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Learning-based Output-feedback Control for Nonlinear Systems With Input Time-delay

LIU Si-Tong" GAO Wei-Nan' JIANG Zhong-Ping’

Abstract This paper proposes a new data-driven output-feedback control method to address the direct adaptive
optimal control problem for nonlinear systems with input time-delay. The combination of Q-learning with value it-
eration (VI) and policy iteration (PI) enables the learning process to be conducted without any knowledge of the
system dynamics. Under the condition that the system is uniformly observable, we propose a novel method to recon-
struct the state of the system based on output data and input data with time-delay. We then present two iterative
methods, VI and PI, to learn the adaptive optimal control policy. Finally, the proposed methods are applied to the

classical nonlinear system control
the proposed methods.

Van der Pol oscillator. The simulation results demonstrate the effectiveness of
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Fig.3 The input-output trajectories of the closed-loop
system under output feedback with time-delay

0 100 200 300 400 500 600
HK /01s

Bl 4 TR R SR FHER RGN\
Fig.4  The input-output trajectories of

the closed-loop system under output
feedback without time-delay

1717
0.1 a1 sists,
/1

¥ 7

0.5

-0.5 -0.5 U

K5 QRECERETEXE (BR wg, wr—1 A0
HAZ%0M 0)
Fig.5 Comparison of the Q function before and after
iteration (with other parameters set to
0 except for ug and up_1)



1008 H 3

S 51 %

-0.5 -0.5 W

K6 Q BRECEAFTEXEL (B wg, up—3 Fb
HA %08 0)
Fig.6  Comparison of the Q function before and after

iteration (with other parameters set to

0 except for uy and uy_3)

0.5

@
L 05 05 >
K7 QREOEAREXE (B up_1, wp—2 4t
HAZH0h 0)
Fig.7 Comparison of the Q function before and after

iteration (with other parameters set to

0 except for ug_1 and ug_2)

¢ 0.5 —0.5 U3
K8  QERBUSMATEXEE (BR uk—2, ur—s Fb
HAtZH0h 0)
Fig.8 Comparison of the Q function before and after

iteration (with other parameters set to
0 except for uj_o and ug_3)

5 ZERIiE
St LA 0 N BN I B 2R 5 B 1 0 I

DCAZ ] ] AL, AR SCH S — T A0 00 9K sl At S 15
P ik, 3R P A R A I S\ R
ERGURE, IR AR R, IR T & A
NI PR S B 5t o I e I8 2 | RS B TR — Bk
Al RIS, K Q %21 5 PR B 3 N 3h 25 ML 7 i A
gif, MEREEY ISR T R IR ARG E) 175
D7 FLEE RIAE T %R A R

References

1 Lewis F' L, Vrabie D L, Syrmos V L. Optimal Control. Hoboken:
Wiley, 2012.

2 Gao W N, Jiang Z P, Chai T Y. Bridging the gap between rein-
forcement learning and nonlinear output-feedback control. In:
Proceedings of the 43rd Chinese Control Conference (CCC).
Kunming, China: IEEE, 2024. 2425-2431

3 Gao W N, Jiang Z P. Data-driven cooperative output regula-
tion of multi-agent systems under distributed denial of service
attacks. Science China Information Sciences, 2023, 66(9): Art-
icle No. 190201

JC .

4 Hou Z S, Wang Z. From model-based control to data-driven
control: Survey, classification and perspective. Information Sci-
ences, 2013, 235: 3-35

5 Bu X H, Yu Q X, Hou Z S, Qian W. Model free adaptive iterat-
ive learning consensus tracking control for a class of nonlinear
multiagent systems. IEEE Transactions on Systems, Man, and
Cybernetics: Systems, 2019, 49(4): 677-686

6 Hou Z S, Xiong S S. On model-free adaptive control and its sta-
bility analysis. IEEE Transactions on Automatic Control, 2019,
64(11): 4555-4569

7 Liu S D, Lin G, Ji H H, Jin S T, Hou Z S. A novel enhanced
data-driven model-free adaptive control scheme for path track-
ing of autonomous vehicles. IEEE Transactions on Intelligent
Transportation Systems, 2025, 26(1): 579-590

8  Xiong S S, Hou Z S. Model-free adaptive control for unknown
MIMO nonaffine nonlinear discrete-time systems with experi-
mental validation. IEEE Transactions on Neural Networks and
Learning Systems, 2022, 33(4): 1727-1739

9 Dong Yu-Chen, Gao Wei-Nan, Jiang Zhong-Ping. Cooperative
optimal output regulation for multi-agent systems based on dis-
tributed adaptive internal model. Acta Automatica Sinica, 2025,
51(3): 678-691
(ESR, mfh5, 28y BT 0010 30 B B A B 2 B R ik R 5t
PrRE A AT B3R, 2025, 51(3): 678-691)

10 Lewis F L, Liu D R. Reinforcement Learning and Approximate
Dynamic Programming for Feedback Control. Hoboken: Wiley,
2013.

11 Vrabie D, Vamvoudakis K G, Lewis F L. Optimal Adaptive
Control and Differential Games by Reinforcement Learning
Principles. London: Institution of Engineering and Technology,
2013.

12 Jiang Y, Jiang Z P. Global adaptive dynamic programming for
continuous-time nonlinear systems. IEEE Transactions on Auto-
matic Control, 2015, 60(11): 2917-2929

13 Wei Q L, Liu D R, Liu Y, Song R Z. Optimal constrained self-
learning battery sequential management in microgrid via adapt-
ive dynamic programming. IEEE/CAA Journal of Automatica
Sinica, 2017, 4(2): 168-176

14 Zhang H G, Liu D R, Luo Y H, Wang D. Adaptive Dynamic
Programming for Control: Algorithms and Stability. London:
Springer, 2013.

15 Lewis F L, Vrabie D, Vamvoudakis K G. Reinforcement learn-
ing and feedback control: Using natural decision methods to
design optimal adaptive controllers. IEEE Control Systems
Magazine, 2012, 32(6): 76-105

16 Liu D R, Wei Q L, Wang D, Yang X, Li H L. Adaptive Dynam-
ic Programming With Applications in Optimal Control. Cham:


https://doi.org/10.1007/s11432-022-3702-4
https://doi.org/10.1016/j.ins.2012.07.014
https://doi.org/10.1016/j.ins.2012.07.014
https://doi.org/10.1016/j.ins.2012.07.014
https://doi.org/10.1109/TSMC.2017.2734799
https://doi.org/10.1109/TSMC.2017.2734799
https://doi.org/10.1109/TAC.2019.2894586
https://doi.org/10.1109/TITS.2024.3487299
https://doi.org/10.1109/TITS.2024.3487299
https://doi.org/10.1109/TNNLS.2020.3043711
https://doi.org/10.1109/TNNLS.2020.3043711
https://doi.org/10.1109/TAC.2015.2414811
https://doi.org/10.1109/TAC.2015.2414811
https://doi.org/10.1109/TAC.2015.2414811
https://doi.org/10.1109/JAS.2016.7510262
https://doi.org/10.1109/JAS.2016.7510262
https://doi.org/10.1109/MCS.2012.2214134
https://doi.org/10.1109/MCS.2012.2214134

10 44 B A NI (AR R GE 2 T2 2] B S i

1009

17

18

19

20

21

22

23

24

26

27

28

29

30

31

32

33

34

35

Springer, 2017.

Yang Y L, Modares H, Vamvoudakis K G, He W, Xu C 7Z,
Wunsch D C. Hamiltonian-driven adaptive dynamic program-
ming with approximation errors. IEEE Transactions on Cyber-
netics, 2022, 52(12): 13762-13773

Gao W N, Jiang Z P. Learning-based adaptive optimal output
regulation of linear and nonlinear systems: An overview. Con-
trol Theory and Technology, 2022, 20(1): 1-19

Liu D R, Wei Q L. Policy iteration adaptive dynamic program-
ming algorithm for discrete-time nonlinear systems. IEEE Trans-
actions on Neural Networks and Learning Systems, 2014, 25(3):
621-634

Li C, Liu D R, Wang D. Data-based optimal control for weakly
coupled nonlinear systems using policy iteration. IEEE Transac-
tions on Systems, Man, and Cybernetics: Systems, 2018, 48(4):
511-521

Zhao B, Wang D, Shi G, Liu D R, Li Y C. Decentralized con-
trol for large-scale nonlinear systems with unknown mismatched
interconnections via policy iteration. IEEE Transactions on Sys-
tems, Man, and Cybernetics: Systems, 2018, 48(10): 1725-1735

Gao W N, Jiang Z P, Chai T Y. Resilient control under denial-
of-service and uncertainty: An adaptive dynamic programming
approach. IEEE Transactions on Automatic Control, 2025,
70(6): 40854092

Jiang Y, Jiang Z P. Computational adaptive optimal control for
continuous-time linear systems with completely unknown dy-
namics. Automatica, 2012, 48(10): 2699-2704

Kleinman D. On an iterative technique for Riccati equation
computations. IEEE Transactions on Automatic Control, 1968,
13(1): 114-115

Wei Q L, Liu D R, Lin H Q. Value iteration adaptive dynamic
programming for optimal control of discrete-time nonlinear sys-
tems. IEEE Transactions on Cybernetics, 2016, 46(3): 840-853

Gao W N, Mynuddin M, Wunsch D C, Jiang Z P. Reinforce-
ment learning-based cooperative optimal output regulation via
distributed adaptive internal model. IEEE Transactions on
Neural Networks and Learning Systems, 2022, 33(10): 5229-5240

Gao W N, Huang M Z, Jiang Z P, Chai T Y. Sampled-data-
based adaptive optimal output-feedback control of a 2-degree-of-
freedom helicopter. IET Control Theory and Applications, 2016,
10(12): 1440-1447

Liu D R, Wei Q L. Adaptive dynamic programming for a class
of discrete-time non-affine nonlinear systems with time-delays.
In: Proceedings of the International Joint Conference on Neural
Networks (IJCNN). Barcelona, Spain: IEEE, 2010. 1-6

Xiao F, Shi Y, Ren W. Robustness analysis of asynchronous
sampled-data multiagent networks with time-varying delays.
IEEE Transactions on Automatic Control, 2018, 63(7): 2145—
2152

Liu Y, Zhang H G, Yu R, Xing Z X. H,, tracking control of dis-
crete-time system with delays via data-based adaptive dynamic
programming. IEEE Transactions on Systems, Man, and Cyber-
netics: Systems, 2020, 50(11): 40784085

Gao W N, Jiang Z P. Adaptive optimal output regulation of
time-delay systems via measurement feedback. IEEE Transac-
tions on Neural Networks and Learning Systems, 2019, 30(3):
938-945

Gao W N, Jiang Y, Jiang Z P, Chai T Y. Output-feedback ad-
aptive optimal control of interconnected systems based on ro-
bust adaptive dynamic programming. Automatica, 2016, 72: 37—
45

Lewis F L, Vamvoudakis K G. Reinforcement learning for par-
tially observable dynamic processes: Adaptive dynamic program-
ming using measured output data. IEEE Transactions on Sys-
tems, Man, and Cybernetics, Part B (Cybernetics), 2011, 41(1):
14-25

Moraal P E, Grizzle J W. Observer design for nonlinear sys-
tems with discrete-time measurements. [IEEE Transactions on
Automatic Control, 1995, 40(3): 395-404

Heydari A. Analyzing policy iteration in optimal control. In:

Proceedings of the American Control Conference (ACC). Bo-
ston, USA: IEEE, 2016. 5728-5733

XBRZ  ARILRERE TG A3
P4 [ B RSB = T A 2023
FIR AR AU TR T b 42
B FERITCTT Ry B & N Eh A AR,
R s, ERAL R ARG 2 5T

E-mail: 2370761@stu.neu.edu.cn

(LIU Si-Tong Master student at
the State Key Laboratory of Synthetical Automation
for Process Industries, Northeastern University. He re-
ceived his bachelor degree in mechanical engineering
from Northeastern University in 2023. His research in-
terest covers adaptive dynamic programming, output
feedback, optimal control, and reinforcement learning.)

SFES RIRFERETIZS B3
o4 [ B S 5 0% 2017 4RSS
FE AL R Lm0, T
oY N TR se, HEMah&HE, I
A RN A RS A SOEAE R
E-mail: gaown@mail.neu.edu.cn
(GAO Wei-Nan Professor at the
State Key Laboratory of Synthetical Automation for
Process Industries, Northeastern University. He re-
ceived his Ph.D. degree from New York University,
USA in 2017. His research interest covers artificial in-
telligence, adaptive dynamic programming, optimal
control, and output regulation. Corresponding author
of this paper.)

ZWE WAL B AR B L, K
ML) RFER N #HE, IEEE Fellow,
IFAC Fellow. 1993 345 [H (L5
SRR N VN SR kG RS E o IAL )
drefr. TR FCTT AR E PR,
B HIE N A AR ], &
B GBS, s 2] AR
B HUWRAMAED RGP IR A, E-mail: zjiang@nyu.edu
(JIANG Zhong-Ping Foreign Member of the Aca-
demia Europaea (Academy of Europe), Institute Pro-
fessor at Tandon School of Engineering, New York
University, USA, IEEE Fellow, IFAC Fellow. He re-
ceived his Ph.D. degree in automatic control and
mathematics from the Ecole des Mines de Paris,
France in 1993. His research interest covers stability
theory, robust /adaptive/distributed nonlinear control,
robust adaptive dynamic programming, reinforcement
learning and their applications in information, mechan-
ical, and biological systems.)


https://doi.org/10.1109/TCYB.2021.3108034
https://doi.org/10.1109/TCYB.2021.3108034
https://doi.org/10.1109/TCYB.2021.3108034
https://doi.org/10.1007/s11768-022-00081-3
https://doi.org/10.1007/s11768-022-00081-3
https://doi.org/10.1109/TNNLS.2013.2281663
https://doi.org/10.1109/TNNLS.2013.2281663
https://doi.org/10.1109/TNNLS.2013.2281663
https://doi.org/10.1109/TSMC.2016.2606479
https://doi.org/10.1109/TSMC.2016.2606479
https://doi.org/10.1109/TSMC.2016.2606479
https://doi.org/10.1109/TSMC.2017.2690665
https://doi.org/10.1109/TSMC.2017.2690665
https://doi.org/10.1109/TSMC.2017.2690665
https://doi.org/10.1109/TAC.2025.3527305
https://doi.org/10.1016/j.automatica.2012.06.096
https://doi.org/10.1109/TAC.1968.1098829
https://doi.org/10.1109/TCYB.2015.2492242
https://doi.org/10.1109/TNNLS.2021.3069728
https://doi.org/10.1109/TNNLS.2021.3069728
https://doi.org/10.1109/TAC.2017.2756860
https://doi.org/10.1109/TSMC.2019.2946397
https://doi.org/10.1109/TSMC.2019.2946397
https://doi.org/10.1109/TSMC.2019.2946397
https://doi.org/10.1109/TNNLS.2018.2850520
https://doi.org/10.1109/TNNLS.2018.2850520
https://doi.org/10.1109/TNNLS.2018.2850520
https://doi.org/10.1016/j.automatica.2016.05.008
https://doi.org/10.1109/TSMCB.2010.2043839
https://doi.org/10.1109/TSMCB.2010.2043839
https://doi.org/10.1109/TSMCB.2010.2043839
https://doi.org/10.1109/9.376051
https://doi.org/10.1109/9.376051
mailto:2370761@stu.neu.edu.cn
mailto:gaown@mail.neu.edu.cn
mailto:zjiang@nyu.edu

	1 问题阐述与预备知识
	2 基于模型的输出反馈值迭代和输出反馈策略迭代
	2.1 一致可观的非线性系统状态重构
	2.2 基于模型的输出反馈值迭代和输出反馈策略迭代

	3 数据驱动的输出反馈值迭代和输出反馈策略迭代
	3.1 数据驱动的输出反馈值迭代
	3.2 数据驱动的输出反馈策略迭代

	4 仿真结果
	5 结束语
	参考文献

