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Robust Stability of Uncertain
Takagi-Sugeno Fuzzy Systems
with Time-varying Input-delay

LUO Yan-Bin*'?  CAO Yong-Yan?  SUN You-Xian?

Abstract This paper aims to design a controller to robustly
stabilize uncertain Takagi-Sugeno fuzzy systems with time-
varying input delay. Based on Lyapunov-Krasovskii functional
approach, the sufficient conditions for robust stabilization of
such systems are given in the form of linear matrix inequali-
ties. The controller design does not have to require that the
time-derivative of time-varying input delay be smaller than one.
A numeric example is given to show that the proposed results
are effective and less conservative.
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ear matrix inequalities (LMlIs), robust stability, input delay,
Lyapunov-Krasovskii functional approach

Input delays are often encountered in various practical
control systems, such as chemical process, biological sys-
tems and economical systems. The existence of input de-
lays may deteriorate the performance of the system and
make it difficult to stabilize the resulting closed-loop sys-
tem rather. As a result, the control design problem of in-
put delayed systems has attracted considerable attention
recently! =5,

Since Takagi and Sugenom proposed the Takagi-Sugeno
fuzzy model in 1985, fuzzy model control has been ex-
tensively studied”~'% because Takagi-Sugeno (T-S) fuzzy
models can provide an effective representation of complex
nonlinear systems in terms of fuzzy sets, and fuzzy rea-
soning has been applied to a set of linear input-output
submodels®. Up to now, the stabilization problem of un-
certain T-S fuzzy systems with time-varying input delay
has not been fully investigated, and it remains a challeng-
ing problem.

The approaches to solving the control systems with time
delay can be classified into two classes: one is Lyapunov-
Krasovskii functional method, and the other is Lyapunov-
Razumikhin functional method. The stabilization prob-
lem is thus reduced to the problem of finding solutions
to Lyapunov or Riccati equations, or solving linear ma-
trix inequalities (LMIs). In [13], the Lyapunov-Razumikhin
functional technique makes some improvements such as
avoiding the constraint that the upper bound of the time-
derivative of the time delay must be less than one, however,
it requires some other supplementary assumptions in the
process of completing the proof of the theorem, therefore
the results obtained in [13] are still too conservative.

In this paper, by constructing an appropriate Lyapunov-
Krasovskii functional, we provide sufficient conditions for
robust stability of uncertain T-S fuzzy systems with time-
varying input delay, without using any property of the time-
derivative of the input delay. The results obtained in the
present paper are less conservative than that obtained in
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This paper is organized as follows. In Section 1, we give
a general description of uncertain T-S fuzzy systems with
time-varying input delay and review some results to be used
in this paper. The sufficient conditions for robust stability
of uncertain T-S fuzzy systems with time-varying input de-
lay and time-invariant input delay are proposed in Section
2. In Section 3, a numeric example is given to show that the
proposed results are effective and less conservative. Some
conclusions are drawn in Section 4.

1 Problem formulation

Consider the uncertain Taksgi-Sugeno fuzzy model with
time-varying input delay. The i-th rule is described as

Plant rule i: IF 21(t) is M7 and --- and z,(t) is M,
THEN

E(t) = (Ai + AA(1)x(t) + (Bi + ABi(t))u(t) +
(Bai + ABai(t))u(t — 7(t)) 1)

z(0) = zo, u(t) = ¢(t),t € [-7,0] (2)

where Mj (i = 1,2,---,7,j = 1,2,---,p) is a fuzzy set,
z(t) € R" is a state vector, o € R" is the initial condition
of state, u(t) € R™ is an input vector, the initial condi-
tion of the input ¢(t) is a continuous vector-valued func-
tion over [—7,0], r is the number of IF-THEN rules, and
z1(t), -+, zn(t) are the premise variables. It is assumed in
this paper that the premise variables do not depend on the
input variables u(t), and 7(t) is a time-varying delay in the
input satisfying

T(t) € [10 — 9,70 + 0] (3)

where 19 and § are scalars, 7o > 0. A;, B;, and Bg; are con-
stant matrices of compatible dimensions, AA;(t), AB;(t),
and ABy;(t) are time-varying matrix functions with com-
patible dimensions, which can be described as

AA;(t) = DaiFoi(t)Eai, ABi(t) = Dpi Fyi(t) Ep;

ABgi(t) = Dpai Fyai(t) Evai (4)
i = 1, 2, e, Ty where Eah Ebi, Ebdi and Dai; Dzn‘7 Dbdi are
known constant real matrices of appropriate dimensions

and Fgi, Fyi, Fpqi are unknown time-varying matrix func-
tions with Lebesgue measurable elements bounded by

Fag(t)Fai(t) < 1, Fyy (8) Fou(t) < 1, Fpas() Foas(t) < 1 (5)
By using the fuzzy inference method with a singleton

fuzzifier, product inference, and center average defuzzifier,
fuzzy model (1) can be expressed as

3 (a0 (4 + 2AO)al0) + (Bt
ABi(t))U(t) + (Bdi + ABdi(t))’U.(t _ T(t)))

> 1y(=()

where 2(t) = [21(t), -+, 2 (1)), pi(2(t)) = [15_, M;(=(1)),
i (2(1))

hi(2(t)) = ST G and M} (z;(t)) is the grade of mem-
bership of z;(t) in M;. As usual, assume that p;(z(t)) > 0,
¢ =1,2,---,rand ) ._, pi(2(t)) > 0 for all ¢ such that
hi(z(t)) >0,i=1,2,--- ,r,and }_|_, hi(2(t)) =1 for all ¢.

Then

T

a(t) = > hilz(®) ((As + AA(0)a(t) + (Bi +

i=1

AB(0)u(t) + (Bai + ABa(t)u(t — (1)) (6)

By the concept of parallel distributed compensation
(PDC)[6]7 we design fuzzy controllers to stabilize fuzzy sys-
tems (1).

Rule i: IF z(¢) is M{ and - and z,(t) is M,,, THEN
u(k) = Kiz(t),i =1,2,--- ,r.

Hence, the fuzzy controller is

Y aO)Kalt)
ut) = S = S hGE)Ka®) (7

Combining (6) and (7), the closed-loop fuzzy system can
be expressed as follows

(B; + ABi(t))Kj)x(t) + (Bai + ABui () x

Kt~ r(t))) ®)

Using the Newton-Leibniz formula, one obtains

z(t) — z(t — 7o) :/t_ (s)ds (9)

st—m)=s(t-r() = [ "ads  (0)

—7(t)

2 Main results

In the following, we first give a sufficient condition for
the asymptotical stability of the T-S fuzzy system (1) when
the input-delay is time-invariable, i.e., 7(¢) = 7.

Lemma 1. Given a scalar 7 > 0, if there exist matrices
X >0,P >0Q >0, R>0,Wg; and Y3, for i,j =
1,2,--- ,r,k =1,2,3, of compatible dimensions, and three
scalars 1, pe, and ps such that

Oii * *
U,;, —TR =* <0 (11)
@ 0 T
i @z] + @]’L * 5 * * *
\Ifij —TR * * *
\I/ji 0 —TR >|i * <0
D 0 0 1 *
oy 0 0 o I
1<i<j<r (12)
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where * denotes the transposed element in the symmetric
positions,

[ Fijl * *
Oy = | Ty Ty *
L Tsn Ty T
\Ifij = [ TWUJ' TWzi]‘ Tngj }
[ E.X™ 0 0 0
Dy = 0 0 EwY; O
EwY; 0 0 0
~ [ —p I * *
I = 0 —pal *
0 0 —usl

and

Fijl =Q+ Wlij + WlTZ] + A X"+ XA + B;Y; +
Y;" BY + 111 Dai Dy + 112 Dvi Dy; + 113 Dyai Dpgs
F;jl = W2ij + A X"+ A2 B;Y; + H1)\2DaiD;ri +
22 Dyi Dyy; + p3 A2 Doai Dy
TY, = Q — Waij — Way; + MaBa:Y; + A2Y; Bj; +
11103 Dai Dy + 11223 Dyi Dy + 11303 Dyas Dis
I = P+ Waij — X'+ XA X" + XsBiY; +
i AsDa; Doy + ///2)\3DbiDbTi + MS)\3DbdiDdei

T8, = ~Waij — M X" + X BasY + iAo XsDas Dty +
122 A3 Dys DT + psdads Doai Diy;
I8 = 7R =3 X" — AsX 4+ \Dui DY +

11223 Dyai Dis + 11303 Dyai Dy

then fuzzy system (1) with the control

is asymptotically stable for the time-invariant input delay
T.

Proof. Construct the Lyapunov-Krasovskii functional
as

V(g = 2% (t)Pa(t) + / 2T ()Qa(s)ds +

[ ]

v)duds (14)

Taking the derivative of V(z;) yields

V(z:) =2x" (t)Px(t) + 2" ()Qx(t) —x" (t — 7)x
Qz(t — 1)+ 72" (t)Ra(t) — /,: &' (s)Ra(s)ds+

23 ha(z(8)hy (2(1)E" (1) Wiy x

i=1 j=1

(2(t) 2t ) - /t als)ds)+
2> hi(z(t)hy (2(t

i=1 j=1

)ET (t)H x
(((Az + DaiFoi(t)Eai) + (Bi + Dbini(t)Ebi)Kj>$(t)+

(Bai 4+ Doai Foai (t) Epai) Kjz(t — 7) — ft(t)) (15)

where
£(t) = [27(1) & (t—7) &))"
Wij = Wii; Wai; Wai]
T =[H HY Hj]

Using the matrix inequality properties proposed in [4—5],
we can get the following inequalities:

— 2T ()W /

/t_ &7 (s)Ri(s)ds (16)

s)ds < €7 (¢ )Winlei?ﬁ(t)Jr

26" (t)H Dai Fui(t) Bai@(t) < pu€" (8)H Das Dg; H ' &(t)+
pi'z’ () EgiEai(t) (17)
26" (t) H Dy Fyi (t) Eyi Kj2(t) < po€" (t)H Dy; Dy H () +
pa & (0K By By Kja(t) (18)
€ (t)H Dyai Fyai (t) Eyai K2 (t — 7) <

pa€" (t)H Dyai Dyai HE(1)+

s " (t — 7)K[ By Epai Kz (t — 1) (19)

Assume that there exist A2 and A3 such that Ho = Ao H1,
Hs = )\3H1 >\3 # 0 and H1 is nonsmgular matrix. Denote
X=H;', P=XPXT Q=XQX" R=XRX"T Wk” =
XWiij X TandY —KXTk7123 i,j = 1,2,
Then, combining (15) ~ (19), one obtains

V) < 303 hle(t)hy(a(

i=1 j=1

Wi R Wj — <I>iT-f’1<I>ij)(X’1)T€(t) =
Zh2
Tt Cbn-)(X_l)Tf(t)Jr

DD hilz(t)hy(a(t

i=1 j=1

0)E' WX (04 +

(@“—FTWHR wr

NET ()X x
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(@ i+ 05 +TW RTWE 47 W RTTWE —
o510, — R0 ) (XY E)  (20)
Using Schur complements, we can verify that

O + TWiiéilwg — ¢Zi71¢ii <0

if and only if (11) holds, and
O +0;; + TWijéilwg + TWjiR71W]1; —
¢5f71¢ij — @;rif71q>ji <0

if and only if (12) holds. Therefore, T-S fuzzy system (1)
with control law (13) is asymptotically stable when the in-
put delay 7(t) = 7. The proof is completed.

In what follows, based on the proof of Lemma 1 we give
a sufficient condition for the asymptotical stability of the
T-S fuzzy system (1) with time-varying input-delay.

Theorem 1. Given two scalars 790 > 0 and § > 0, where
o > ¢, and if there exist matrices X > 0, P> 0, Q > 0,
R1>0 R2>0Tk”,Nk” and Y;, for i, =1,2,--- ,rk =
1,2, 3,4, of compatible dimensions, and three scalars €1, €2,
and €3, such that

Aii * *
Ai R x| <0 (21)
| @ 0 T
[ A+ A o %« ox %
Ayj R x x =%
Aji 0 R = * | <0,1<i<j<r
Dy; 0 0 I =«
| Py 0 0 0 I

(22)

where * denotes the transposed element in the symmetric
positions,

[ Tijl * * *
o Tzzjl T;JZ * *
Y T v .
IR O Ve
A — | 70N ToNai; 70Nsi; 0N
e 0Tvi; 0Ty 6Tmi; 0T
[ —ToRl *
R = -
0 —0R>
EaiXT O 0 O
d;; = 0 0 EwiY; O
EwY; 0 0 0
~ —e1l * *
I = 0 —ex *
0 0 —E3I
and
Tijl = Q"’Nlij +Nir7;j + A x7T —|—XA;r + B;Y; +

V' B + €1Dai Dy + €2Dv; Dy; + €3 Dyai Dyai
T;jl = N2ij - N{‘EJ + Tf;] + PQAiXT + p2B:Y; +
€1p2Dai Doy + €2p2Dyi Dy; + €3p2Dyai Dy
T;JQ = *Q - NQij - N;;J + ij + Tzq;J + 61P§DaiDaT,- +

€205 Dy; Dy + €305 Dyai Dy

T:iajl = N3ij - Tszj + P3A¢XT + p3B;Y; + e1p3DM~D,?,- +
€2p3DbiDl;I; + €3P3DbdiD;;rdi

T;,JQ = _NSij + Tsij - TQT” + p2Ba;Y; + e1p2p3DaiDa; +
€2p2p3DbiDI;Fi + 63P2P3DbdiDdei

T?g, = _TSij — Térij + p3Ba;Yj + pstTB;Fi + e1p3DaiDy; +
€203 Dyi Dy; + €393 Dpai Dy

Tijl =P + N4ij - P4AiXT + paB;Y; + €1p4DaiDaTi +
€2paDyi Dyy; + €3pa Dpai Dy

Tijg = *]\741]' + T4ij + e1papsDaiDY +
62p2p4Dbz‘D;€- + 63P2P4DbdiDI;I;1i

Y% = Tuij — p3X + paBaiY; + e1p3paDai Dy; +
€234 Dvi Diy; + €3p3p4 Dyai Dpgs

T = 70R1 + 26R2 — pa X" — psX + e1p3Dai D +
€293 Dvai Dyg; + €33 Doai Dy

then fuzzy system (1) under the following controller

t) = ihi(z(t))Y X!

is asymptotically stable for the time-varying input delay
7(t) satisfying (3).
Proof. Construct the Lyapunov-Krasovskii functional

) z(t) (23)

as

Vit—-0),8€ro—0,10+0]) =Vi+Va (24)

T(t)Px(t) +/t z’

/t tm / 57 (o) Ruie (o) duds (25)
o

Vo =2

where

i =z (s)Qz(s)ds +

2" (s)Rai(s)ds +
t—71o9+6

/-t T0+6 /t TO+5
t—T10—9

Taking the derivatives of V1 and V4 yields

v)Roz(v)dvds  (26)

Vi =22 (t)Pz(t) + 2" ()Qx(t) —z" (t — 70)Qx(t — 7o)+
08T () R (t) — / T () Ra(s)ds 27)
t—1o+0

Vo =26i" (t) Ro(t) — / &7 (s)Ro(s)ds (28)

—10—06
Combining (8), (27), and (28
)Qz(t)

0% (t) R (t) — / t &7 (s)Riz(s)ds+

), we can obtain

V =22 (t)Px(t) + =" —zT(t — 70)Qx(t — 10)+
)

t—1o+6
206" (1) Rose (1) — / &7 (5) Ros(s)ds+
t—10—9
23 N hi(z(t)hy(2(6)n " (£) Ny x

i=1 j=1
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(2(t) ~ 2t~ 70) - ‘/ti #(s)ds) +
255 huat) s (a0 (1) T

i=1 j=1

(2(t = 7o) —a(t - 7(1)) - /

t—71(t)

t—T1o

:i:(s)ds) +

2) > hi(2(8)hy ()" ()M x

(((Az + DaiFoi(t)Eai) + (Bi + Dyi Fyi(t) Ep;) X
Kj).’l:(t) + (Bdi + Dbdindi(t)Ebdi)ij(t —7(t)—
) (29)

a(t

where

Using the matrix inequality properties proposed in [4—5],
it is routine to get the following inequalities:

t
0T @ONy [ #()ds < o (ON BT V() +
t—T10
t

/ &7 (s) R (s)ds (30)
t—70
t—To
0T, [ ) < on” (O 5 T ) +
t—T1(t
t—71o0+68
/ &' (s)Ro(s)ds (31)
t—10—9

0T ()M Do Foi (t) Ei (t) < e1m™ (£)M Do D M T (t)+
e 'xT (t)EL; Eaiz(t) (
0" (£) M Dy; Fyi(t) Epi K2 (t) < 2" (£)M Dy D M T (£)+
e 'z (1)K} By By Kjz(t) (
’I]T(t)MDbdindi (t)Ebdin.’t(t — T(t)) S

esn’ (t)M Dyai Dya; M n(t)+

€5 'z (t — 7(t)) K, Epgi Evai Kz (t — 7(1)) (34)

Assume that there exist p2, ps and ps such that My =

p2Mi, M3z = psMy, My = par, ps # 0, and M, is a
nonsingular matrix. Denote X = Mfl, P=XPXT Q=
XQXT, R = XR1 X", Ry = XR2 X", Nyij = XNiij X7,

Thij = XTriz; XT and V; = K;XT, k = 1,2,3,4, i,§ =
1,2,--- ,7. Then, with (29) ~ (34), we can get

Vo< S ma)h M ()X x

i=1 j=1
(Aij + ToNin;1N$ + 5T1JR;1TZ? —

eI e ) (X () =

> )M (X (A + 0N By N +
=1

5T11R;1TZT — ®5j71¢’11> (Xil)T’l](t) +
r—1 r
> Bl (2O (X (A + Agi +
i=1 j>i
ToNijéflﬁg + Toniélej’I,-‘ + 5TZ]R;1T5 +
5T]1R;1Tﬁ — @?jjilq)ij — @ﬁfﬁl(bji) X
(X7 (1) (35)
Using Schur complements, we can easily show that
Aii +1oNi Ry ' Ny + 0TuRy ' Ty — @51 '@ <0 (36)
if and only if inequality (21) holds, and
Aij + Aji + T()Nij.éflﬁg- + ToninlNﬁ +
STy Ry " Tis + 0Ty Ry ' Ty — @51 dy5 —
LI '®;; <0 (37)
if and only if inequality (22) holds. Therefore, T-S fuzzy

system (1) under controller (23) is asymptotically stable.
a

3 A numeric example

Consider the following nonlinear mass-spring-damper
mechanical system[lg]:

MO(t) + D(0(t))0(¢) + k6(t) = ¢F(t — 7(¢))

where 6(t) is the relative position of the mass, F(t — 7(t))
the delayed external force, M = 1 the mass of this system,
k = 0.1 the stiffness of the spring, and ¢ = 1 the input co-
efficient. The damping coefficient of the nonlinear damper
is assumed to be D((t)) = 0.5 + 0.756%(t). Furthermore,
assume that k is unknown but bounded within 0.1 of this
nominal value. .

Choose the state as z(t) = [0(t) 6(t)]T and the input
variable u(t) as F'(t). We can get the following state-space
differential equation:

#1(t) —0.7523 (t) — 0.5z1 (t)+
= | 0.1(140.1¢(t))x2(t) + ut — 7(t)) | (38)
@2 (t) x1(2)

where |¢(t)|? < 1. As in [13], the T-S fuzzy system of (38)
can be constructed as follows:

RY: IF z1(t) is about I'y, THEN &(t) = (A1 +AAq)z(t)+
(Bg1 + ABa1)u(t — 7(t)),

R?: IF z,(t) is about I'y, THEN % (t) = (A2 +AA2)x(t)+
(Bdg + ABdg)u(t — T(t)),

where z1(t) € [-Q,9Q], Q = 0.8165, Iy (z(t)) = 1 — 0

02
D) = 1-Ti@®), 4 = | ;> 5% ],A2 -
{711 061}7AA1:AA2:[80.15(15)}’&1:

Ba» = [l 0]",ABs = ABgz = [0 0]",Da1 = Doz =
0 0.1 1 0
{0 0:|7Ea1:Ea2:|:O 1:|,andDbd1:Dbd2:
Eva1 = Epa2 = [0]2x2.
Choosing p2 = 0.1,p3 = —0.1,p4 = 1.0, and applying
the Matlab LMI toolbox to solve the LMIs (21) and (22)
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in Theorem 1, we can get K1 = [—0.7295 —0.3385], K2 =
[-0.2295 — 0.3385], and 7 = 9.02. Then, the above T-
S fuzzy system is robustly stable when the time-varying
input delay 7(¢) € [0,9.02]. Let the initial state (0) =
ro = [0 I]T. The simulation result is shown in Fig 1.
However, the maximum input delay 7 obtained in [13] is
0.4223. Obviously, our result is less conservative than that
obtained using the method in [13].

0.2
0.1

X

-0.2 1 ’
0 2 4 6 8 10 12 14 16 18 20

t/s

Fig.1 The trajectories of a system under the feedback gains
Kl and K2

4 Conclusion

In this paper, we have discussed the robust stability of
uncertain T-S fuzzy systems with time-varying input delay.
A new method for designing a fuzzy controller to stabilize
uncertain T-S fuzzy systems with time-varying input delay
is established by introducing some relaxation matrices and
turning parameters. The numeric example demonstrated
that the proposed results are effective and less conservative.
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