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Interception Mission Planning of USV Swarms for Normally Distributed Targets:

Deployment Design, Scheme Implementation and Probability Calculation

WANG Xiao-Ling' XU Ying-Jie' XU Wei-Chen®> LIU Liv* SU Hou-Sheng’

Abstract The spatiotemporal information uncertainty associated with emerging mobile targets presents a signific-
ant challenge for interception by unmanned surface vessel (USV) swarms. This paper addresses the problem of in-
tercepting a surface mobile target whose emerging location follows a normal distribution and emergence time fol-
lows a uniform distribution. During the deployment design phase, a novel “non-uniform” deployment design scheme
of the USV swarms is first introduced, generating an optimized interception line that matches the normal distribu-
tion characteristic of the target’s location. The scheme then integrates prescribed-time control and leader-following
consensus laws to manage the entire interception cycle: Swarm deployment into formation, constant-speed tracking,
and coordinated withdrawal. Finally, leveraging the properties of the normal distribution probability density func-
tion, an analytical expression for the interception probability under the proposed scheme is derived. Simulation
studies demonstrate that the proposed scheme effectively counters the spatiotemporal uncertainty of target emer-
gence and markedly enhances interception performance.
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2 0 o 0
—C1Uj . — Czéui <-—aVi1— CQEVi, 1

, €

Vi, 1= Ui, ey, e = Uy, ¢ (- (Wi, 11w + Wy 137 —
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Tiiey B ri e =ri —ri a, WA 7 o =7 — 74, a. B (4)
CIES:

Ti,e = —

1

mi, 33

(Wi, s1us + Wi, 3005 + Wi 331 —

Tr) = T4, d (13)
HA, Wi a1, Wi a2, Wi a3 AR W (v;) B
H3ATHE LIIICER, 5 31T 2 TR MEE 3175
3FILEK.
EIR 2. X TAERWILGEIS 8] ¢« TUEETE ¢, > 0
PLECKRT 2 IR H o, Wit

0 .
Tr, = —My, 33 ((63 + C4g) Ti,e — T4, d> +

Wi, s1ui + Wi, 300 + Wi 337 (14)

Horb, cg Mg YN IEHEL. WINZAETE A 16 RE 428 i 25
Ty W] LABRAEER ¢ A USV WIREHE A1 8 L ry £ AN
6] ¢, > 0 WIS BIAEREREAESE r; 4.

HUERR. NEGE v o WIS, #E W Lya-
punov EKEL V; o = $r? . MRHE (13) A1 (14), XMk
17R A5
m,zzTi,ef‘i,e ZTi,e<— !

mi, 33

Wi 331 — Try) — T4, d> = Ti,e<— <C3 +

(Wi, s1u; + W5 300 +

B 5|3 2 AT49, 0 RE Al B8 7., AT B
UK 2R Gt i B2 A T BR B OR 2 o 7E TR [A]
tp >0 WIS 0. ZAEHRE M B 48 7, AT DADK
BNER i N USV WIRERE AR r, fE TR A] ¢, PIA
FIHAE PR AL vy g O

5, JE A SRR FH I AL BN () 428 i 5 92 %)
USV BEATHZE IR R P ). R ELA) USV 25 1
Fior, H om 1= 30 kg, mi 00 =30 kg, m; 33 =
345 kg-m®. W a=t, yia=01t, ¥ a4 =
arctan(y;, a/i a), i, da =2, Vi, a =0, 7, ¢ = 0. USV

[ AH K46 Z Bk BN [24(0), v:(0)]T = [0, 2]T,
¥;(0) = 0.12, u;(0) =4, v;(0) =0, r;(0) =0. FEHL
E‘]@%’J%&%ﬁ C1 = C3 = 24, cog =cq4 =6. ﬁ&?ﬂﬂl‘
R 22 M R ZE WSS (B M ¢, = 30's. 18l 4 9 USV
ERBELE TS 1] ¢, = 30 s I & N8 = (1) i Sl ik
AEEL B 4 Fros, USV AR AT LE Pl IS a] SEE
Xof S BRI Y R, N 9 TR A R A O P AT AL S
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30

25

20

15
10

J

t,=30s

t,=30s

2.0 L~ :
0 40 80 120 0 40 80
t/s t/s

95 i i USV 7 t, = 30 s If %A1
WS R =
Fig.4 Schematic diagram of the convergence trajector-
ies of the state variables for the i-th USV at the
prescribed time ¢, = 30s
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PLUIX 4 8 USV R, fEf 5 (11) F1 (14)
T, USV AT RLSE I 0 B8 B A58 1) 8 TR B . 24
t >t +t, B, o(t) =0, BEHS

Tu; = =M 11 (€14, e — Ui, a) + Wi 11u; + Wi 137
T, = =My, 33 (€375, ¢ — T3, a) + Wi, 31u; +
Wi, 32v; + Wi 331
(15)

fER (15) HEsHm AT, AT ZE R g

E 1 Lyapunov BRELV; 1 MV, o, 1

1 .
W,1=§U?,e>07 Vi1 <—caVi1 <0

1 .
Viz =51l >0, Via < —csVi 2 <0

Rar. Bk, £ (15) AN ., FR AT
A 7 B, H(11) T (14) 61 USV LR BE R
RO\ 8 B 1% 72 R RE A B R 22 WS S LR e, B
A LS B 1A B A 1 s S R B

B ore =10 m, L =180 m, 3 H\/u?+0? =
Va3 + 03 =2mfs, Jud + 03 = \/uZ +v3 =0.58ms.
%2 A% USV K8 — i 21816 NFE 54 D; o
(&l 5 kst L = MK AL E) B Z).
% 2 FioR, A USV I8 — B Bk kg o N B 547
D; o MBS ZIAHF], Bk USV 7EKE i f o ml A
SCPLFEE (RIS A sk ), 0 m] DL S B [R) 40
R, ONHE— DU — 4R, BPLER ¢ > ¢, B
ZI, BT IEHUES 2 USV S B I S A7 B R 50 F
RN SCHL I AE R . BARIIE 5 s,

® 2 K USV IR B AL Z (s)

Table 2  The time when each USV returns to its
starting point after one patrol cycle (s)
H1 H2 W 83
Usv1 to = 30.0 t1 = 101.4 to = 172.8
USsv2 to = 30.0 t1 =101.4 to = 172.8
Usvs3 to = 30.0 t1 = 101.4 to = 172.8
USV4 to = 30.0 t1 = 101.4 ty = 172.8

3.3 EHEUL

USV ERERHIOE USV ERHE AT T I =
BIRT, FRRPENL. B RRESE, KWWk
USV SRR B RO A & Sk, AT B ok 2
1.1 971 USV B a4k — (i 2R PR .
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Fig.5  The successive simulation time snapshots of the
positions of the USV swarm under control algorithms
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Lwi=, 1T, si=a(wi) =n;, MARLKTE

USV #i8 (16) It — 2 5oy T AR 07 i & 4t
YN

@; = f(wi) + g(wi)Ti
17
{si = z(w;) (a7)
J i )Vi
Horp, flo)— [_M}_(I”V;(V)J g = [Mﬂ ot

UEARL ML I R G (17) 72 75 A] BLSK Bl R it 2tk
e, SIANCLUT 5.

SIER 3090, n B ARLL VR S RGUE T AL A
FR ) 7E 73 IS LS A S
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N € R, WIRSE (17) % N 4 FE Fidn A 4 FE A
[F], W5 1), Hak, X &RG (17) K% n; KL
S8, BRI o AR, R
ARG (17) HAMXEE, HA—ANH A BN 2,
R 2). A, RG (17) M 4EEERN 3, HiF
— AN AR BN 2, RS (17) A B2
MM 6, ST RS (17) BI4e%k, W2 %10 3). Ik,
HHF B 31550, R (17) Al LASEAT RS0 S I 2k PE Ak
HAM. 750E X 2(w;) FI—MZFESHEM M3 S
BON cpz(wi), Lo2(wi) M L32(ws), LyLpz(wi), W

_ 0z(wy) . Oz(wy) (f(o

! 8@1 ! 6@1'

i)+ g(wi)Ti) =
Ly2(w;) + Lgz(ww)T = Lyz(w;)

_ Oepa(@)) . O(syz(wi))

! 8w,- ! 3wz

(f(wi) +
g(@i)mi) = L32(wi) + LyLp2(wi)Ti

7 8i = gl( )7 Cz( )7 1( ) = L?Z(wz) + Lgsz(wi)
x 7, W13 USV EI'J%*Z PEALEEY )y

{éi(t) = G(t)

i) = Ti(t)

Hb g(t) e R, G(t) e R® I Ti(t) € R® 43 B oR

50D USV MM BER EEE B, |

SCHR (33) TR RERE £ycp2(0;) ARG S0, WA
i = (Lorp2(w) "N (Ti(t) — £72(wi))

3.3.2 ETEN—E1HH USV SRHHEIHRUL
FE—/NH N A USV 4Ll USV 4ERE, HEE
& — AR5 0 [ USV Hi A2 (3). id&(t) €
R® # ¢o(t) € R® 43 5l F7 BEME 1 7 B AN FE A5 B,
I H B A1 Iz 3], WA
Co(t)

Solt) =
{Co(t) =0
XERE] (19) A
70 = (£4L52(w0)) " (—LF2(w0)) (20)

DR Bt b ) 1 BN AS R IR BT USV S I
1B B, AR SR LR FEALE] 5] AN F] USV 45
BT oR. Ak, e SRR ZIT A {t,}:
to<ti < - <ty <tpy1 <---, P keN Ht)=
0. B try1 — tp ERFENRE, HAAMN—HARAFE
BAE FBENLIER, ZEAN (b} i <ha<- - <
hy <---<hg, i h, € Ry. i€ Prob{-} #xFH M
RAEMBEZR, WA S Prob{t, 1 —t, =h} =1.

(18)

(19)

R T, ARBCRAE B 0 — g ANTEPIA
ANFEAE by M hy Z [RIBENLDI . S 3E— 2D Hh,
2 F8 B K7 B AS B LA 3 AE B R IR 5
SEPL, AR SR BT AR AL B AE R i AR
Ti(t). 2 p(t) =t —ty, q(t) =t — tp—1, W To(t) ¥it
R

i :—HIZ ij gzt_ ) gj(t_ ()))"’
N
K2 Z[ Jij (&(t — q(t)) — &(t —q(t))) —

te [tk, tk+1)

Hrr, ki M kg i’]jjﬂfr%iﬁ 4 I = Prob{0 < p(t) <
h}, 0<II<1, X EWEZE Prob{h < p(t) < hy} =
1—1II. MAEGIN— BN & (1) Hog LanrF
1, 0<p(t)<h
{0, hi < p(t) < hgy
BRI, () RS R A I BT E{y(¢)} =
IT, MU (21) 7] 5 %

v(t) =

N
Ti(t) = —ra(1 =7(0) Y[ Al (&t = pa(t)) —

§i(t —p2(t)) — w1 (1 — () [H]: (&t — pa(t)) —
§o(t —p1(1))) — w1y (O)[H]i(&i(t — pa(t)) —

E(t_pQ +/€QZ 1]£1t_q )
&t —q(t))) + ra[H]i (&t —q(t) — &olt —
q(t)), t €[tk ter) (22)

Hrr, 0 < pi(t) < his by < pa(t) < ho.

ASCIE S USV SEHE 1 3 I\ — Bt R Sl
USV /R R, St 75 Z S H TAE B A
R USV #A limy—oo [|&: (1) — ()||—O 5
limy o0 [1G(8) = Co(8)]] = 0 FOL, i € V. & e ¢(t) =
Ei(t) = &o(t), ei c(t) = Gi(t) — Co(t), W USV &R
B IR SO ) AW B A IR ZE R €4, e (t) Ses, ¢ (1)
iy =yrek cLTE S~ S R o VR E
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éi e(t) = ei ¢(t)

N
éi, ¢c(t) = —r1(1 - Z Jijes, e(t —pa(t)) —

) -
k1y() Y [Llijej ¢ (t — pa(t)) — ma(1 —
j=1
() [H]iei, ¢(t — p1(t)) — r1y(t)[H]iei, ¢(t —
N
pa(1) + k2 > [Llijes et —q(t) +

Ko[H]sei, e(t —q(t)), te€

[tk the1)
(23)

HNTE RS, 2

e e(t) |0 I3 |00

o= fesol o<l o) oe ]
M A5 (23) "HERR N

N

Q,(t) :CQ( —lil ].— Z

j=1

[H}'D%(t —q(t)), tE€ [t ths1) (24)
Lo=1[F, -, kT, REG (24) ATIEECN
$(t) = (INn ® O)s(t) — k1 (1 = (1)) (L +H) ® D)s(t —
p1(t) — kv (£ +H) @ D)s(t — p2(t) +

k(£ +H) @ D)s(t —q(t), € [t trey1)
(25)

Hi5I B 1 A4S, fRAEIEACHERE Q € RVXY {75

L+H=QAQ™ ", Hr A= diag{[A];, ---, [Aln} €
RVN JHHIA; >0,i=1, -, N. % et) = (Q!
® Ig)s(t) = (T, -+, ex)T, W (25) AT 5Ky
E(t) = (UIn ® C)e(t) — k1(1 —(t))(A @ D)e(t —
p1(t)) — kv () (A @ D)e(t — p2(t)) +
k2(A®@ D)e(t —q(t)), t€ [tr, tes1) (26)
B35 24t (26), Jﬁﬁﬂﬁ[ﬂ: Lyapunov A%\

- Zme(t)) (27)
Hokr,

Vi(e(t) = " () (In @ P)e(t)

/ Y(In ® Ry)e(t)do

= t t)(In ® Ro)e(t)dd
thz

:/ t)(In @ R3)e(t)dd
t—hy—

:/ Y(IN ® Ry)e(t)dé
t 2h1

= t t)(In ® Rs)e(t)dd
t2h2

IN®Z1 ( )d8d9

=[] /
hy Jt+6
*’“/ L7
ho Jt+0
h1—|—h2/ /
hi1—ho Jt+6

é(s)dsdf

Vio(e(t)) = 2hl/ /
2h, Jt+60

Vii(e(t)) = 2h2/ /
2hs Ji40

H, 0e[-2hy, 0]. EBXLF /NEFLV(e(t)) =
limp e BVECHANIEW) = VEW) | 47 5] 38 4 3.

5138 4%, Xt F /i (27) 5E LI Lyapunov 2 i,
FAFE R & e 115 B{LV (c(t))} < —eE{||le(t)||?}, M
MRARG (26) NIT7 = N TaEHRE M.

EIE 3. fEMHRIL 1T, HRE—AH (4) W3
USV £, KRR AR (19) fix. &
TFAEIEEREME P -0, Ry =0, Ry =0, R3 =0, Ry >
0, Rs >0, Z1 >0, Zy>=0, Z3>0, Z4 =0, Z5 >~ 0
PLICHE B by > 0, ho > 0, 15 51 2 1 50 PR AN 45
3 (LMI) o7
U; = 0 PO; + 0,PQ + QU (Ry + R+ Ry + Ry +

Rs)Q +0;(h3Z1 + h3Zo + (hy + h2)?Z5 +
(2h1)2Z4 + (2h2)? Z5)O] — Q3R —

Qs RoQ: — Q7 R3O —

VIn ® Zo)é(s)dsdf

YN ® Zs3)

IN ® Z5 ( )d8d9

Qs R4
Q3)T —ho (O —
Q)T — (hy + ha) (1 — Q7) Z3(Q — Q)T —
(2h1)% (1 — Qs) Za (1 — Qs)" — (2h2)? (1 —
Q) Z5(Q — Q)' <0, i=1,---, N

— QoR5Qg —

hl(Ql — Q3)Z1(Ql — Q5)Z2(Ql —
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He Qn=en®@Is, m=1,---,9; 6, =00 -
k1 (1 —10)[A]; DQI — k1 I[A]; DQF + Kk2[A];DQE , i =

, Nz USV £ R 5 i (20) K50 BFE T
LB B3I 77 N —EL (mean-square leader-follow-
ing consensus).

SERR. 5 X 6(t) = (1), 7(t - pa (1)), €7 (¢ —
h1), €' (t = pa(t)), €'(t = ha), €7 (t —q(t)), e (t —h1 —
ha), €T (t —2hy), eT(t —2h)|", FHF, X F m=
L, 958, =€, ®Iy, T = (IN®C)E} — k(1 —

) (A ® D)EX — ki I(A @ D)=T + ra(A ® D)L
FEE B 3 (2R, MG

LVi(e(t) = 20'() =1y @ P)Y " 6(t)

LVa(e(t) = ¢'(t)(E1(In ® R1)Z] — Es(ly @ R1)E3)é(1)

LV3(e(t) = ¢'()(E1In @ Ro)ET — E5(Iv @ R2)=5) (1)

LVy(e(t) = ¢'(t)(E1(Iy © R3)E]| — E7(In @ R3)Z7)6(t)

LVs(e(t) = ¢'()(E1ln ® Ry)Z] — Esv © Ra)Eg)o(1)

LVs(e(t) = ¢'(t)(E1In ® Rs5)ET — SoIv @ R5)Zg) (1)

LVz(e(t) = hio' ()Y (Un @ Z1)T (1) —

Iy /t e () Iy ® Z1)é(s)ds
LVs(e(t) = 3¢ ()Y (In ® Zo)Y o(t) —
ho /t—h2 eY(s)In ® Z2)é(s)ds

LVo(e(t)) = (h1 + ha)*¢ ()Y (In @ Z3)Y (L) — (hy +

t

ha) - eV(s)(In @ Z3)é(s)ds

LVio(e(t) = (2h1)*¢ (1) Y Un ® Z4) Y (1) —
2h, / eT(s)(In ® Z4)é(s)ds
—2h,
LVii(e(t) = (2h)20 ()Y (In @ Z5) Yo (t) —
2hs / ()T © Z0)e(s)ds
t—2ho
I K Jensen NEEXRH T Lz (e(t)), A3

-E /tthl Ns) Iy ® Zl)é(s)ds}

_E { (/t_hl é(s)d3>T(IN ® Z7) </tih1 é(S)dS) } -

—E{¢"(t)(E1 — E3)(Iny © Z1)(E1 — E3) " o(t) }
A, 715

IN

2 " 52 &
_E{/t—hg (s)(Un ® Z2)&( )dé’} <
—E{6T(1)(Z1 — Z5)(In © Z2) (51 — Z5) (1)}
P {/t h1—ha ( IN N Z3 } -
“E{6"(1) Er)(In © Z3) (21 — ) 6(t)}

_E{¢ Zs)(In ® Z4)(E1 — Bs) " o(1) }

—E{/t eN(s)(In ® Zs5)é } <
t—2ho

—E{¢"(t)(E1 — Zo)(In ® Z5)(E1 — Z9) (1)}

Zr BRI E{LV (e(1))} < E{o" (1) ¥o(t)}, H

=Z1(In @ P)T" + T(Ix ® P)Z; +

Ei(Iy ® R1)ZET] — E3(Iy @ Ry)=5 +

E1(In ® R2)E] — E5(Iy @ Rp)E1 +

E1(In ® R3)E] — Z7(In © R3)Z7 +

E1(In ® Ry)E] — Es(Iy ® Ry)ZE§ +

Ei1(Iny @ R5)Z] — Eo(In ® R5)=g +

WY (In ® Z0)TT + h3T(In @ Z2)TT + (ha +
ho )2 Y (In @ Z3)YT 4+ (201> Y (In @ Z4) YT +
(2h9)*Y (In @ Z5)YT — (B1 — E3)(In ® Z1)(E1 —
E3)T = (E1 —E5)(IN® Z2)(E1 — E5)" — (B1—
En)(In ® Z3) (21 — E7)T — (1 — Zs)(In ® Z4) ¥
El - '—*8> — (El — Eg)(IN ® Z5)<El — Eg)T =<0
(28)
B, X T A USV, 4 6it) = [€X(),
L(t=p1(t), ef(t—ha), e (t—pa(t)), i (t —ha),
i ( —q(t)) Lt —hy —hy), ] (t — 2h1), €] (t — 2ho)]",
1, Nﬁqjﬂ —em®16,@i:CQ?—/{1><
1— H)[A] DO — k1 [A]; DQT + ko D[ALQE, NI
v, = pr@;r + @lPerr =+ Ql(Rl + Ry + R3 + Ry +
}%5)91r + ®z(hle + h§Z2 + (hl + h2)223 +
(2h1)%Z4 + (2h2)2Z5)0F — Q3R Q3 —
Qs R — Q7 R3OF — Qg RyQf — Qo R5Q —

€
€
1=
(

ha(Q — Q3)Z1 (21 — Q)" — ha(Q1 —

5)Za (1 = Q)" = (ha + ha) (1 —
Q) Z3 (1 — )" = (2h1)* (1 — Q8) Za (1 —
Qg)" — (2h2)* (21 — Q) Z5 (1 — Q)" < 0 (29)
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ity (28) 5 (29), W3 B{LV(e(t)} < 0. Hik
ATHSE AP A R

E{LV(e(t)} < —eB{|le(t)]*}

B, H5IH 4 AT a0 (26) BTl R g ar s
R RS Sy i O

LR BACABE LT AEPIAN TEME by 5 ho
Z IR AE AR, AR RAERS Z ¢y, X% USV A
BEREHATRAE, BIRTE, 6 5t ZEPERFE
JiB P bl S A A o = = B ol R R L e 194
L REERMMER, L REEAH O, Fit
BT b REEFA, B LA by Mhy BFCE
FEREATE L. 2475 8 Y10 KR AR, — S5 DA
T 4 FRAEE WA A hi+hy, hy+ ha, ho + Ry,
ho +hy. G EATIR, —IKSAFTE hy, ho, hy + ho,
2hy , 2hy X 5 AN A
3.3.3 USV SE&hEHRUA /7 EIEIIE

AWM N=4 USV(@E=0,1, 2, 3) Xt
EFE 3 HHATEBUEDT E, USV ¥k BRI 1 By
AN . MCRE 2 TE) B TG M) B AE W R RN [Ale =
[.A]gl = [.A]23 = [A]32 =1, H%l/l\ﬁﬁ/l\)‘)\ﬁﬁﬂu
IREUCBERERITE B, [H)1 = [H]3 = 1. & USV 1
%?ﬂl&%ﬁﬁkﬁ%ﬁ%@ly,fﬁmfon
Ko = 0.1. WIIEAIBAEE N no =[5, 0, 0], m = [2, 0,
0.2], na = [3, 0, 0.1], 3 = [4, 0, 0.3], %}Jﬁé‘iﬂifﬁ%ﬁ
%quoa&Lmﬂq:m&ozouﬁqzm&o,
0.3], v3 = [0.7, 0.3, —0.1]. EHFENRFESE I T =
0.5s 7Fu T =1s, BAEOT R RME 6 ~ 8 Fiws.

1.1
1.0
0.9
0.8
0.7
0.6
0.5
0.4

0 50 100 150 200 250 300
t/s

K6 BENLRAEFSI

Fig.6  Stochastic sampling sequence
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