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Global Stabilization of Feedforward Nonlinear System
Based on Nested Saturated Control

WANG Yong®
Abstract

MA Ru-Ning?

In this paper, we discuss global stabilization procedure for convergence of a more general feedforward nonlinear systems.

Our stabilizer consists of a nested saturation function, which is a nonlinear combination of saturation functions. We extend the
existing stabilization results and prove that our stabilizer is exponential convergent.
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The problem of stabilizing feedforward system has been
studied extensively!' =4, In 1992, Teel®% presented some
bounded control algorithms for feedforward linear system

a'm:xg

where the control v is the combination of following nested
saturation functions®:

u = 70'71(:871 + Un—l(xn—l + -+ Ul(xl)))

After Teel’s work, there appeared many results on global
stabilization of feedforward systems, such as Jankovic et
al.» 7 Mazenc et al.l®¥] Teel®, Liu et al.l'% Zhong et
al.ml and so on. In [12], the author has studied the follow-
ing feedforward nonlinear system:

,l’n,u)
T, W)

1 =22+ p1(xs3,- -
To = 3 + p2(Ta, -

Tn-1 = Tn + ‘;Onfl(u)
Ty = U

where ¢; is vanishing and locally Lipschitz continuous at
zero for ¢ = 1,--- ,n — 1. In this paper, we study a more
general class of feedforward nonlinear systems

,(En,u)
T, U)

j"l = fl(anxi’H“'
&2 = fa(ws, 24, -

i‘nfl = fnfl(mny u)

dn = fn(u)

where £ = [z1,--- ,x,]" € R™ is the state, f; is continu-
ously differentiable for its variable, vanishing at zero.

In this work, we used nested saturation stabilizer to make
above-mentioned nonlinear system globally stable at the
equilibrium z = 0. The stabilizer we used is basically sim-
ilar to that proposed in [6]. The saturation levels are de-
termined by properties of f;.
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The rest of this paper is organized as follows. In Sec-
tion 1, we give our main result about global stability and
exponential convergence of nonlinear system (1). An ex-
tended result is given in Section 2. In Section 3, we give a
simulation example. The paper is concluded in Section 4.

1 Global stability and exponential con-
vergence of saturated control

In this section, we always suppose that (1) satisfies

afi . Ofn
=¢ =1,---,n—1), 2" =,
e |, ci #0 (i n ) ou |, cn #0
Then, we have
Ji(Titr, o xn,u) = citip1 + @i(Tit1, o, T, u),
i=1,--,n—1 (2)
and
fn(u) = cnu+ on(u) 3)

At the same time, there exist a; and r; such that

lpi(@itt, -, )| S rillwia? + |wia] + - +
|zl + Jul), =1, ,n—1 (4)
and
2
lon (u)| < 7nlu (%)
whenever max{|zi+1|, |Tit+2|, ", |2zn], |Jul} < as.

Using (2) and (3), system (1) can be written as

7mn7u)
) T,y W)

1 = c1x2 + p1(x2, 23, -
T2 = cox3 + p2(T3,Ta, -

(6)

j'/'nfl = Cn—1Tn + Sonfl(xny ’LL)
Tn = Catt + ©n(u)

Next, we will use the linear coordinate transformation

Yn—i = Z

Jj=0

Clen

st i=1,--,n
Cnj Cn

Tn—j,
where CJ = ﬁij), and € < 1 is a scaling factor. Not-
ing that 5%30"_,- depends only on yp—i, - ,Yn, it can be
concluded that there exist positive numbers K,_; > 1 (in-
dependent of ) such that

e |n—il < Kn—illyn—il+-- +lynl), i=0,--+ ,n—=1(7)
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Since (8), we can get
i—1 . 0 1 1
i-1 2 CF & .| < Q Cien
Yn—it1+ - Fyn =, c::;-.i.cne%lﬂnfj = |Pnif < Cn pn(u)| + Cn—1Cn G
j=0 o
i1 g1 i i J i1 Chien
ey < %mn_j => Cnfjiil cﬂ€]Txn—]+1 ﬁﬂpn—i(l‘n—iﬂy Ty u)| <
=0 j=1 n—1 n
c? C}eTlLrn_l 9
we have . 7%710 (lzn|® + |ul) +-- -+
i ciew qu 1| [Tniva| o ] + u)) =
Z o ¢ i = Cn z+1 *Cn no no "
= en—ien ;
€7 (Yn—it1 + oY)+ Dy Wl + N2 yen (nl + Jul) + o+
n,lE% Tn—it+1 Tn—it2|° " Tn u
M”<| *+1 | fan o+ ul)
where

0 1
e 1) +

7

E"QOn 1(~Tn7u)++

Cn— lCn

6" <pn_i($n—i+1, Tn—it2,° ",

Cn_i"Cn

Define the nested saturation control

U= —E%Un(ynﬂ‘ﬂ'n—l(ynfl + -+ o1(y1))) 9)

where
N[ o= if |[z| <e;
oilz) = { eisgn(x), if |z| > & (10)
and
g1 = 16 — .= (1 n_ls En=¢
1 — 4 2 = - 4 ny n —

By using (9), the system is transformed to the following
closed loop system

Z)l = E%[y2+"'+yn70n(yn+0nflx
(yn—l —+ -+ Ul(yl)))] + q)l

. 1

Yn-1 = én» [y" _U"(yn'f'o'nfl(ynfl + -+ (11)
o1(y1)))] + Pna

B = —ehonlnt Oy 4ot
o1(y1))) + Pn

where ®1,---,®,, are defined by (8).

In the following, we tried to choose € < 1 to see that the
system (11) is globally stable and exponentially convergent.
Lemma 1. For ¢ =0,--- ,n — 1, assume that

max{|:cn_i+1|, Tty |'1:"|7 ‘u|} <an—;

and for j =0,--- ;i —1
3
Yn—j € Py = {yn—j : lyn—i| < Jen—j} (12)
then, there exist constants A; independent of & such that
[®r—i] < A¢€1+%

Proof. First, we bound |®,,—;|. In fact, by (4), (5), and

; CIrp_ s
where N = _%imm—i ,
n—j Cn—j+1Cn

constants fo_)i, an—; depend only on the functions f; (in-
dependent of ¢).

j =1,--+ i. Obviously, the

Moreover, by (7) and (12), we have
_ i
[Tn—j| < e Knji(lynl + - + [yn—s]) <
_i 3 31 n—j
e nKn_j (Za—l—-n—i— ZES) <en Knj
Thus,

1D, | <R [ND + ND (K2 4+1) 4+
NO (K2 iy +knipo 4+ Ko+ 1)] =70 4,

where A; = NSV + N,(fll(Kfz +1)+---
Knivo+- -+ Kn+1).

Lemma 2. If the scaling factor ¢ satisfies

sgmin{l,én,(snﬂ‘“,&,(mmai> } (13)

max K

1 n
41 A,

then in finite time, yn—; € Pn—i = {Yn—: :
where ¢ =0,--- ,n— 1.
Proof. First, consider the evolution of the state y,

+ N (K2 +
O

where

Yn—i 2En—if,
lyn—il < fen—i}

dyn, 1
= e on W+ nma(gamr + oo+ 01 () + B (14)
3
If yn & Po = {yn : lyn| < 3en}, then |yn| > 15 and

1
|yn +0'n—1(yn—1 + - +U1(y1))| > ‘yn| —En-1 2> Egn

Let £ be small enough such that (13) holds, then |u] <
3 < an. By Lemma 1, there holds |®,(u)| < Aget T
Now, it can be seen from (14) that if y, € P, then

d n =

‘ dyt > en |on(Yn + On-1(Yn-1+ -+ 01(y1)))| — |Pn| >
1 . 1
55”% — Apeltuor = ZEI+%

and
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Therefore, when |yn| > 2en, |yn| decreases at the rate

1
%s“ﬁ, Consequently, y, enters P, in finite time and re-

mains in P, thereafter.

We complete the proof by induction. Suppose y,—; €
Pr_j ={yn—j t |yn—j| < 2en_;}, j=0,--+ i — 1, consider
the evolution of the state y,—;. The argument of o,,—;,j =
0,---,i—1, is bounded as

3
[Yn—j+on—j—1(Yn—j—1-+-- '+01(y1))|§15n—j+5n—j—1 =€n—j

By the definition of o; (see (10)), the evolution of y,—; is
given by

dynfi

1
w - On—i(Yn—i + -+ o1(y1)) + Pn—i

Similarly, if yn—i€Pn—s, then |yn—i| > %En,i, and

1
|on—i(Yn—i + on—ic1(Yn—i—1 + - + 01(y1)))| > 5En—i

If ¢ satisfies (13), then e < (r:';i ?g) , and

_J 1 .
|Zn—j| <€ " Kn—j(lynl+ - +lyn—j|) < &7 Kn—j < min{a;}

where j =0,--- ,4— 1. By Lemma 1, we have
dynﬁ- ES
a >en lon—i(Yn—i + -+ 0o1(y1))] — |Pr—i| >
1 P 1 i -
en (ceni—etmA ) >en (Zeni— edr A =
2 2
en 16 ey 15 €
2 n— 441/ - n—
and

sgn (dlgf) = —sgn(yn—i)

Therefore, when |yn—i| > 3e,_;, |yn—i| decreases at rate

%6%571_7;. Consequently, y,—; enters P,_; in finite time

and remains in P, _; thereafter. O
Since the right terms of (11) are all bounded, we know

that the solution of (11) exists globally. In the following,

we will study exponential convergence of the system (1).
If e satisfies (13), then

|yn—i + On—im1(Yn—ic1 + -+ o1(y1))| < en—i,
i=0,---,n—1

By the definition of 0;(10), we have

On—i(Yn—i + on—ic1(Yn—i—1 + -+ 01(y1))) =
Yn—i + On—i-1(Yn—i—1 + -+ 01(y1))

The closed loop system (11) becomes

dy1 1
I ew &
a eny; + Py
dy2 1
—— = —€n P
i en(y1 + y2) + P2
; (15)
dyn—1 1
T =—ern(y1+y2+ -+ yYn) + P
dyn 1
L:_Si(yl +y2+"'+yn)+¢n

dt

It can also be written in a compact form as:

dy 1

where

: 17)
@,

In order to prove exponential convergence, we must
bound the norm of ®.

Lemma 3. Suppose ¢ satisfies (13), then there exists a
constant C'; which is independent of €, such that

2 ~
[ <emClyll (18)

Proof. Since for every 0 < i < n — 1, |yn—i| < %sn_i,
we have

||y|=(y1|2+"'+|yn|2)5§(i(i;f) <: (19)

=0

If (13) holds, we have

| @il < Nalul? + % No—1(jzal? + [ul) + -+

&% No—i(|@n—i1] + [Znital + - + ul) <
e [Nanllyll + Noor (K2 +n) [yl + - +
Noi(E2 i1 + (i = Dkniga + - + Kn + )|yl

and
1 2 ~
@] = (|@1° + - +[®a])z <enCly
where
é: (Z[Nnn+Nn_1(KZ+n)++Nn_ZX

i=1

(iK?L—iJ,—l + (G —1D)Kpizo+- -+ Kn+ n)]2)%

O
Theorem 1. If the scaling factor ¢ satisfies (13) and

= 1 "o
e<i=(qgpp) O
a7]

where P satisfies PA + ATP = —I, then system (1) is
exponentially convergent with control (9).

Proof. It is obvious that the exponential convergence
of z(t) is equivalent to the exponential convergence of y(t).
Therefore, we only need to prove that y(t) is exponentially
convergent.

Since the matrix A has only one eigenvalue —1, the Lya-
punov equation PA + ATP = —T has a solution!!?!

(20)

+ee ATt At
P:/ e’ Tetdt
0

It is obvious that P is positive definite.
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1 .
Let oo = 3357 and 2(t) = e**y(t), we can show that z(t) Since
is bounded. Define V (t) = 2T (¢t)Pz(t), we have " imlio1 ‘
t T t %= Cixff;—j] -
< o j=n—i+1 =0 k=3
V() (YD o 4 o p V) f e
dt dt dt Citlghn—i — 3 C_prtﬁi;rll
2t (cuyT(ATP + PA)y + 2ay™ Py + 28" Py) < 3=0 = !
we have

o 1
e*[—em [lyll* + 2o Pl [ly]* + 2/ @[l Pl [ly]l] <
1 Z1 -
2w |y|? (_1 +5t 25%C||P|\> <0
Therefore, V (¢) is bounded and thus

y(t) = 0(e™)

2 Further results for system (1)

In this section, we study the nonlinear system (1)
Ofi | £ 0(i =1,---,n—1).
0

Ox;41
In this case, the system (1) cannot be linearized to the

. g )
form (6). 1f#ﬁ)j0:0(]:1,...7m+1—1),
Bpi+1fi

. 9 fn
WQ#O('L:].,,”—].) and Ofn

ou 10
obtain the following formulation

without the assumption

In fact,

# 0, we can

7xnv U)
s Ty W)

T = :ng + 501(3337 -
To = ;c§3 + @2(147 .
: (21)
Tn_1 =" + Pn_1(u)
Tn = U
where ¢; is continuously differentiable for its variables. In

this section, we assume ¢; satisfies

pit1+1

lpi(@itr, - an,u)| S @izl +-- + zhr u2)

where i =1,--- ,n—1, and
|on (u)] < anlul®

Consider linear coordinate transformation:

i

i
- § J . - § J pPr—i
Yn—i = CiTn_j, z2n—i= Gz,

7=0 J=0

or more explicitly

rensy e 1 Co_1 1 )
Y1 . : . "L
= ¢ - Tn—i
Yn : :
L o Ty
rensy o 1 Co_1 1
21 . : . - :
| = o R e I
Zn : :
L o zhr ]
where €V = 2.
i J1Ei—3)!

Yn—i = _ZO Clin_j = '21 ngii;-ﬂl + u+
3= =
S Clon—ji1 = (Zn—ig1+ -+ 2n) + U+ Py
j=1

where

Qi = pn(u)+ Clon—1(n,u)+ -+

Cion—i(Tn—it1, Tn—it2, ** ,Tn,U)
satisfies
| @i (zig1, - Tn,u)| < Ti(a;‘fj_tﬁrl I xﬁ”"'_l + u2)
where ¢t =1,--- ,n— 1, and

| ()] < ralul®
Using the following nested saturation control

u = 7Un(zn + Un—l(zn—l + -+ UI(ZI) e ))

where
oi(z) = x, if |z < ey
ST essgn(z), if |z) > e
1 "
512152:"':(1) En, Ep =€

System (21) is then transformed to the following closed
loop system

=204+ 20 —On(zn+ -+ 01(21)) + P
yg:2‘3+"'+Zn*Un(szF"'JFUl(Zl))Jr(I)Q

yn—l = Zn — Un(zn + -+ O'I(ZI))] + q:."_l
Un = —0n(zn + -+ 01(21)) + Pn

Now, we will prove that system (21) is globally stable
with small enough e¢.

Theorem 2. Choose ¢ to be small enough, then in finite
time, zn—; € Pni = {2n—i : |2n—i| < %6n_¢}, where i =
0,---,n—1

Proof. Since all x; — 0 if and only if all z; — 0, hence
this theorem implies that the state of control system (1) is
globally stable.

We begin by considering the evolution of the state

Yn

dyn

Fra —0n(2n +0n—1(2n—1+---+o01(21))) + Pn  (22)

If 2, €P, = {zn : |2n]| < %En}, then |z| > gsn, and

1
‘Z'n +U'n71(zn71 +---+ Ul(zl))l 2 ‘Z'n| —&n-1 2 §5n
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Now, it can be seen from (22) that if z,€P,, then

dyn
D> Jou(en+ oua(zr 4o+ 0u(2)] = [€a] 2
1 1
§€n—7“n531 > me e< dr,,
and

dyn \ _
sgn (E) = —sgn(zn)

Note that all p; are odd numbers and all y; — 0 if and only
if all z; — 0. Therefore, when z,, > %an, yn decreases at the
rate %En until z, < %En. Similarly, when z, < —%67“ UYn,
increases at the rate isn until z, > —%En. Consequently,
zn enters P, in finite time and remains in P,, thereafter.

Now, we proceed by induction. Suppose zn—; € Pp—j =
{Zn—j : |2n—j| < 3en_;}, j=0,---,i—1, we consider the
evolution of the state z,—;. The argument of o,_;,j =
0,---,i—1, is bounded as

|2n—j + on—j—1(2n—j—1 + -+ o1(21))| <
3

anfj +En—j—1=En—j

By the definition of o; (see (10)), the evolution of z,—; is
given by
dynfi
d¢

- 70’71,71'(271,71' + -+ 0'1(21)) + q)nfi

Similarly, if zn—; € Pp—i = {zn—i : |2n—i| < %en,i}, then
|zn—i| > %en_i, and

1
lon—i(zn—i + On—i—1(zn—i—1 + -+ + o01(21)))| > §En—i

Hence, for small enough €, we have

d .
I It > Jonmi(eni 4+ 01(21))] = [ Bumi] >
1 Pm+1 1
5En—i T T (6713? +€2) > 2En—i
where p,, = max{psz,--+ ,pn} and
sgn( y(;t Z) = —sgn(zn—i)

Therefore, when z,_; > %snﬂ', yn—i decreases at the rate
%sn_i until z,_; < %en_i. Similarly, when z,—; < f%s:n_i,
Yn—i increases at the rate ian_i until z,—; > —%571_,-. Con-
sequently, z,_; enters P,_; in finite time and remains in
P,,_; thereafter. O

3 Numerical test

Consider the feed forward nonlinear system:

1 = —sin(z2 + z3 + u) + cos(zsz + u) + tan(u) — 1
&2 = tan(z3) — sin(u’x3)

i3 = —sin(u — u?) + L
4
Let u = —/e(0o3(ys + o2(y2 + 01(v1)))), where

Y1 1 -2 -1 6%1'1
y2 | =0 -1 -1 E%xg

Simulation results are described in Fig. 1. The initial point
zo are (2,-3,1), (-2,1,-1), (1.5,1,—-1), and (—1,1.5,1),
respectively, and the parameter ¢ is 0.65.

3 =~
S

2 ..

1 RIS

of Bl
-1 X5
-2
-3

0 20 40 60 80

t/ms
(@) x=(2,-3,1)

0 20 40 60 80
t/ms

() x=(2.1.-1)

t/ms
(c) x,=(15,1,-1)

>

A
s Tz
e - — =
z
=
3

X3 Phd
-
-

.
-y
L7

Lol
NI

1
AY

0 50 100 150 200
t/ms

(d) x=(-1,151)

Fig.1 Simulation results

From the simulation test, we observe that the solution
trajectory x3(t), x2(t), and z1(t) converge to zero one by
one, that is, x3(t) converges to zero firstly, then z2(¢) and
x1(t) converges to zero finally (especially from Fig.1(d)).
In fact, from the proof of Lemma 2, the control (9) makes
the solution trajectories of nonlinear system (1) come into
the small interval P,—; by the order of yn, yn—1, -, y1.
The numerical simulation verifies that exactly.

4 Conclusion

In this paper, we study the saturated control of a general
class of feedforward nonlinear systems. By linear coordi-
nate transformation, we transfer this feedforward nonlinear
system to a closed loop system. We used nested saturation
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stabilizer'® to make the nonlinear system globally stable
and exponentially convergent at the equilibrium z = 0.
The results of this paper clearly enhance the class of feed-
forward nonlinear systems investigated before. Numerical
example is given, by which efficiency of the result given
above is verified.
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