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Robust Stability of Uncertain

Takagi-Sugeno Fuzzy Systems

with Time-varying Input-delay

LUO Yan-Bin1, 2 CAO Yong-Yan2 SUN You-Xian2

Abstract This paper aims to design a controller to robustly
stabilize uncertain Takagi-Sugeno fuzzy systems with time-
varying input delay. Based on Lyapunov-Krasovskii functional
approach, the sufficient conditions for robust stabilization of
such systems are given in the form of linear matrix inequali-
ties. The controller design does not have to require that the
time-derivative of time-varying input delay be smaller than one.
A numeric example is given to show that the proposed results
are effective and less conservative.

Key words Uncertain Takagi-Sugeno fuzzy systems, lin-
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Input delays are often encountered in various practical
control systems, such as chemical process, biological sys-
tems and economical systems. The existence of input de-
lays may deteriorate the performance of the system and
make it difficult to stabilize the resulting closed-loop sys-
tem rather. As a result, the control design problem of in-
put delayed systems has attracted considerable attention
recently[1−5].

Since Takagi and Sugeno[6] proposed the Takagi-Sugeno
fuzzy model in 1985, fuzzy model control has been ex-
tensively studied[7−13] because Takagi-Sugeno (T-S) fuzzy
models can provide an effective representation of complex
nonlinear systems in terms of fuzzy sets, and fuzzy rea-
soning has been applied to a set of linear input-output
submodels[9]. Up to now, the stabilization problem of un-
certain T-S fuzzy systems with time-varying input delay
has not been fully investigated, and it remains a challeng-
ing problem.

The approaches to solving the control systems with time
delay can be classified into two classes: one is Lyapunov-
Krasovskii functional method, and the other is Lyapunov-
Razumikhin functional method. The stabilization prob-
lem is thus reduced to the problem of finding solutions
to Lyapunov or Riccati equations, or solving linear ma-
trix inequalities (LMIs). In [13], the Lyapunov-Razumikhin
functional technique makes some improvements such as
avoiding the constraint that the upper bound of the time-
derivative of the time delay must be less than one, however,
it requires some other supplementary assumptions in the
process of completing the proof of the theorem, therefore
the results obtained in [13] are still too conservative.

In this paper, by constructing an appropriate Lyapunov-
Krasovskii functional, we provide sufficient conditions for
robust stability of uncertain T-S fuzzy systems with time-
varying input delay, without using any property of the time-
derivative of the input delay. The results obtained in the
present paper are less conservative than that obtained in

Received August 21, 2006; in revised form May 14, 2007
Supported by National Basic Research Program of China (973 Pro-

gram) (2002CB312200) and National Natural Science Foundation of
China (60474045)
1. Institue of Automation, Hangzhou Dianzi University, Hangzhou

310018, P.R. China 2. State Key Laboratory of Industrial Control
Technology, Zhejiang University, Hangzhou 310027, P.R. China
DOI: 10.3724/SP.J.1004.2008.00087



88 ACTA AUTOMATICA SINICA Vol. 34

[13].
This paper is organized as follows. In Section 1, we give

a general description of uncertain T-S fuzzy systems with
time-varying input delay and review some results to be used
in this paper. The sufficient conditions for robust stability
of uncertain T-S fuzzy systems with time-varying input de-
lay and time-invariant input delay are proposed in Section
2. In Section 3, a numeric example is given to show that the
proposed results are effective and less conservative. Some
conclusions are drawn in Section 4.

1 Problem formulation
Consider the uncertain Taksgi-Sugeno fuzzy model with

time-varying input delay. The i-th rule is described as
Plant rule i: IF z1(t) is M i

1 and · · · and zp(t) is M i
p,

THEN

ẋxx(t) = (Ai +4Ai(t))xxx(t) + (Bi +4Bi(t))uuu(t) +

(Bdi +4Bdi(t))uuu(t− τ(t)) (1)

xxx(0) = xxx0,uuu(t) = φφφ(t), t ∈ [−τ, 0] (2)

where M i
j (i = 1, 2, · · · , r, j = 1, 2, · · · , p) is a fuzzy set,

xxx(t) ∈ Rn is a state vector, xxx0 ∈ Rn is the initial condition
of state, uuu(t) ∈ Rm is an input vector, the initial condi-
tion of the input φφφ(t) is a continuous vector-valued func-
tion over [−τ, 0], r is the number of IF-THEN rules, and
z1(t), · · · , zn(t) are the premise variables. It is assumed in
this paper that the premise variables do not depend on the
input variables uuu(t), and τ(t) is a time-varying delay in the
input satisfying

τ(t) ∈ [τ0 − δ, τ0 + δ] (3)

where τ0 and δ are scalars, τ0 ≥ δ. Ai, Bi, and Bdi are con-
stant matrices of compatible dimensions, 4Ai(t),4Bi(t),
and 4Bdi(t) are time-varying matrix functions with com-
patible dimensions, which can be described as

4Ai(t) = DaiFai(t)Eai,4Bi(t) = DbiFbi(t)Ebi

4Bdi(t) = DbdiFbdi(t)Ebdi (4)

i = 1, 2, · · · , r, where Eai, Ebi, Ebdi and Dai, Dbi, Dbdi are
known constant real matrices of appropriate dimensions
and Fai, Fbi, Fbdi are unknown time-varying matrix func-
tions with Lebesgue measurable elements bounded by

FT
ai(t)Fai(t) ≤ I, FT

bi(t)Fbi(t) ≤ I, FT
bdi(t)Fbdi(t) ≤ I (5)

By using the fuzzy inference method with a singleton
fuzzifier, product inference, and center average defuzzifier,
fuzzy model (1) can be expressed as

ẋxx(t) =




r∑
i=1

µi(zzz(t))
((

Ai +4Ai(t)
)
xxx(t) +

(
Bi+

4Bi(t)
)
uuu(t) +

(
Bdi +4Bdi(t)

)
uuu(t− τ(t))

)




r∑
j=1

µj(zzz(t))

where zzz(t) = [z1(t), · · · , zp(t)], µi(zzz(t)) =
∏p

j=1 M i
j(zzz(t)),

hi(zzz(t)) = µi(zzz(t))∑r
j=1 µj(zzz(t))

, and M i
j(zj(t)) is the grade of mem-

bership of zj(t) in M i
j . As usual, assume that µi(zzz(t)) ≥ 0,

i = 1, 2, · · · , r, and
∑r

i=1 µi(zzz(t)) > 0 for all t such that
hi(zzz(t)) ≥ 0, i = 1, 2, · · · , r, and

∑r
i=1 hi(zzz(t)) = 1 for all t.

Then

ẋxx(t) =

r∑
i=1

hi(zzz(t))
((

Ai +4Ai(t)
)
xxx(t) +

(
Bi +

4Bi(t)
)
uuu(t) +

(
Bdi +4Bdi(t)

)
uuu(t− τ(t))

)
(6)

By the concept of parallel distributed compensation
(PDC)[6], we design fuzzy controllers to stabilize fuzzy sys-
tems (1).

Rule i: IF z1(t) is M i
1 and · · · and zp(t) is M i

p, THEN
uuu(k) = Kixxx(t), i = 1, 2, · · · , r.

Hence, the fuzzy controller is

uuu(t) =

r∑
i=1

µi(zzz(t))Kixxx(t)

r∑
i=1

µi(zzz(t))
=

r∑
i=1

hi(zzz(t))Kixxx(t) (7)

Combining (6) and (7), the closed-loop fuzzy system can
be expressed as follows

ẋxx(t) =

r∑
i=1

r∑
j=1

hi(zzz(t))hj(zzz(t))

((
(Ai +4Ai(t)) +

(Bi +4Bi(t))Kj

)
xxx(t) + (Bdi +4Bdi(t))×

Kjxxx(t− τ(t))

)
(8)

Using the Newton-Leibniz formula, one obtains

xxx(t)− xxx(t− τ0) =

∫ t

t−τ0

ẋxx(s)ds (9)

xxx(t− τ0)− xxx(t− τ(t)) =

∫ t−τ0

t−τ(t)

ẋxx(s)ds (10)

2 Main results

In the following, we first give a sufficient condition for
the asymptotical stability of the T-S fuzzy system (1) when
the input-delay is time-invariable, i.e., τ(t) = τ .

Lemma 1. Given a scalar τ > 0, if there exist matrices
X > 0, P̃ > 0, Q̃ > 0, R̃ > 0, W̃kij and Yi, for i, j =
1, 2, · · · , r, k = 1, 2, 3, of compatible dimensions, and three
scalars µ1, µ2, and µ3 such that




Θii ∗ ∗
Ψii −τR̃ ∗
Φii 0 Ĩ


 < 0 (11)




Θij + Θji ∗ ∗ ∗ ∗
Ψij −τR̃ ∗ ∗ ∗
Ψji 0 −τR̃ ∗ ∗
Φij 0 0 Ĩ ∗
Φji 0 0 0 Ĩ




< 0

1 ≤ i < j ≤ r (12)
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where ∗ denotes the transposed element in the symmetric
positions,

Θij =




Γij
11 ∗ ∗

Γij
21 Γij

22 ∗
Γij

31 Γij
32 Γij

33




Ψij =
[

τW̃1ij τW̃2ij τW̃3ij

]

Φij =




EaiX
T 0 0 0

0 0 EbdiYj 0
EbiYj 0 0 0




Ĩ =



−µ1I ∗ ∗

0 −µ2I ∗
0 0 −µ3I




and

Γij
11 = Q̃ + W̃1ij + W̃T

1ij + AiX
T + XAT

i + BiYj +

Y T
j BT

i + µ1DaiD
T
ai + µ2DbiD

T
bi + µ3DbdiD

T
bdi

Γij
21 = W̃2ij + λ2AiX

T + λ2BiYj + µ1λ2DaiD
T
ai +

µ2λ2DbiD
T
bi + µ3λ2DbdiD

T
bdi

Γij
22 = Q̃− W̃2ij − W̃T

2ij + λ2BdiYj + λ2Y
T

j BT
di +

µ1λ
2
2DaiD

T
ai + µ2λ

2
2DbiD

T
bi + µ3λ

2
2DbdiD

T
bdi

Γij
31 = P̃ + W̃3ij −XT + λ3AiX

T + λ3BiYj +

µ1λ3DaiD
T
ai + µ2λ3DbiD

T
bi + µ3λ3DbdiD

T
bdi

Γij
32 = −W̃3ij − λ2X

T + λ3BdiYj + µ1λ2λ3DaiD
T
ai +

µ2λ2λ3DbiD
T
bi + µ3λ2λ3DbdiD

T
bdi

Γij
33 = τR̃− λ3X

T − λ3X + µ1λ
2
3DaiD

T
ai +

µ2λ
2
3DbdiD

T
bdi + µ3λ

2
3DbdiD

T
bdi

then fuzzy system (1) with the control

uuu(t) =

r∑
i=1

hi(zzz(t))Yi(X
−1)Txxx(t) (13)

is asymptotically stable for the time-invariant input delay
τ .

Proof. Construct the Lyapunov-Krasovskii functional
as

V (xxxt) = xxxT(t)Pxxx(t) +

∫ t

t−τ

xxxT(s)Qxxx(s)ds +

∫ t

t−τ

∫ t

s

ẋxxT(v)Rẋxx(v)dvds (14)

Taking the derivative of V (xxxt) yields

V̇ (xxxt) = 2xxxT(t)Pẋxx(t) + xxxT(t)Qxxx(t)− xxxT(t− τ)×

Qxxx(t− τ) + τẋxxT(t)Rẋxx(t)−
∫ t

t−τ

ẋxxT(s)Rẋxx(s)ds+

2

r∑
i=1

r∑
j=1

hi(zzz(t))hj(zzz(t))ξξξT(t)Wij×

(
xxx(t)− xxx(t− τ)−

∫ t

t−τ

ẋxx(s)ds
)
+

2

r∑
i=1

r∑
j=1

hi(zzz(t))hj(zzz(t))ξξξT(t)H×
(((

Ai + DaiFai(t)Eai

)
+

(
Bi + DbiFbi(t)Ebi

)
Kj

)
xxx(t)+

(
Bdi + DbdiFbdi(t)Ebdi

)
Kjxxx(t− τ)− ẋxx(t)

)
(15)

where

ξξξT(t) = [xxxT(t) xxxT(t− τ) ẋxxT(t)]T

WT
ij = [WT

1ij WT
2ij WT

3ij ]

HT = [HT
1 HT

2 HT
3 ]

Using the matrix inequality properties proposed in [4−5],
we can get the following inequalities:

− 2ξξξT(t)Wij

∫ t

t−τ

ẋxx(s)ds ≤ τξξξT(t)WijR
−1WT

ijξξξ(t)+

∫ t

t−τ

ẋxxT(s)Rẋxx(s)ds (16)

2ξξξT(t)HDaiFai(t)Eaixxx(t) ≤ µ1ξξξ
T(t)HDaiD

T
aiH

Tξξξ(t)+

µ−1
1 xxxT(t)ET

aiEaixxx(t) (17)

2ξξξT(t)HDbiFbi(t)EbiKjxxx(t) ≤ µ2ξξξ
T(t)HDbiD

T
biH

Tξξξ(t)+

µ−1
2 xxxT(t)KT

j ET
biEbiKjxxx(t) (18)

ξξξT(t)HDbdiFbdi(t)EbdiKjxxx(t− τ) ≤

µ3ξξξ
T(t)HDbdiD

T
bdiH

Tξξξ(t)+

µ−1
3 xxxT(t− τ)KT

j ET
bdiEbdiKjxxx(t− τ) (19)

Assume that there exist λ2 and λ3 such that H2 = λ2H1,
H3 = λ3H1, λ3 6= 0 and H1 is nonsingular matrix. Denote
X = H−1

1 , P̃ = XPXT, Q̃ = XQXT, R̃ = XRXT, W̃kij =
XWkijX

T and Yj = KjX
T, k = 1, 2, 3, i, j = 1, 2, · · · , r.

Then, combining (15) ∼ (19), one obtains

V̇ (xxxt) ≤
r∑

i=1

r∑
j=1

hi(zzz(t))hj(zzz(t))ξξξT(t)X−1
(
Θij +

τW̃ijR̃
−1W̃T

ij − ΦT
ij Ĩ

−1Φij

)
(X−1)Tξξξ(t) =

r∑
i=1

h2
i (zzz(t))ξξξT(t)

(
Θii + τW̃iiR̃

−1W̃T
ii −

ΦT
iiĨ

−1Φii

)
(X−1)Tξξξ(t) +

r∑
i=1

r∑
j=1

hi(zzz(t))hj(zzz(t))ξξξT(t)X−1 ×
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(
Θij + Θji + τW̃ijR̃

−1W̃T
ij + τW̃jiR̃

−1W̃T
ji −

ΦT
ij Ĩ

−1Φij − ΦT
jiĨ

−1Φji

)
(X−1)Tξξξ(t) (20)

Using Schur complements, we can verify that

Θii + τW̃iiR̃
−1W̃T

ii − ΦT
iiĨ

−1Φii < 0

if and only if (11) holds, and

Θij + Θji + τW̃ijR̃
−1W̃T

ij + τW̃jiR̃
−1W̃T

ji −
ΦT

ij Ĩ
−1Φij − ΦT

jiĨ
−1Φji < 0

if and only if (12) holds. Therefore, T-S fuzzy system (1)
with control law (13) is asymptotically stable when the in-
put delay τ(t) = τ . The proof is completed.

In what follows, based on the proof of Lemma 1 we give
a sufficient condition for the asymptotical stability of the
T-S fuzzy system (1) with time-varying input-delay.

Theorem 1. Given two scalars τ0 > 0 and δ > 0, where
τ0 ≥ δ, and if there exist matrices X > 0, P̃ > 0, Q̃ > 0,
R̃1 > 0, R̃2 > 0, T̃kij , Ñkij and Yi, for i, j = 1, 2, · · · , r, k =
1, 2, 3, 4, of compatible dimensions, and three scalars ε1, ε2,
and ε3, such that




Λii ∗ ∗
∆ii R ∗
Φii 0 Ĩ


 < 0 (21)




Λij + Λji ∗ ∗ ∗ ∗
∆ij R ∗ ∗ ∗
∆ji 0 R ∗ ∗
Φij 0 0 Ĩ ∗
Φji 0 0 0 Ĩ




< 0, 1 ≤ i < j ≤ r

(22)

where ∗ denotes the transposed element in the symmetric
positions,

Λij =




Υij
11 ∗ ∗ ∗

Υij
21 Υij

22 ∗ ∗
Υij

31 Υij
32 Υij

33 ∗
Υij

41 Υij
42 Υij

43 Υij
44




∆ij =

[
τ0Ñ1ij τ0Ñ2ij τ0Ñ3ij τ0Ñ4ij

δT̃1ij δT̃2ij δT̃3ij δT̃4ij

]

R =

[ −τ0R̃1 ∗
0 −δR̃2

]

Φij =




EaiX
T 0 0 0

0 0 EbdiYj 0
EbiYj 0 0 0




Ĩ =



−ε1I ∗ ∗

0 −ε2I ∗
0 0 −ε3I




and

Υij
11 = Q̃ + Ñ1ij + ÑT

1ij + AiX
T + XAT

i + BiYj +

Y T
j BT

i + ε1DaiD
T
ai + ε2DbiD

T
bi + ε3DbdiD

T
bdi

Υij
21 = Ñ2ij − ÑT

1ij + T̃T
1ij + ρ2AiX

T + ρ2BiYj +

ε1ρ2DaiD
T
ai + ε2ρ2DbiD

T
bi + ε3ρ2DbdiD

T
bdi

Υij
22 = −Q̃− Ñ2ij − ÑT

2ij + T̃2ij + T̃T
2ij + ε1ρ

2
2DaiD

T
ai +

ε2ρ
2
2DbiD

T
bi + ε3ρ

2
2DbdiD

T
bdi

Υij
31 = Ñ3ij − T̃T

1ij + ρ3AiX
T + ρ3BiYj + ε1ρ3DaiD

T
ai +

ε2ρ3DbiD
T
bi + ε3ρ3DbdiD

T
bdi

Υij
32 = −Ñ3ij + T̃3ij − T̃T

2ij + ρ2BdiYj + ε1ρ2ρ3DaiD
T
ai +

ε2ρ2ρ3DbiD
T
bi + ε3ρ2ρ3DbdiD

T
bdi

Υij
33 = −T̃3ij − T̃T

3ij + ρ3BdiYj + ρ3Y
T

j BT
di + ε1ρ

2
3DaiD

T
ai +

ε2ρ
2
3DbiD

T
bi + ε3ρ

2
3DbdiD

T
bdi

Υij
41 = P̃ + Ñ4ij − ρ4AiX

T + ρ4BiYj + ε1ρ4DaiD
T
ai +

ε2ρ4DbiD
T
bi + ε3ρ4DbdiD

T
bdi

Υij
42 = −Ñ4ij + T̃4ij + ε1ρ2ρ4DaiD

T
ai +

ε2ρ2ρ4DbiD
T
bi + ε3ρ2ρ4DbdiD

T
bdi

Υij
43 = T̃4ij − ρ3X + ρ4BdiYj + ε1ρ3ρ4DaiD

T
ai +

ε2ρ3ρ4DbiD
T
bi + ε3ρ3ρ4DbdiD

T
bdi

Υij
44 = τ0R̃1 + 2δR̃2 − ρ4X

T − ρ4X + ε1ρ
2
4DaiD

T
ai +

ε2ρ
2
4DbdiD

T
bdi + ε3ρ

2
4DbdiD

T
bdi

then fuzzy system (1) under the following controller

uuu(t) =

r∑
i=1

hi(zzz(t))Yi(X
−1)Txxx(t) (23)

is asymptotically stable for the time-varying input delay
τ(t) satisfying (3).

Proof. Construct the Lyapunov-Krasovskii functional
as

V (xxx(t− β), β ∈ [τ0 − δ, τ0 + δ]) = V1 + V2 (24)

where

V1 = xxxT(t)Pxxx(t) +

∫ t

t−τ0

xxxT(s)Qxxx(s)ds +

∫ t

t−τ0

∫ t

s

ẋxxT(v)R1ẋxx(v)dvds (25)

V2 = 2δ

∫ t

t−τ0+δ

ẋxxT(s)R2ẋxx(s)ds +

∫ t−τ0+δ

t−τ0−δ

∫ t−τ0+δ

s

ẋxxT(v)R2ẋxx(v)dvds (26)

Taking the derivatives of V1 and V2 yields

V̇1 = 2xxxT(t)Pẋxx(t) + xxxT(t)Qxxx(t)− xxxT(t− τ0)Qxxx(t− τ0)+

τ0ẋxx
T(t)R1ẋxx(t)−

∫ t

t−τ0

ẋxxT(s)R1ẋxx(s)ds (27)

V̇2 = 2δẋxxT(t)R2ẋxx(t)−
∫ t−τ0+δ

t−τ0−δ

ẋxxT(s)R2ẋxx(s)ds (28)

Combining (8), (27), and (28), we can obtain

V̇ = 2xxxT(t)Pẋxx(t) + xxxT(t)Qxxx(t)− xxxT(t− τ0)Qxxx(t− τ0)+

τ0ẋxx
T(t)R1ẋxx(t)−

∫ t

t−τ0

ẋxxT(s)R1ẋxx(s)ds+

2δẋxxT(t)R2ẋxx(t)−
∫ t−τ0+δ

t−τ0−δ

ẋxxT(s)R2ẋxx(s)ds+

2

r∑
i=1

r∑
j=1

hi(zzz(t))hj(zzz(t))ηηηT(t)Nij×
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(
xxx(t)− xxx(t− τ0)−

∫ t

t−τ0

ẋxx(s)ds
)
+

2

r∑
i=1

r∑
j=1

hi(zzz(t))hj(zzz(t))ηηηT(t)Tij×

(
xxx(t− τ0)− xxx(t− τ(t))−

∫ t−τ0

t−τ(t)

ẋxx(s)ds
)
+

2

r∑
i=1

r∑
j=1

hi(zzz(t))hj(zzz(t))ηηηT(t)M×
(((

Ai + DaiFai(t)Eai

)
+

(
Bi + DbiFbi(t)Ebi

)×

Kj

)
xxx(t) +

(
Bdi + DbdiFbdi(t)Ebdi

)
Kjxxx(t− τ(t))−

ẋxx(t)

)
(29)

where

ηηηT(t) = [xxxT(t) xxxT(t− τ0) xxxT(t− τ(t)) ẋxxT(t)]

NT
ij = [NT

1ij NT
2ij NT

3ij NT
4ij ]

TT
ij = [TT

1ij TT
2ij TT

3ij TT
4ij ]

MT = [MT
1 MT

2 MT
3 MT

4 ]

Using the matrix inequality properties proposed in [4−5],
it is routine to get the following inequalities:

−ηηηT(t)Nij

∫ t

t−τ0

ẋxx(s)ds ≤ τ0ηηη
T(t)NijR

−1
1 NT

ijηηη(t) +

∫ t

t−τ0

ẋxxT(s)R1ẋxx(s)ds (30)

−ηηηT(t)Tij

∫ t−τ0

t−τ(t)

ẋxx(s)ds ≤ δηηηT(t)TijR
−1
2 TT

ijηηη(t) +

∫ t−τ0+δ

t−τ0−δ

ẋxxT(s)R2ẋxx(s)ds (31)

ηηηT(t)MDaiFai(t)Eaixxx(t) ≤ ε1ηηη
T(t)MDaiD

T
aiM

Tηηη(t)+

ε−1
1 xxxT(t)ET

aiEaixxx(t) (32)

ηηηT(t)MDbiFbi(t)EbiKjxxx(t) ≤ ε2ηηη
T(t)MDbiD

T
biM

Tηηη(t)+

ε−1
2 xxxT(t)KT

j ET
biEbiKjxxx(t) (33)

ηηηT(t)MDbdiFbdi(t)EbdiKjxxx(t− τ(t)) ≤
ε3ηηη

T(t)MDbdiD
T
bdiM

Tηηη(t)+

ε−1
3 xxxT(t− τ(t))KT

j ET
bdiEbdiKjxxx(t− τ(t)) (34)

Assume that there exist ρ2, ρ3 and ρ4 such that M2 =
ρ2M1, M3 = ρ3M1, M4 = ρ4M1, ρ4 6= 0, and M1 is a
nonsingular matrix. Denote X = M−1

1 , P̃ = XPXT, Q̃ =

XQXT, R̃1 = XR1X
T, R̃2 = XR2X

T, Ñkij = XNkijX
T,

T̃kij = XTkijX
T and Yj = KjX

T, k = 1, 2, 3, 4, i, j =
1, 2, · · · , r. Then, with (29) ∼ (34), we can get

V̇ ≤
r∑

i=1

r∑
j=1

hi(zzz(t))hj(zzz(t))ηηηT(t)X−1 ×
(
Λij + τ0ÑijR̃

−1
1 ÑT

ij + δT̃ijR̃
−1
2 T̃T

ij −

ΦT
ij Ĩ

−1Φij

)
(X−1)Tηηη(t) =

r∑
i=1

h2
i (zzz(t))ηηηT(t)X−1

(
Λii + τ0ÑiiR̃

−1
1 ÑT

ii +

δT̃iiR̃
−1
2 T̃T

ii − ΦT
iiĨ

−1Φii

)
(X−1)Tηηη(t) +

r−1∑
i=1

r∑
j>i

hi(zzz(t))hj(zzz(t))ηηηT(t)X−1
(
Λij + Λji +

τ0ÑijR̃
−1
1 ÑT

ij + τ0ÑjiR̃
−1
1 ÑT

ji + δT̃ijR̃
−1
2 T̃T

ij +

δT̃jiR̃
−1
2 T̃T

ji − ΦT
ij Ĩ

−1Φij − ΦT
jiĨ

−1Φji

)
×

(X−1)Tηηη(t) (35)

Using Schur complements, we can easily show that

Λii + τ0ÑiiR̃
−1
1 ÑT

ii + δT̃iiR̃
−1
2 T̃T

ii − ΦT
iiĨ

−1Φii < 0 (36)

if and only if inequality (21) holds, and

Λij + Λji + τ0ÑijR̃
−1
1 ÑT

ij + τ0ÑjiR̃
−1
1 ÑT

ji +

δT̃ijR̃
−1
2 T̃T

ij + δT̃jiR̃
−1
2 T̃T

ji − ΦT
ij Ĩ

−1Φij −
ΦT

jiĨ
−1Φji < 0 (37)

if and only if inequality (22) holds. Therefore, T-S fuzzy
system (1) under controller (23) is asymptotically stable.

¤

3 A numeric example
Consider the following nonlinear mass-spring-damper

mechanical system[13]:

Mθ̈(t) + D(θ̇(t))θ̇(t) + kθ(t) = φF (t− τ(t))

where θ(t) is the relative position of the mass, F (t− τ(t))
the delayed external force, M = 1 the mass of this system,
k = 0.1 the stiffness of the spring, and φ = 1 the input co-
efficient. The damping coefficient of the nonlinear damper
is assumed to be D(θ̇(t)) = 0.5 + 0.75θ̇2(t). Furthermore,
assume that k is unknown but bounded within 0.1 of this
nominal value.

Choose the state as xxx(t) = [θ̇(t) θ(t)]T and the input
variable u(t) as F (t). We can get the following state-space
differential equation:



ẋ1(t)

ẋ2(t)


 =




−0.75x3
1(t)− 0.5x1(t)+

0.1(1 + 0.1ζ(t))x2(t) + u(t− τ(t))
x1(t)


 (38)

where |ζ(t)|2 ≤ 1. As in [13], the T-S fuzzy system of (38)
can be constructed as follows:

R1: IF x1(t) is about Γ1, THEN ẋxx(t) = (A1+4A1)xxx(t)+
(Bd1 +4Bd1)uuu(t− τ(t)),

R2: IF x1(t) is about Γ2, THEN ẋxx(t) = (A2+4A2)xxx(t)+
(Bd2 +4Bd2)uuu(t− τ(t)),

where x1(t) ∈ [−Ω, Ω], Ω = 0.8165, Γ1(xxx(t)) = 1 − x2
1(t)

Ω2 ,

Γ2(xxx(t)) = 1 − Γ1(xxx(t)), A1 =

[ −0.5 0.1
1 0

]
, A2 =

[ −1 0.1
1 0

]
,4A1 = 4A2 =

[
0 0.1ζ(t)
0 0

]
, Bd1 =

Bd2 = [1 0]T,4Bd1 = 4Bd2 = [0 0]T, Da1 = Da2 =[
0 0.1
0 0

]
, Ea1 = Ea2 =

[
1 0
0 1

]
, and Dbd1 = Dbd2 =

Ebd1 = Ebd2 = [0]2×2.
Choosing ρ2 = 0.1, ρ3 = −0.1, ρ4 = 1.0, and applying

the Matlab LMI toolbox to solve the LMIs (21) and (22)
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in Theorem 1, we can get KKK1 = [−0.7295 − 0.3385], KKK2 =
[−0.2295 − 0.3385], and τ = 9.02. Then, the above T-
S fuzzy system is robustly stable when the time-varying
input delay τ(t) ∈ [0, 9.02]. Let the initial state xxx(0) =
xxx0 = [0 1]T. The simulation result is shown in Fig 1.
However, the maximum input delay τ obtained in [13] is
0.4223. Obviously, our result is less conservative than that
obtained using the method in [13].

Fig. 1 The trajectories of a system under the feedback gains
K1 and K2

4 Conclusion
In this paper, we have discussed the robust stability of

uncertain T-S fuzzy systems with time-varying input delay.
A new method for designing a fuzzy controller to stabilize
uncertain T-S fuzzy systems with time-varying input delay
is established by introducing some relaxation matrices and
turning parameters. The numeric example demonstrated
that the proposed results are effective and less conservative.
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