
Vol. 34, No. 6 ACTA AUTOMATICA SINICA June, 2008

Quantized Dynamic Output Feedback HHH∞ Control for

Discrete-time Systems with Quantizer Ranges

Consideration
CHE Wei-Wei1, 2 YANG Guang-Hong1, 2

Abstract The problem of quantized dynamic output feedback H∞ control for discrete-time linear time-invariant (LTI) systems
is investigated in this paper. The quantizer considered is dynamic and composed of an adjustable “zoom” parameter and a static
quantizer. Static quantizer ranges are of practical significance and are fully considered. First, taking quantization errors into account,
a quantized control strategy is dependent not only on the controller states but also on the system measurement outputs, which is
proposed such that the quantized closed-loop system is asymptotically stable and with a prescribed H∞ performance bound. Then,
on the basis of this result, an iterative LMI-based optimization algorithm is developed to optimize the static quantizer ranges to
meet H∞ performance requirements for closed-loop systems. An example is presented to illustrate the effectiveness of the proposed
method.
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Recent years have witnessed a growing interest in investi-
gating effects of signal quantization on feedback control sys-
tems. This is mainly because of the widespread use in con-
trol systems of digital computers that use finite-precision
arithmetic. The emerging network based control[1−2],
where information between the controller and the plant is
exchanged through a network medium with limited capac-
ities has further strengthened the importance of the study
on quantized feedback control.

It is well known that a feedback law which globally
asymptotically stabilizes a given system in the absence of
quantization will in general fail to provide global asymp-
totic stability of the closed-loop system that arises in the
presence of a quantizer with a finite number of values.
There are two reasons to account for these changes in the
system′s behavior. One reason is saturation and another
reason is deterioration of performance near the equilibrium.
Because of these phenomena, instead of global asymptotic
stability, the so-called practice stability is obtained, where
there is a region of attraction in the state and the steady
state converges to a small limit cycle[3−8].

When a dynamic quantizer is allowed, it is shown in
[9−10] that stabilization of an SISO LTI system can be
achieved using only a finite number of quantization lev-
els. On this line, many important results have been
reported[9−15]. Reference [15] defines a quantizer that takes
value in a finite set and considers quantized feedback stabi-
lization for linear systems. A hybrid control strategy orig-
inating in [15] relies on the possibility of making discrete
online adjustments of quantizer parameters. Building on
the work of [15−16], more general nonlinear systems with
general types of quantizers affecting the state of the sys-
tem, the measured output, or the control input is studied.
Recently, [17] extended the result of [16] to continuous-time
quantized state feedback H∞ control systems. And in [9], a
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dynamic scaling method for the logarithmic quantizer was
introduced.

In fact, the dynamic quantizer introduced in [16] can be
seen as a device composed of an adjustable “zoom” param-
eter and a static quantizer. For a static quantizer, its range
is of practical significance and cannot be chosen arbitrarily.
For example, if a quantizer is used to represent a camera,
this corresponds to zooming in and out, i.e., varying the
focal length, whereas the number of pixels of course re-
mains fixed and cannot be chosen arbitrarily. In addition,
for a quantizer with an especially large quantizer range,
the hardware cost is very high and in some situations this
point have no economical advantages. But noting that for
all the above quantized results, there is no one considers the
static quantizer ranges, and they all give the stabilization
or performance guaranteed condition under the assumption
that the static quantizer ranges can be chosen sufficiently
larger. This does not accord with the fact that the static
quantizer range is fixed and practically significant. More-
over, among the above mentioned results, there is none that
deals with the problem of dynamic output feedback H∞
controller design for discrete-time systems with the consid-
eration of three quantized signals at the same time, i.e.,
controller state quantization, control input quantization,
and system measurement output quantization.

Motivated by the above reasons and considering the
static quantizer ranges, the dynamic output feedback H∞
control problem for discrete-time LTI systems with dy-
namic quantizers defined in [16] is studied in this paper.
First, on account of the quantization errors, a quantized
control strategy, which is dependent not only on the con-
troller states but also on the system measurement outputs,
is proposed such that the quantized dynamic output feed-
back H∞ control problem can be solved. Then, on the
basis of this result, an iterative LMI-based optimization al-
gorithm is developed to optimize the static quantizer ranges
to meet H∞ performance requirements for closed-loop sys-
tems.

The outline of this paper is as follows. Section 1 presents
the problem under consideration and some preliminaries.
Section 2 studies the problem of quantized dynamic output
feedback H∞ control with three quantized signals, i.e., con-
troller state quantization, control input quantization, and
measurement output quantization. In Section 3, an exam-
ple is presented to illustrate the effectiveness of the control
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strategy proposed in this paper. Finally, Section 4 gives
some concluding remarks.

Notation. Given a matrix E, ET and E−1 denote its
transpose and inverse when it exists, respectively. The sym-
bol ∗ within a matrix represents the symmetric entries. For

a vector xxx ∈ Rk, the 2-norm of xxx is defined as |xxx| = (xxxTxxx)
1
2 ,

and for a matrix Q ∈ Rm×n, ‖Q‖, λmax(Q), and λmin(Q)
are defined as the largest singular value, the maximum
eigenvalue, and the minimum eigenvalue of Q, respectively.

1 Problem statement and preliminaries

Consider the discrete-time LTI model described by

xxx(k + 1) = Axxx(k) + B1uuu(k) + B2ωωω(k)

zzz(k) = C1xxx(k) + D12uuu(k)

yyy(k) = C2xxx(k) (1)

where xxx(k) ∈ Rn is the state, yyy(k) ∈ Rp is the measured
output, zzz(k) ∈ Rq is the regulated output, uuu(k) ∈ Rm is
the control input, and ωωω(k) ∈ Rl is the disturbance input.
A, B1, B2, C1, C2, and D12 are known constant matrices of
appropriate dimensions. Assume that the triple (A, B1, C2)
is stabilizable and detectable. Consider a dynamic output
feedback controller described by

xxxc(k + 1) = Acxxxc(k) + Bcyyy(k)

uuu(k) = Ccxxxc(k) (2)

Applying controller (2) to system (1), the following closed-
loop system is obtained.

xxxe(k + 1) = Aexxxe(k) + Beωωω(k)

zzze(k) = Cexxxe(k) (3)

where xxxe(k) = [xxxT(k),xxxT
c (k)]T and

Ae =

[
A B1Cc

BcC2 Ac

]
, Be =

[
B2

0

]
, and Ce =

[
C1 D12Cc

]

However, in practical network communication or digital
control systems, the signals of controller states, measure-
ment outputs, and control inputs are quantized and then
coded for transmission.

The quantizer considered here is defined with general
form as in [16]. Let zzz ∈ Rl be the variable being quantized.
By a quantizer we mean a piecewise constant function q :
Rl → DDD, where DDD is a finite subset of Rl. Assume that
there are positive real numbers M and ∆ such that the
following condition holds:

If |zzz| ≤ M

then |q(zzz)− zzz| ≤ ∆ (4)

This condition gives a bound on the quantization error
when the quantizer does not saturate. M and ∆ represent
the range of the quantizer q(·) and the quantization error,
respectively. Assume that q(xxx) = 0 for xxx in some neighbor-
hood of the origin, i.e., the origin lies in the interior of the
set {xxx : q(xxx) = 0}.

In the control strategy to be proposed below, the quan-
tized measurement is presented with the following form.

qµ(zzz) = µq(
zzz

µ
) (5)

where µ > 0 is the quantizer′s parameter. The range of
this quantizer is Mµ and the quantization error is ∆µ.

Therefore, the quantized controller considered in this pa-
per is given as

xxxc(k + 1) = Acqµ1(xxxc) + Bcqµ2(yyy) =

Acµ1q1(
xxxc

µ1
) + Bcµ2q2(

yyy

µ2
)

uuu(k) = qµ3(Ccqµ1(xxxc)) = µ3q3(

Ccµ1q1(
xxxc

µ1
)

µ3
) (6)

where the quantizers qµ1(·), qµ2(·), and qµ3(·) are dynamic
and defined by (5), the quantizers q1(·), q2(·), and q3(·) are
static and defined by (4). Here, q1(·) is a controller state
quantizer with range M1 and error ∆1, q2(·) is a measure-
ment output quantizer with range M2 and error ∆2, and
q3(·) is a control input quantizer with range M3 and error
∆3. For this quantized controller, we consider a strategy
always satisfying

µ3 = θµ1, M3 =
‖Cc‖

θ
(∆1 + M1) (7)

which will be derived in the next section, where θ is a pos-
itive constant and should be adjusted in real applications.
Applying (6) to (1), the following quantized closed-loop
system is obtained.

xxxe(k + 1) = Aexxxe(k) + Beωωω(k) + B̄1ēee

zzze(k) = Cexxxe(k) + D̄1ēee (8)

where Ae, Be, and Ce are defined in (3), B̄1 =
[

0 0 B1

Ac Bc 0

]
, D̄1 =

[
0 0 D12

]
, ēee =




µ1eee1

µ2eee2

µ3eee3


,

with eee1 = q1(
xxxc

µ1
) − xxxc

µ1
, eee2 = q2(

yyy

µ2
) − yyy

µ2
and

eee3 = q3(

Ccq1(
xxxc

µ1
)

µ3
)− Ccxxxc

µ3
.

Now, the problem under consideration in this paper is
described as follows.

Problem 1. For quantizers q1(·), q2(·), and q3(·), find a
method to optimize the quantizer ranges M1, M2, and M3,
and then, design a quantized control strategy for system
(1) such that the closed-loop system (8) is asymptotically
stable and with a prescribed H∞ performance bound.

2 Quantized dynamic output feedback
HHH∞ controller design

First, a lemma is presented which will be used in the
sequel.

Lemma 1. For plant (8), γ > 0 is a given scalar. If

there are matrices Â, B̂, Ĉ and Y > 0, X > 0 such that



654 ACTA AUTOMATICA SINICA Vol. 34

the following LMI holds.




−X ∗ ∗ ∗ ∗ ∗ ∗ ∗
−I −Y ∗ ∗ ∗ ∗ ∗ ∗
0 0 −γ2I ∗ ∗ ∗ ∗ ∗
Γ1 A B2 −X ∗ ∗ ∗ ∗
Â Γ2 Y B2 −I −Y ∗ ∗ ∗
Γ3 C1 0 0 0 −I ∗ ∗
0 0 B2 0 0 0 −X ∗
0 0 Y B2 0 0 0 −I −Y




< 0

(9)

where
Γ1 = AX + B1Ĉ, Γ2 = Y A + B̂C2, Γ3 = C1X + D12Ĉ

Denote

Ac = N−1(Â− Y AX − B̂C2X − Y B1Ĉ)(MT)−1

Bc = N−1B̂, Cc = Ĉ(MT)−1 (10)

where MNT = I−XY , then there are two positive definite
matrices P > 0 and

Q =

[
Q11 Q12

∗ Q22

]
> 0 (11)

such that the following LMI holds

[
AT

e PAe − P + CT
e Ce + Q11 ∗

BT
e PAe + QT

12 2BT
e PBe + Q22 − γ2I

]
< 0

(12)

where Ae, Be, and Ce are defined in (3).

Proof. Let P =

[
Y N

NT W

]
and P−1 =

[
X M

MT Z

]
.

First, we prove that the following inequality holds.

[
AT

e PAe − P + CT
e Ce ∗

BT
e PAe −γ2I + 2BT

e PBe

]
< 0 (13)

By the Schur complement, (13) is equivalent to the follow-
ing LMI.




−P ∗ ∗ ∗ ∗
0 −γ2I ∗ ∗ ∗

PAe PBe −P ∗ ∗
Ce 0 0 −I ∗
0 PBe 0 0 −P




< 0 (14)

Denote Γ1 =

[
X I

MT 0

]
and Γ̄ = diag{Γ1, I, Γ1, I, Γ1}, per-

forming a congruence transformation with Γ̄ on (14), and
using the gain matrices described by (10), we obtain that
(14) is equivalent to (9), which implies that (9) is equiva-
lent to (13). Then, according to (13), it is clear that there
always are positive definite matrices Q described by (11)
and P such that (12) holds. ¤

Remark 1. It is well-known that the standard H∞ con-
troller design for discrete-time systems is reduced to solving
the following inequality

[
AT

e PAe − P + CT
e Ce AT

e PBe

∗ −γ2I + BT
e PBe

]
< 0 (15)

By comparing (12) with (15), we see that except the added
matrix variable Q, the block (2, 2) in the left of inequality

(12) is with an additional term BT
e PBe, which reflects the

effectiveness of the quantization errors.
By using the gain matrices Ac, Bc, Cc, the scalar γ and

the two positive definite matrices P and Q obtained by
Lemma 1, we have

Theorem 1. Consider plant (1) controlled by the quan-
tized dynamic output feedback controller (6) and assume
that M1 and M2 are chosen large enough such that

M1 >
η∆

λmin(Q)
(16)

M2 >
η∆2‖C2‖
λmin(Q)

(17)

where ∆ =
√

∆2
1 + (θ∆3 + ‖Cc‖∆1)2, η = φ +√

φ2 + ϕλmin(Q) with φ = ‖CT
e D̄1 + AT

e PB̄1‖ and ϕ =

‖D̄T
1 D̄1 + 2B̄T

1 PB̄1‖. Then, the control strategy (6) with
updating µ1 and µ3 by

µ1 =
2|xxxc|

M1 +
η∆

λmin(Q)

, µ3 = θµ1 (18)

and updating µ2 by

µ2 =
2|yyy|

M2 +
η∆2‖C2‖
λmin(Q)

(19)

renders the closed-loop system (8) asymptotically stable
and with the H∞ performance bound γ.

Proof. By using the properties of (4) for the quantizer
q2(·), it is easy to check that whenever |yyy| ≤ M2µ2,

|eee2| = |q2(
yyy

µ2
)− yyy

µ2
| ≤ ∆2 (20)

and whenever |xxxc| ≤ M1µ1,

|eee1| = |q1(
xxxc

µ1
)− xxxc

µ1
| ≤ ∆1 =⇒

|q1(
xxxc

µ1
)| ≤ |xxxc

µ1
|+ ∆1 ≤ M1 + ∆1 (21)

and thus,

|
Ccµ1q1(

xxxc

µ1
)

µ3
| ≤ ‖Cc‖µ1

µ3
|q1(

xxxc

µ1
)| ≤ M3 (22)

Using the properties of (4) again for the quantizer q3(·), we
obtain that whenever |xxxc| ≤ M1µ1,

|eee3| = |q3(

Ccµ1q1(
xxxc

µ1
)

µ3
)− Ccxxxc

µ3
| =

|q3(

Ccµ1q1(
xxxc

µ1
)

µ3
)−

Ccµ1q1(
xxxc

µ1
)

µ3
+

Ccµ1q1(
xxxc

µ1
)

µ3
− Ccxxxc

µ3
| ≤

∆3 +
‖Cc‖µ1

µ3
|q1(

xxxc

µ1
)− xxxc

µ1
| ≤ ∆3 +

‖Cc‖
θ

∆1 (23)

Then, we can obtain that

|ēee| =
√

µ2
1|eee1|2 + µ2

2|eee2|2 + µ2
3|eee3|2 ≤

√
µ2

1∆
2
1 + µ2

2∆
2
2 + µ2

1(θ∆3 + ‖Cc‖∆1)2 =
√

µ2
1∆

2 + µ2
2∆

2
2 (24)
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Now, consider the Lyapunov function candidate V (k) =
xxxT

e (k)Pxxxe(k) for the quantized closed-loop system (8). By
using (12), the difference of V (k) along solutions of (8) is
computed as

∆V (k) = V (k + 1)− V (k) =

(Aexxxe + Beωωω + B̄1ēee)
TP (Aexxxe + Beωωω + B̄1ēee)− xxxT

e Pxxxe ≤
− zzzT

e zzze + γ2ωωωTωωω + xxxT
e (AT

e PAe − P + CT
e Ce)xxxe+

2xxxT
e AT

e PBeωωω + 2xxxT
e (AT

e PB̄1 + CT
e D)ēee+

2ωωωTBT
e PBeωωω + ēeeT(2B̄T

1 PB̄1 + D̄T
1 D̄1)ēee− γ2ωωωTωωω ≤

− zzzT
e zzze + γ2ωωωTωωω −

[
xxxe

ωωω

]T

Q

[
xxxe

ωωω

]
+ 2|xxxe|φ|ēee|+ |ēee|2ϕ ≤

− zzzT
e zzze + γ2ωωωTωωω − λmin(Q)|xxxe|2 + 2|xxxe|φ|ēee|+ |ēee|2ϕ ≤

− zzzT
e zzze + γ2ωωωTωωω−

λmin(Q)(

√
|yyy|2
‖C2‖2 + |xxxc|2 − η|ēee|

λmin(Q)
)×

(

√
|yyy|2
‖C2‖2 + |xxxc|2 − (φ−

√
φ2 + ϕλmin(Q))|ēee|
λmin(Q)

) (25)

Then, on the one hand, according to (16) and (17), there
always is a scalar ε ∈ (0, 1) such that

M1 >
η∆

λmin(Q)(1− ε)
(26)

M2 >
η∆2‖C2‖

λmin(Q)(1− ε)
(27)

In contrast, according to (18), for any nonzero xxxc, there
always is a positive scalar µ1 such that

|xxxc| = (M1 +
η∆

λmin(Q)
)
µ1

2
(28)

Similarly, according to (19), for any nonzero yyy, there always
is a positive scalar µ2 such that

|yyy| = (M2 +
η∆2‖C2‖
λmin(Q)

)
µ2

2
(29)

Then, by using (26) and (28), we have

η∆

λmin(Q)(1− ε)
µ1 ≤ |xxxc| ≤ M1µ1 (30)

and by using (27) and (29), we obtain

η∆2‖C2‖
λmin(Q)(1− ε)

µ2 ≤ |yyy| ≤ M2µ2 (31)

This is also true in the case of xxxc = 0 and yyy = 0, where we
set µ1 = 0 and µ2 = 0 as an extreme case and consider the
outputs of the quantizers q1(·) and q2(·) as zero.

In other words, if we always choose µ1 and µ2 satisfying
(18) and (19), respectively, then (30) and (31) hold. Thus,
according to (25), we obtain

∆V (k) ≤ −zzzT(k)zzz(k) + γ2ωωωT(k)ωωω(k)− ε2λmin(Q)|xxxe|2 ≤

− zzzT(k)zzz(k) + γ2ωωωT(k)ωωω(k)− ε2 λmin(Q)

λmax(P )
V (xxxe)

(32)

First, by setting ωωω = 0, it is easy to see that ∆V (k) < 0,
i.e., the system is asymptotically stable.
Next, for any k,

V (k)− V (0) ≤ −
n∑

k=0

(zzzT(k)zzz(k)− γ2ωωωT(k)ωωω(k)) (33)

Using V (k) ≥ 0, ∆V (k) < 0, and zero initial condition, the
following is obtained

‖zzz(k)‖22 < γ2‖ωωω(k)‖22 (34)

which implies that the H∞ disturbance attention level γ is
achieved. ¤

Remark 2. Theorem 1 offers a quantized control
strategy for discrete-time dynamic output feedback sys-
tems, such that the required H∞ performance can be guar-
anteed. A similar result for continuous-time state feed-
back systems has been obtained in [17]. The difference
between them is that in [17], the controller gain used in
the quantized control strategy is firstly designed by the
standard state-feedback H∞ controller design, whereas in
this paper, the controller gain used in the quantized con-
trol strategy of Theorem 1 is firstly designed by Lemma
1 with the consideration of the effect of the quantiza-
tion errors. In fact, the additional term BT

e PBe in the
block (2, 2) of inequality (12), as mentioned in Remark 1,
is resulted from the term 2ωωωTBT

e PB̄1ēee in (25) by using
2ωωωTBT

e PB̄1ēee ≤ ωωωTBT
e PBeωωω + ēeeTB̄T

1 PB̄1ēee, which renders
the effect of the quantization errors involved in the pro-
posed design conditions.

Remark 3. By Theorem 1, quantizer ranges for the
existence of a quantized control strategy is obtained natu-
rally. But the static quantizer ranges gained by this direct
method might be very large and might not be in accord
with practice. So in the following we will give a method to
optimize the static quantizer ranges and in turn to give an
optimized control strategy, such that the required control
objective can be achieved.

According to (16) and (17), in order to make M1, M2,
and M3 (M3 is dependent on M1) small one should min-
imize the values of η∆/λmin(Q) and η∆2‖C2‖/λmin(Q),
respectively. Note that there is no direct method to
minimize the values of η∆/λmin(Q) and η∆2‖C2‖/λmin(Q)
because of their nonlinear property. But they consist
of φ, ϕ, and ‖Cc‖. Thus, by optimizing φ, ϕ, and
‖Cc‖, we can optimize the values of η∆/λmin(Q) and
η∆2‖C2‖/λmin(Q) indirectly.

Let δ > 0, β > 0, and α > 0 be scalars, then the mini-
mum values of ‖Cc‖, φ, and ϕ can be found by optimizing
indexes δ, β, and α via inequalities ‖Cc‖ < δ, φ < β, and
ϕ < α, respectively. Obviously, the above three inequalities
are equivalent to the following inequalities, respectively.

[−δ2I CT
c

∗ −I

]
< 0 (35)

[−β2I B̄T
1 PAe + D̄T

1 Ce

∗ −I

]
< 0 (36)

[−α2I (D̄T
1 D̄1 + 2B̄T

1 PB̄1)
T

∗ −I

]
< 0 (37)

where Ae, Ce, B̄1, and D̄1 are defined in (8).
To solve Problem 1, we need to combine the inequali-

ties (35)∼(37) with (12). But these inequalities are not
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convex, we cannot solve them directly. To facilitate solv-
ing this nonconvex problem, the following useful lemma is
presented.
Denote

Θ1 = −AT
e PAe0 −AT

e0PAe + AT
e0PAe0

Θ2 = −B̄T
10PB̄1 − B̄T

1 PB̄10 + B̄T
10PB̄10

where Ae0 =

[
A B1Cc0

Bc0C2 Ac0

]
and B̄10 =

[
0 0 B1

Ac0 Bc0 0

]
.

Lemma 2. For matrix variables Ac, Bc, Cc, Ac0,
Bc0, Cc0, Q12 and P > 0, Q11 > 0, Q22 > 0, the fol-
lowing statements hold.

1) (36) holds if and only if the following inequality holds



−β2I + Θ2 D̄T

1 Ce B̄T
1

∗ −I + Θ1 AT
e P

∗ ∗ −P


 < 0 (38)

2) (37) holds if and only if the following inequality holds



−α2I + 4Θ2 D̄T

1 D̄1 2B̄T
1 P

∗ −I + Θ1 B̄T
1 P

∗ ∗ −P


 < 0 (39)

3) (12) holds if and only if the following inequality holds




−P + Q11 Q12 AT
e P CT

e 0
∗ −γ2I + Q22 BT

e P 0 BT
e P

∗ ∗ −P 0 0
∗ ∗ ∗ −I 0
∗ ∗ ∗ ∗ −P




< 0

(40)

Proof. 1) First,

[−β2I B̄T
1 PAe + D̄T

1 Ce

∗ −I

]
=

[−β2I D̄T
1 Ce

∗ −I

]
+

[
B̄T

1

0

]
P

[
0

AT
e

]T

+

[
0

AT
e

]
P

[
B̄T

1

0

]T

(41)

Apparently, for any two matrices X, Y , and positive defi-
nite matrix P > 0, the following equality always holds.

XPY + Y TPXT =

(X + Y T)P (X + Y T)T −XPXT − Y TPY (42)

Thus, according to (42), (41) is equivalent to

[−β2I D̄T
1 Ce

∗ −I

]
+

[
B̄T

1

AT
e

]
P

[
B̄T

1

AT
e

]T

−
[
B̄T

1

0

]
P

[
B̄T

1

0

]T

−
[

0
AT

e

]
P

[
0

AT
e

]T

< 0 (43)

As is known to all that for any matrix V and positive def-
inite matrix P > 0, there always exists a matrix V0, such
that the following inequality holds.

(V − V0)P (V − V0)
T ≥ 0 (44)

Thus, there exist Ac0,Bc0, and Cc0 such that (43) is equiv-
alent to

[−β2I D̄T
1 Ce

∗ −I

]
+

[
B̄T

1

AT
e

]
P

[
B̄T

1

AT
e

]T

+

[
Θ2

0

] [
I
0

]T

+

[
0

Θ1

] [
0
I

]T

< 0 (45)

In fact, on the one hand, according to (44), if (45) holds,
then (43) holds. On the other hand, when Ac0 = Ac, Bc0 =
Bc, and Cc0 = Cc, (45) holds if (43) holds.

Now, by the Schur complement, (45) is equivalent to
(38).

2) It is similar to the proof of 1) and is omitted here.
3) Obviously, by the Shur complement, (12) is equivalent

to (40). ¤
Denote

Q(ξ) =

[
Q11 − ξI Q12

∗ Q22 − ξI

]

Now, on the basis of Lemma 2, in order to solve Prob-
lem 1, we need to solve inequalities (35)∼(37), (12), and
Q(ξ) > 0 or equivalently, we need to solve inequalities (35),
(38)∼(40), and Q(ξ) > 0. Inequalities (36), (37), and (12)
are not convex with respect to the matrix variables Ac, Bc,
and Cc, it is difficult to solve them directly. However, when
Ac, Bc, and Cc are given, inequalities (35)∼(37), (12), and
Q(ξ) > 0 become convex with respect to the matrix vari-
ables P, Q11, Q12, Q22, and the scalars β2, δ2, α2, and can
be solved by using Matlab via the LMI control toolbox[18].
Similarly, inequalities (38)∼(40) are not convex with re-
spect to the matrix variables Ac0, Bc0, Cc0, and P > 0,
but when Ac0, Bc0, Cc0, and P > 0 are given, inequalities
(35), (38)∼(40) and Q(ξ) > 0 become convex with respect
to the matrix variables Ac, Bc, Cc, Q11, Q12, and Q22 and
the scalars β2, δ2, and α2. On the basis of the property, an
iterative LMI-based optimization algorithm is developed in
the following algorithm to optimize the quantizer ranges
M1, M2, and M3.

Let ρ = c0δ
2 + c1β

2 + c2α
2, where c0, c1, and c2 are

constants to be chosen. Now, the following algorithm is
presented to minimize ρ.

Algorithm 1. Let ξ > 0 and γ > 0 be given scalars and
ε > 0 be a given small constant specifying a convergence
criterion.

Step 1. By Lemma 1, we obtain the initial solutions
Aini

c , Bini
c , and Cini

c . Let ρ0 = −1.
Step 2. Let Ac = Aini

c , Bc = Bini
c , and Cc = Cini

c ;
minimize ρ subject to LMIs P > 0, (35)∼(37), (12), and
Q(ξ) > 0; Popt, Q11opt, Q12opt, Q22opt, δopt, βopt, and αopt

denote the optimal solutions.
Step 3. Let Ac0 = Aini

c , Bc0 = Bini
c , Cc0 = Cini

c , and
P = Popt; minimize ρ subject to LMIs (35), (38)∼(40),
and Q(ξ) > 0; Q11opt, Q12opt, Q22opt, Acopt, Bcopt,
Ccopt, δopt, βopt, and αopt denote the optimal solutions.
Let ρopt = c0δ

2
opt + c1β

2
opt + c2α

2
opt. If ‖ρopt − ρ0‖ < ε,

then stop and Qopt =

[
Q11opt Q12opt

∗ Q22opt

]
; else, let Aini

c =

Acopt, B
ini
c = Bcopt, C

ini
c = Ccopt, and ρ0 = ρopt, return to

Step 2.
By using the obtained matrix variables Qopt, Popt, Acopt,

Bcopt, Ccopt, and with the scalar γ given in Algorithm 1, the
following theorem is presented to give the optimized quan-
tizer ranges, and furthermore an optimized control strategy
is given such that the H∞ control objective is guaranteed.
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To facilitate the presentation of Theorem 2, we denote

Aeopt =

[
A B1Ccopt

BcoptC2 Acopt

]
, Ceopt =

[
C1 D12Ccopt

]

B̄1opt =

[
0 0 B1

Acopt Bcopt 0

]

Theorem 2. Consider plant (1) controlled by the quan-
tized dynamic output feedback controller (6), if only M1

and M2 are chosen satisfying

M1 >
ηopt∆opt

λmin(Qopt)
(46)

M2 >
ηopt∆2‖C2‖
λmin(Qopt)

(47)

where ∆opt =
√

∆2
1 + (θ∆3 + ‖Ccopt‖∆1)2, ηopt =

φopt +
√

φ2
opt + ϕoptλmin(Qopt) with φopt = ‖CT

eoptD̄1 +

AT
eoptPoptB̄1opt‖ and ϕopt = ‖D̄T

1 D̄1 + 2B̄T
1optPoptB̄1opt‖.

Then, the control strategy (6) with updating µ1 and µ3 by

µ1 =
2|xxxc|

M1 +
ηopt∆opt

λmin(Qopt)

, µ3 = θµ1 (48)

and updating µ2 by

µ2 =
2|yyy|

M2 +
ηopt∆2‖C2‖
λmin(Qopt)

(49)

renders the closed-loop system (8) asymptotically stable
and with the H∞ performance bound γ.

Proof. It is similar to the proof of Theorem 1 and is
omitted here. ¤

Remark 4. Because λmin(Q) has a significant effect
on the value of η∆/λmin(Q), the condition Q(ξ) > 0
is introduced to restrict the value of λmin(Q), such that
λmin(Q) ≥ ξ.

Remark 5. On the one hand, in Algorithm 1, by means
of optimizing the index ρ, we obtain the optimized solutions
Acopt, Bcopt, Ccopt, Popt, and Qopt, such that the values of
ηopt∆opt/λmin(Qopt) and ηopt∆2‖C2‖/λmin(Qopt) are min-
imum. Thus, the ranges M1, M2, and M3 can be optimized
indirectly. On the other hand, by Theorem 2, when M1 >
ηopt∆opt/λmin(Qopt) and M2 > ηopt∆2‖C2‖/λmin(Qopt),
controller (6) with gain matrices Acopt, Bcopt, and Ccopt,
by updating µ1 , µ3 according to (48) and updating µ2 ac-
cording to (49) renders the closed-loop system (8) asymp-
totically stable and with the H∞ performance bound γ. So
we have given an optimization method to solve Problem 1.

3 Example

In this section, an example is presented to illustrate the
effectiveness of the proposed method.

Example 1. Consider the system of form (1) with

A =

[−0.5 0
−1 1.5

]
, BBB1 =

[−0.5
1

]
, C1 =

[−1 −1
0 0

]

BBB2 =

[
0.5
0

]
, CCC2 =

[
1 1

]
, DDD12 =

[
0
−1

]

By solving LMI (9), a controller is obtained with the gain
matrices

Aini
c =

[
0.0213 −1.6320
0.9711 −1.3363

]
, BBBini

c =

[
3.1451
5.0328

]

CCCini
c =

[−0.0040 −0.2317
]

correspondingly, the value of γ is obtained as γau = 3.6421.
Let θ = 2 and the quantization errors ∆1 = ∆2 = ∆3 =

0.1.
On the one hand, by Lemma 1 and Q(ξ) > 0 with the

above gain matrices Aini
c ,BBBini

c ,CCCini
c , and γ = 4.3346 and

ξ = 0.01, we obtain matrices Qlem and Plem.
Apparently, λmin(Qlem) = 0.01. By Theorem 1, it

is easy to compute η∆/λmin(Qlem) = 279.2494 and
η∆2‖C2‖/λmin(Qlem) = 663.0357. Let M1 = 280 >
279.2494 and M2 = 664 > 663.0357. According to (7),
the range of the quantizer q3(·) can be computed as M3 =
7.5208.

In contrast, by Algorithm 1, with Ac0 = Aini
c ,BBBc0 =

BBBini
c ,CCCc0 = CCCini

c , ε = 0.0001, c0 = 1, c1 = 100, c2 = 10 000,
and γ = 4.3346 and ξ = 0.01, we obtain optimized matrices
Qopt, Popt, and the controller gain matrices

Acopt =

[−0.0179 −1.4231
0.9454 −1.1833

]
, BBBcopt =

[
2.6540
4.6790

]
,

CCCcopt =
[−0.0040 −0.2317

]
.

By Theorem 2, we can obtain ηopt∆opt/λmin(Qopt) =
244.3255 and ηopt∆2‖C2‖/λmin(Qopt) = 577.7594. Let
M1 = 245 > 244.3255 and M2 = 578 > 577.7594. And
according to (7), the range of the quantizer q3(·) can be
computed as M3 = 6.5810.

The quantizer ranges obtained by Theorem 1 and by
Theorem 2 will be compared in Table 1.

Table 1 Comparison of the quantizer ranges

Theorem 1 Theorem 2

M1 280 245

M2 664 578

M3 7.5208 6.5810

From Table 1, it is clear that the ranges of the quantizers
q1(·), q2(·), and q3(·) obtained by Theorem 2 are much more
improved than the corresponding one obtained by Theorem
1, by reducing 12.58%, 12.19%, and 12.50%, respectively.

The initial system state and controller state are chosen
as xxx0 = [5,−4] and xxxc0 = [10,−10], respectively. Let the
disturbance input ωωω = 10 randn + 5 for k ∈ [15, 25], and
let the disturbance input ωωω = 0 for all the other k, where
randn is a normal distribution with mean zero, variance
one, and standard deviation one. Then, Fig. 1 shows the
regulated output responses of system (8). In Fig. 1, the
solid lines show the results obtained by Theorem 1 and
the dashed curves show the results obtained by Theorem 2.
From this figure, we can see that the results obtained from
Theorem 2 is much more improved than the corresponding
one obtained from Theorem 1.
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Fig. 1 Trajectories of regulated outputs

4 Conclusion

We have studied the quantized dynamic output feedback
H∞ control problem for discrete-time LTI systems with
dynamic quantizers. Dynamic quantizers considered here
use dynamic scaling in conjunction with a static quantizer.
Furthermore, the problem of optimizing static quantizer
ranges is considered. First, a quantized control strategy
dependent not only on the controller states but also on
the system measurement outputs is proposed, such that
the quantized closed-loop system is asymptotically stable
and with a prescribed H∞ performance bound. Then, on
the basis of this result, an iterative LMI-based optimiza-
tion algorithm is developed to optimize the static quan-
tizer ranges, and in turn, an optimized control strategy is
derived to guarantee the desired system performance. The
effectiveness of the proposed optimization method has been
illustrated by an example.
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