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Abstract This paper studies the problem of designing H,
controllers for networked control systems (NCSs) with both
network-induced time delay and packet dropout by using an
active-varying sampling period method, where the sampling pe-
riod switches in a finite set. A novel linear estimation-based
method is proposed to compensate packet dropout, and H.
controller design is also presented by using the multi-objective
optimization methodology. The simulation results illustrate the
effectiveness of the active-varying sampling period method and
the linear estimation-based packet dropout compensation.

YANG Guang-Hong?!’ 2
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The use of network as a media to interconnect different
components in industrial control systems is rapidly increas-
ing. However, the insertion of the communication network
will inevitably lead to time delay and data packet dropout,
which might be potential sources of instability and poor
performance of NCSs.

Many researchers have studied stability, controller de-
sign, and performance of NCSs in the presence of network-
induced delay!’=®. In [4], a novel model-predictive-control
strategy with a timeout scheme and p-step-ahead state es-
timation was presented to overcome the adverse influences
of packet dropout. For other methods dealing with time
delay and packet dropout, see [5—10].

There have been considerable research efforts on H
control of systems with time delay. [11] was concerned with
the design of robust H. controllers for uncertain NCSs
with the effects of both network-induced delay and data
packet dropout taken into consideration. For other results
on Ho, control of systems with delay, see [12—14].

Network-induced time delay and packet dropout might
lead to instability and poor performance of NCSs, so it is
significant to overcome the adverse influences of time de-
lay and packet dropout. However, the problem of time
delay and packet dropout compensation is seldom consid-
ered except in [4]. This paper proposes a novel linear
estimation-based method to compensate time delay and
packet dropout, and H controller design is also presented.

In NCSs, constant sampling period is usually adopted.
If constant sampling period h is adopted, h is usually large
enough to avoid network congestion when the network is
occupied by the most users.

Recently, there are a number of papers consider-
ing the problem of varying sampling period of control
systems[w*w]. Unlike the one proposed in this paper (so-
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called active-varying sampling period), the varying sam-
pling period considered in [15—16] was induced by some
external factors, and [15—16] did not study the problems
of Hs controller design and packet dropout compensation.

Using the novel active-varying sampling period method,
this paper eliminates the probability of packet disordering,
which greatly simplifies the analysis and design of NCSs.
On the other hand, the proposed active-varying sampling
period method can ensure the sufficient use of network
bandwidth when the network is idle. A linear estimation-
based compensation method is also proposed to compen-
sate packet dropout.

This paper is organized as follows. Section 1 presents
the model of NCSs with an active-varying sampling period.
A novel linear estimation-based compensation method is
proposed in Section 2 to compensate packet dropout, and
Ho controller design is also presented by using LMI-based
method. The results of numerical simulation are presented
in Section 3. Conclusions are stated in Section 4.

1 Preliminaries and problem statement
Consider a linear time-invariant plant described by

z(t) = Az(t) + Biu(t) + Bow(t) (1)
z(t) = Chz(t) + Dru(t)

where z(t), u(t), z(t), and w(t) are the state vector, control
input vector, controlled output, and disturbance input, re-
spectively, and w(t) is a piecewise constant. A, Bi, B2, C1,
and D, are known constant matrices. Throughout this pa-
per, matrices, if not explicitly stated, are assumed to have
appropriate dimensions.

For NCSs, the shorter the sampling period, the better the
system performance. However, a short sampling period will
increase the possibility of network congestion. If constant
sampling period h is adopted, h should be large enough to
avoid network congestion, so network bandwidth cannot be
sufficiently used when the network is idle.

In the following, we will propose the active-varying sam-
pling period method to make full use of the network band-
width, which is one of the motivations of this paper, and
the other motivation of this paper is to simplify the analysis
and design of NCSs with time delay and packet dropout.

Define 75 and 7., as the sensor-to-controller and
controller-to-actuator network transmission time delays, re-
spectively, and 7sum as the sum of the data processing times
of the sensor, controller, and actuator. When the network
is idle, denote Tsc + Tea + Tsum as d1; and when the network
is occupied by the most users, define 7sc + Tca + Tsum as da.
If constant sampling period is adopted, d2 can be chosen
as the sampling period to avoid network congestion when
the network is occupied by the most users.

Suppose ti, is the latest sampling instant, and that 73 is
the time delay of the control input ur (uy is on the basis of
plant state at instant ¢;). Also suppose that the instant at
which the control input uj reaches the actuator is k£, and
that hg is the length of the kth sampling period. Consider-
ing the definition of d1, we have k > t + d1. Suppose both
controller and actuator are event-driven.

The main idea of the active-varying sampling period
method (using a both clock-driven and event-driven sen-
sor) is as follows. Partition [d1, d2] into [ equidistant small
intervals (I is a positive integer); then the next sampling
instant k (k is the first sampling instant after t;) can be
chosen as follows.

T
k=< as, k€ (a1, az] (2)
e +d2, k>ty+do
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where a1 =t +di+p(da—di)/l, a2 =t +di+ (p+1)(d2—

di)/l,and p=10, 1, ---, (I —1). Then,
s . b(d2 — di)
h, =k —tr, =di1 + i s (3)
b=0,1, ---,1

that is, the sampling period hi switches in the finite set
Y= {dl, d1 +(d2 —dl)/l, cee dg} If 7« > do, the control
input ur will not be used even if it reaches the actuator
eventually (considering the definition of da, it is reasonable
to drop uy, if 7 > d2), and the latest available control input
will be used.

If [ is sufficiently large, (d2—d1)/l is very small compared
with d1+b(d2 —d1)/l. So we can think, approximately, that

the control input used in the interval [tx, k) is ux—;, , where
ik =1, 2, ---, L,and L — 1 is the maximum number of
consecutive packet dropout. So the discrete time represen-
tation of (1) can be described as follows

Trpt1 = Prxr + Dpug—sy, + Crwp (4)
Ur—iy, = — KTy,
where @, = e Iy = fohk e*dsB;, and T, =

hp As
fO € dSBQ.

Because the sampling period hj switches in the finite
set ¥; @y, 'y, and T’y used in (4) also switch in finite sets.
Then, the problem of Hy controller design for (1) can be
reduced to the corresponding problem for (4).

Remark 1. As shown in Fig. 1, the control input ux—3
does not reach the actuator at the instant tx_3 + do for
a long time delay, the sensor will sample plant’s state at
tk—3 + d2, and the delayed control input will be dropped.
The control input u;—1 is dropped, and the sensor will also
begin the next sampling at the instant t;_1 + d2. The sam-
pling begins only when the former sampled packet reaches
or is dropped, so packet disordering cannot occur.

tea Les o Y e bin
Plant
Controller \ B —
DY Y )
Actuator T \
tyatd) tstd, t1tds

Fig.1 Both clock-driven and event-driven sampling

Remark 2. To use the active-varying sampling period
method, [d1, d2] should be partitioned into ! equidistant
small intervals, and a large [ can ensure the computational
precision, but it might lead to frequent switching of sam-
pling period, so [ can be chosen on the basis of do — dy. If
da — dy is large, [ should be large, otherwise, [ should be
small.

The following lemma will be used in the sequel.

Lemma 17, Supposea € R",b € R™, and G € R**™.
Then, for any X € R"™", Y € R"™, and Z € R™*™
satisfying

X Y
R

the following inequality holds

T
T a X Y -G |a
e i) X T2 [}

2 H_ controller design with packet
dropout compensation

To compensate the packet dropout of NCSs, a linear es-
timator might be added into the system to estimate the
dropped control input packets. Suppose the states xo, xx, ,
Zky, ', Tky, -, and the corresponding control inputs
on the basis of these states are transferred to the actuator
successfully, and suppose L — 1 is the maximum number of
consecutive packets dropout. Then, the estimated values
of the dropped control inputs are as follows.

. 1 1

Uiy 1 = Uky — TUk; = (1- Z)Ukj

N N . 2

U2 = Ug;+1 + (G 41 —ug,) = (1 - Z)ukj

. . N N 3

U3 = Uk 2 + (Un, 12 — Un, 1) = (1 — Z)uk] (5)

Uy —1 = Un, -2+ (B2 — Bk, —3) =
(1 Kok 21

L Juk,

where L is a predefined positive scalar. Without loss of gen-
erality, by supposing the disturbance inputs wi; = w;+1 =

© = wk,,,—1 for every k; and using the packet dropout
compensation method given above, the evolution of plant
states can be described as follows.

Tij41 = q>hkj$kj + Phk]_ Up; -1+ Fhkjwkj =

ki ki —1 -
— (1 . %)Fhkj szj71 + Fhkjwkj

Ti 42 = Poxr;+1 + Do, + f‘wakj =
(‘Pb@hkj —TeK)zs; + (‘I)brhkj + Dy )wi; —

ki—kji_1—1

(1- %)%r% IN(mkj,l

Ti;+3 = PoTr,+2 + Dothr;+1 +1Fbwkj =
[@b%hkj — @I K — (1 — Z)Fb[ﬂzkj—

ki — k1 —1
(1— %)qﬁr% Kxy, ,+

(<I>§I~‘hkj + &, + fb)wkj

‘I)hkj -Tkj

Ty, = ijkj =+ Bja:kj_l + Djwkj
S w®
Ahy, . ks
where &, = e %, &, = eAdz, Th = fo 7 e4*dsBy,
J J
~ Ry -
A da A
Fhkj = fO 7 € SdSBQ, Fb = fO € Sdth Fb =

de2 e4*dsBs,, and

Aj = <1>bkj+rkr1q>hkj — @Rtk 2D, K

(1-— l)q)bkj+l_kj_3FbK_

(1-— E)@’“Hl*’“j*“rbk — =K
Ej = —O'Qq)bkj*likjilrhkj[(
D; = @bkﬂl*krlf‘hkj + P kiR T2, T
o= (1P k=2
kj—kj—1—1
oy = (1— %)

(7)
Define @, ,, Tk, , T;_,, and wk; as §;,, §;, §;_;, and
w;, respectively. Tﬁen,

§j+1 = Aj&j + E]fj—l + ijj (8)
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We are now in a position to design the feedback gain
K, which can make system (8) asymptotically stable with
the Ho, norm bound Vi, (’th is the Hoo norm bound

corresponding to the samphng perlod hi; ).

Theorem 1. If there exist symmetrlc positive definite
matrices M, R and Z and matrices X Y N, and scalars
Yr, > 0, such that the following LMIs (9 ) and (10) hold

for every feasible values of kj11 — kj and hy; (kjy1 —kj =

L, -y L, hy; €99)
Ty -Y 0 MCT vl el - M
x —R 0 —0oNTDT 9T Ul
ST ST
* * —Vh, I 0 D; D; <0
* * * —fyhkjf 0 0
* * * * —-M 0
* * * * * Z —2M
o )
X Y
Z ~| >0 10
EE (10)
where

Vo=—M+X+Y+Y"+R

0, :@bkﬁrkrl@hkj M — dpri+1—ki—20, N—
(1-— l)(pbkj+l_kj_3r‘bN_
(1-— E)(I);)kf“”“f"‘l“bN — o — oI, N

Uy =—ga®p 1M1y, N
J
then, with the control law
u;=—-K¢, K=NM"

the system described by (8) is asymptotically stable with
H., norm bounds Vi, -

Proof. Let us consider the following Lyapunov function
Vi =Vij + Vo + Vs
Vij = gnggj
Vo = (53 *gj—l)TZ(fj
Vs = 5?—1353'—1

where P, Z, and R are symmetric positive definite matrices.
Noticing that

—&1)

(A; + B))€; — Bj(€&; —&,_1) + Djw; (11)

So, the difference of function V; along the trajectory of (11)
is given by

AViy :5?+1P51+1 _fanfj =
£/ (A;+ B))"P(A; + B))¢; — & P&~
27 (A; + B;)"PB;(&; —&,_1)+ (12)
(€~ &) B/ PB;(&; — & 1)+
21 (A; + B;)"PDjw;—
2(¢, —&,_1)" B PDyw; +w] Dj PDjw;

§j+1 =

Defining a = ¢;, G = (A; + B,)"PB;, b= (£, —€,_
and using Lemma 1, for any X, Y, and Z satis%ying

Vol. 34
{;{p }Z/} > 0, we have
—26(A; + B))"PB;(§; —£;_1) <
5;’FX€]’ +2€;r[ (A +BJ) BJ](§ =&, 1)+
&; *Ej—l)TZ(fj —&_1)
(13)

AV :(£j+1 _Ej)TZ(£j+1 _61)_
(63' _éjfl)TZ(ﬁj _51'71) =
[(A; — D&, + Bj&;_, + Djw;|" Z[(A; — D)€+

Ej&jfl + ijj} - (63 _§j71)TZ(§j _€j71) (14)
AVs; =&/ RE; — €] | RE;
Combining (12)~(14) together, we have
~T ~
AV = AVij + AV + AVs; =€ AsE; (15)
where
i 13 AU AP OAP
&= &1 A=+ AP AP
wj * * A]33

A =P+ X4+Y+Y" + R+ ATPA;+
(A —D)"Z(A; - T)

AP =—y + ATPB; + (A, - T ZB;

AP =ATPD; + (A; — 1) ZD;

A2 =_R+ BYPB; + Bf ZB;

A2 =BTPD; + BF ZD,

A2 =DIPD; + DFZD;,

If the packet dropout compensation method proposed
in (5) is used, the available control input at instant k;
is —02KE,_;, that is, z; = C1§; — 02D1KE;_,. For any
nonzero §;, we have

—1 T T :T—%
Vhi, %3 %3~ Vhae, Wi W5 = §; E¢;

where
’Y;klj e —02, Loy"DiK 0
== * ‘727h1 KTDTDlK 0
* * Y, I
So,

_ ST~ =
Vg, 2 %5~ i, Wy W + AV; =& A,

Where K] = Aj + Z. In the following, we will prove that
% zjz; — Vhy, Wj Twj 4+ AV; < 0, that is, A < 0. By the

Schur complement, A < 0 is equivalent to

T -Y 0 ct AT A, - DT

* R0 —ooK™DT BT BT

* * _'thj I 0 ﬁ;r l~)]T <0
* 0k * —Vha, I 0 0

* % * * —p! 0

x % * * * -z 1!
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where Y = —P+ X +Y +YT +R.

Pre- and post-multiplying (16) by diag{P~!, P~ I,
I, I, I} and diag{P~', P™' I, I, I, I}, and defin-
ing P7'XP ' = X, pPlyP ' =Y, plzp !t = Z,
P'RP™' = R, KP™' = N, and P~' = M. We can
see that (16) is equivalent to

T -Y 0 MmMct  MAT v
*+ —R 0  —ooN'™DT MBI MB}
* * ~Vha; I 0 B;F l~)]T <0
* * * —Vhy, I 0 0
* ES * * —-M 0
* * * * * —z !
(17)

where Y = ~-M + X +Y + YT+ R, and .¥ = M(A; —I)T.

For symmetric positive definite matrices P and Z, we
have (P — Z)Z~*(P — Z) > 0, which is equivalent to
PZ7'P —2P + Z > 0. Pre- and post-multiplying
PZ'P-2P+Z>0by P! and P!, we have —Z~! <
P~lzp~t —2P7' = Z — 2M. So if (9) is satisfied,
(17) is also feasible. On the other hand, to ensure that

(13) holds, we should have {;(T ;} > 0. Pre- and
. . X Y . —1 —1
post-multiplying = 0 by diag{P~™", P™"} and
. 1 pe1 X Y . .
diag{P~", P~"}, we can see that v g > 0 is equiva-

lent to [é(T qu > 0. That is, if (9) and (10) are feasible,

we have wgklj zjz; — %k]_w?wj +AV; < 0.

. -1,T T
Since Vni, %3 B3 T Vi, Wi W + AV; <0, we have
-1,T T
Thi, 23 %5~ Vi Wi w5 < —AV;

Summing up z; z;, w, w;, and AV; in the above inequal-
ity for j = 0 to j = n, and using the zero initial condition
and the character that the disturbance input w; has limited
energy, we have

n n
DMzl < i, D lwsll = ym, Vo
j=0 j=0
for all n. Let n — oo, we have
2113 < 42, I3

If the disturbance input w; = 0, (9) and (10) can ensure
the asymptotic stability of the system described by (8),

and if w; # 0, we have [|z[[5 < 77, |lw|[3. So if the LMIs
J

(9) and (10) are feasible, the system described by (8) with
K = NM™! is asymptotically stable with H., norm bounds
Vhi, - d

If the sampling period hy; is constant, to stabilize the
system described by (8), the LMIs (9) and (10) should be
satisfied for the specific hk]., which can be described as the
following corollary.

Corollary 1. For the specific sampling period hg;, if

there exist symmetric positive definite matrices M, R, and

Z, and matrices X, Y, N, and scalar v > 0, such that the
following LMIs hold for every feasible value of k;j 11 — k;

(kj+1 - kj = 17 Tty L)7 namelya
Vo -Y 0 MCT T 9T _ p
* —R 0 —ooNTDT w? ol
* Y 0 D} D} <0
* * * -1 0 0
* * * * * Z —2M
(18)
X Y
20 Ll >0 19
&Y (19)
where

Uo=—-M+X+Y+YT+R
U, :q)b’vjﬂ*krlq)hk‘M — P i1k, N~
J

(1-— l)@bkj+1_kj_31"b]\7_
(1= D)2 TN — o — iy N

Uy = —0a®p 1757y, N
J
then, with the control law
u; =—-K¢, K=NM"

the system described by (8) is asymptotically stable with
Hs norm bound ~.

Remark 3. Just as shown in Theorem 1, it is difficult to
optimize all the Vi, simultaneously. The linear weighted

SUM Ysum Of ¥4, might be introduced to optimize p, .
J J
Define vsum > @1y, + @2vny + -+ + qu41Yn,, ., Where hy,
(m=1, 2, .-+, I+ 1) are the feasible values of sampling
period hg;, am are the weighting coefficients, and am, > 0.
The optimal Vhy, can be obtained by optimizing Ysum-

3 Numerical example

To illustrate the merits of the proposed active-varying
sampling period method and the linear estimation-based
packet dropout compensation, we present an open loop un-
stable system as follows.

. ~0.3901  0.8855 ~0.5359

3(t) = { 14900 70.9821] (1) + { 1.0727 } u(t)+
0.3105
{0.3144] w(t) (20)

2(t) =[—1.3659 0.1823] z(t) + 0.5485u(t)

Suppose the minimum sampling period of sensor is 0.05 s,
and the maximum sampling period is 0.2s, and suppose
the feasible values of sampling period are hy = 0.05s, ho =
0.1s, and hs = 0.2, and the initial state of the system is
xo = [1 — 1]T. For simplicity, suppose the packets at the
sampling instants 0, 3, 6, - - - are transferred to the actuator
successfully, that is, 2 packets are dropped among every 3
packets, which means that L = 3.

If the method proposed in Theorem 1 is used to design
H controllers, we might choose a1 = 4, a2 = 3, and
as = 5 (denoted as Case 1), or a1 = 8, a2 = 8, and az = 12
(denoted as Case 2). The Ho, norm bounds corresponding
to sampling periods hy, (m =1, 2, 3) are shown in Table 1,
and the controller gains corresponding to Case 1 and Case
2 are K = [21.6662 13.0813] and K = [21.6330 13.0642],
respectively.
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If constant sampling period is adopted, hs should be
chosen as the sampling period to avoid network conges-
tion when the network is occupied by the most number
of users. The corresponding Ho, norm bound is 7.1330,
and the controller gain obtained by Corollary 1 is K =
[21.6542 13.0743].

From Tablel, we can see that short sampling peri-
ods might provide better Ho, norm bounds than constant
sampling period hs, and that one can choose appropriate
weighting coefficients a1, a2, as to obtain the desired Hoo
norm bounds. Table 1 also illustrates the effectiveness of
the proposed packet dropout compensation method.

Table 1 The H. norm bounds
Yhm Yhy Yho TYh3
Case 1 6.8027 6.5762 8.3125
Case 2 6.9335 6.6963 8.1406

If constant sampling period hs and the controller gain by
Corollary 1 are used (K = [21.6542 13.0743]), the distur-
bance inputs sin(j) (j = 1, 2, ---, 20) are added into the
system during the time interval [3,15) s; the plant state re-
sponse and controlled output are illustrated in Fig. 2 (a). If
the initial sampling period is hi, and the disturbance in-
puts sin(j) (j = 1, 2, -+, 20) are added into the system
during the time interval [3,6)s, then, at instant 6s, the
sampling period switches to hs. And other disturbance in-
puts sin(j) (j = 1, 2, ---, 20) are added into the system
during the time interval [6.6,18.6) s, and the controller gain
K = [21.6330 13.0642] is used; the plant state response and
controlled output are illustrated in Fig. 2 (b).

’#1
1

N 5 10 15 20 25 30

t/s
(b) h1 and h} adopted
Fig.2 Curves of states response and controlled outputs

Just as shown in Fig.2, if w(t) # 0 and there ex-
ists switching of sampling periods, short sampling periods
might provide better Ho performance than constant sam-
pling period hs. Fig.2 also illustrates the effectiveness of
the proposed packet dropout compensation method.

4 Conclusion

This paper is concerned with the problem of designing
robust Hs, controllers for NCSs with both network-induced
time delay and packet dropout by using the active-varying
sampling period method. Hs, controller design for NCSs
with packet dropout compensation is presented by using
LMI-based method. The simulation results have illustrated
the effectiveness of the newly proposed active-varying sam-

pling period method and the linear estimation-based packet
dropout compensation.
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