zt —d(t)" Qsa(t — d(t)) +3(t)" E"WE#(t)—

t
d12d2/ ()" ET Z1 E(a) da —
t—dg

t—dy
d12/
t—dy

According to Jensen integral inequality[m]
equation is true:

i()"ET ZyEi(a) da

, the following

t
—d12d2/ ()" ET 21 Ei(a) da =
t—do

t
- d12d2/ #(a)"ET Z1Ei(a) da —
t—d(t)

t—d(t)
diads /
t—dy

t
— d(t)dlg/ ()" E" Z1 E(a) da —
t—d(t)

t—d(t) -
(o) E" Z1FEz(a)da <

/t td(t) Bi(a) da} _

()" E" Z, Ei(a) da <

(@2 - d(e)ds |

t—do

t
— d12 [/ d:(a)TET dal| Z
t—d(t)

t—d(t) t—d(t)
dg |:/ ( ) E dOl Zl / Ew(a) dOé:| =
t—do t—dso
—d12EYZ1E  di2ETZ E 0
NON * ® doEYZ,E |4, (1)
* * —d,EYZ\E

® = — (dia+do)E*Z\E
z(t)

z(t — d(t))
(lI(t — dz)

Using (6b) and Schur complement, it is easy to see that
there exits a scalar A > 0 such that for every i € S,

AV (2,0, t) < =z ()]|”

Since A;4 are nonsingular for every i € S, we set

o [ I —ApAG
G= { 0 At G
It is easy to get
A I, 0 A1 O
EH = A;H =
“ { 0 0} ¢ {Aza I]

Where Ail = Ail — AizA;llAis and Ai;g = A;1A13 Denote

A | Aiar Aiaz A-Tp o | Pin P2
CAxH = { Ajas Ajda ]’G Pt = { Pz Pu }

T _ Q11 Q2
H Qs = { * Q22 ]

It can be seen from (6b) that

T

1 Z11e Zi2s 0 0 1
1 * Eggi ET Z2E 5241' 1
I * * 5331' 0 I < 0
I * * * =444 I

which implies

> wiETPy 4+ PE(Ai + Aui) +

j=1

(Ai+ Ag)"Pi <0 (11)

It is easy to find that the matrices P; satisfying the above
inequality are nonsingular for every ¢ € S. If not, then there
exist some ig € S and a vector 7, # 0 such that P;;n, =0.

Therefore, pre- and post- multiplying (11) by 3 and n,, re-
spectively, we get 'r]OT(ZJ L Tio; BT Pj)n, < 0. Thisis a con-
tradiction since ETP; > 0 implies g (Z _ Tios ET Py >
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0. Thus, considering (6a), we can deduce that P;; > 0 and
Pi2 =0 for every i € S. Define

o= o] -

then, for every i € S, system (5) is a restricted system
equivalent to

$1(t) = Ay (8) + Aiary (t — d(t)) + Aiaxl,o(t — d(1))
(o (t) = AnnsCy () + AiasCy (t — d(t)) + Asaals (t — d(1))
C(t)=v(t)=H '¢(t), t € [~da,0]

(12)

To prove the exponential stability in mean square, we define
a new function as

W(mt,’l't,t) = eEtV(.’l:t,rt,t) (13)

where ¢ > 0 and then, by Dynkin’s formula™®!, we find that
for every i € S,

E{W (2, 7r+,t)} < E{W(z0,70,0)} +

t
E {/ ™ [eV(@s,7s,8) — A|z(s)||°] ds}
0
(14)
Using the similar analysis method of [30], it can be seen

from (9), (13), and (14) that if € is chosen small enough, a
constant k > 0 can be found such that for ¢ > 0,

min {Amin(Pi)} E {1} < E{2(0)"E"Pa(t)} <
E{V (@1, r,0)} < ke [l$(1)13,

(15)

Hence, for any t > 0

E{I¢, 11"} < ae™ " l6(t)][2, (16)

where o = (min;es {)\mm(Pﬂ)})*lk. To study the mean-
square exponential stability of {,(¢), we apply the similar
analysis method of [6,26] and define

e(t) = AilBCl (t) + Asaz€y (t - d(t))

then, from (16), we have that a constant m > 0 can be
found such that when ¢ > 0,

E{lle(t)[I*} < me™"|l¢(t)]|2,
We construct a function as
J(t) = Co(8)T Q2285 () — Lot — d(t) " Q225 (t — d(t)) (17)

By pre-multiplying the second equation of (12) with
¢, (t)T P, we obtain that

0= (o) P, () +C(1) " PliAiasd, (t—d(t))JrCz(t)TP%g)

Adding (18) to (17) yields that

J(t) = C2(t)T(Pi£ + Pia + Q22)C,(t) +
20, (t) " Pl Aiasl, (t — d(t)) —
ot — d(t) T Qaa€,(t — d(t)) + 2¢, (1) " Pihe(t) <

{ ¢ (1) }T [PZE + P+ Qa2 PhAiu
Co(t —d(1)) * —Q22

Calt .
{(2(75—53@))} +my(t) Co(t) +

nie(t)" PiPe(t)
(19)
where 71 is any positive scalar. Pre- and post-multiplying

T
{ N EQQJ < 0 by {O H} and {O H] , respectively,

we get a constant 172 > 0 such that

PL+Pu+Qx PiAiu nel 0O
[ * —Qa2 <=0 o (20)

On the other hand, since 71 can be chosen arbitrarily, 7; is
chosen small enough such that 72 —n1 > 0. Then, we can
always find a scalar 13 > 1 such that

Q22 — (m — m2)I = n3Q22 (21)
It follows from (17), (19) and (20) that

Co(1) ' QaaC5 (1) — €, (t — d(1)) T Qaaly (t — d(1)) <
—n2€s (t)T42 () + Mg, (t)TCQ(t) + nfle(t)TPmPﬂe(t)

It is clear that the above inequality and (21) imply

13¢5 (1) " Q2265 (1) < Co(1) " (Q22 — (m — 12)1)C,(1) <
Co(t —d(1) Q22 (¢ — d(t)) +
ne(t)” PuPie(t)
Thus, we get from the the above inequality that

Ca(8) T Q22C,(t) < 115 Co(t — d(1) T Qaaly(t — d(t))+

PRI (22)
(mns)”"e(t)” PiaPe(t)

The above inequality and the fact that E{[e(t)]|*} <

me*“H«jS(t)Hfl2 infer
E{f(t)} <m3'B{ sup f(s)}+& o <
t—da<s<t

ns E{ sup  f(s)}+ &
t—dy<s<t
where 0 < § < min{e,d; ' Inns}, f(t) = (o(8)TQ22C, (1),

and € = (mn3)”'mmax;es || Pul|®||¢(t)]|3,. Therefore, ap-
plying Lemma 1 to the above inequality yields that

E{]162(5) 117} < Amta (Q22) Amax (Q22)e " [|Co (8) 13, +
Amin (Q22)Ee™"
1 —n;'eddz

We can find from (16) and the above inequality that the
system (5) is mean-square exponentially stable. O

Remark 1. In terms of LMI approach, a delay-range-
dependent criterion is given in Theorem 1 for singular
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Markovian jump system with time varying delays. The
purpose is to have the system mean-square exponentially
admissible without resorting to the free-weighting matrices
method, which is in contrast with [18], where the the free-
weighting matrices method was used. It should be pointed
out that sometimes too many free variables cannot reduce
the conservatism of the obtained results. On the contrary,
they complicate the system analysis and synthesis and con-
sequently lead to a significant increase in the computational
demand. Moreover, the involved time delay of [16—18] are
all time-invariant, which limits the scope of applications
of the stability results. Hence, our criterion has computa-
tional advantages and more real applications than [16—18].

Now, extending Theorem 1 to uncertain systems yields
the following theorem.

Theorem 2. For given scalars 0 < d; < dz and 0 < p <
1, the singular Markovian jump time-delay system (1) is
robust mean-square exponentially admissible for any time
delay d(t) satisfying (2), if there exist symmetric positive-
definite matrices Q;, j = 1,2,3, Z;, | = 1,2, matrices P;
and scalars €; > 0 such that for every i € S, (6a) and (23),

Ei FZ’ Eq QZ
« —ed 0 (23)
* * —e;l

where Z; and W follow the same definitions as those in
Theorem 1, and

ri=[Gfp 0 0 0 Gfw]"
Q= [Nei Nau 0 0 0]

Proof. Replacing A; and A4 with A; + AA; and Ag; +
AAg;, respectively, (6b) can be expressed as

B+ DEQT + 4 F T <0 (24)

By Lemma 2, for every ¢ € S, (24) holds for any F; sat-
isfying (3), if and only if there exists scalar ; > 0 such
that

Ei ey Tl + e <0 (25)

Applying Schur complement, (25) is equivalent to (23). O

3 Numerical examples

In this section, two numerical examples are introduced

to demonstrate the effectiveness of the proposed methods.

Example 1. Consider the singular Markovian jump

time-delay system (1) with two modes. The mode switch-

—-0.75  0.75

0.45  —0.45 } The
system parameters are described as follows:

ing is governed by the rate matrix

4, — | 01793 —0.7876
r= 1.6790  1.6746
4, — | —0:3946  —2.3342
27 | —0.1439 —1.3575

Vol. 36

Ao = [ —0.3649  0.6192

@7 | —0.4381  —0.0420
Ao — [ —0.9503 1.1842

7 | —0.0672 0.3443

[ 0.2 0.1
= _0.2}’6’12_{0.1}
T T
0.9 0.2

Nal—Nd1—|:O.9:| 7Na2—Nd2—|:O.2:|

The singular matrix E is given by the following expression:
1 0
e=[o 0]
In this example, we suppose p = 0.3 and d; = 0.25. Apply-
ing Theorem 2, it is easy to get that the system is robust
mean-square exponentially admissible for any time delay
d(t) satisfying 0.25 < d(¢) < 0.6044 and d(t) < 0.3. The
results of [16—18] all fail to determine the robust stochastic
admissibility of the above system.
Example 2. Consider the singular time-delay system

(1) without Markovian jumping parameters. The system
parameters are described as follows:

(10 -09 0
E*_o 0]"41*{0.5 —2}
[-1 0 0.25
Aa = ! 70.9}7611_{0.25}
T T
1 0.5
Nal—_1:| 7Nd1—|:0.5:|

First,we suppose di = 0. Table 1 provides the comparison
of the maximum allowed time-delay d2 for variable p by
different methods. It is easy to get that, for this example,
the delay-dependent stability condition in this paper gives
better results than those in [6]. In addition, when d; = 0.2
and p = 0.24, that is, the considered time-varying delay
is in a range, the condition of [6] fails to address the ad-
missibility of the considered system, while by Theorem 2,
the maximum allowed time-delay d2 = 1.5545. Thus, our
criterion improves the results of [6].

Table 1 Comparison of delay-dependent results of Example 2

w 0.2 0.3 0.4 0.5 0.6
[6] 1.5836 1.4897 1.3942 1.2946 1.1843
1.5895 1.5007 1.4131 1.3251 1.2315

Theorem 2

4 Conclusion

The problem of delay-dependent robust exponential sta-
bility is addressed for uncertain singular Markovian jump
systems with time-varying delay in a range. The delay-
range-dependent criteria are established for the system to
become regular, impulse free, and mean-square exponen-
tially stable. The introduction of the free-weighting ma-
trix and the employment of any model transformation are
avoided and the obtained conditions reduce computational
demand. Numerical examples are provided to demonstrate
the reduced conservatism of the developed stability result
in this paper.
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