FH1E FTH H 3 b % #H
2025 7 H ACTA AUTOMATICA SINICA

Vol. 51, No. 7
July, 2025

ET T MmN JURNER A

wmes Tt RwE S ¥R OBME T KX%

B OF UM IR RN HE s Y b UATAR A AT e LA T 7, Ok WA L 2l R A AR A
BT AR 26 A R LT IR B BE T A A i L, 3 HH — A T SRR R HE ] (GMCC) B LT IE S TT . 5k, R4
o EJUAIR A A R 2R, SR T A2 e b AT A T . e, il A v 39 e 7 SRS (K0 AN AU RE I, R S K AR SG A
HEHE T BFE £, SCBUR BCR S B2 R 38 m g i & k. 285, #Px ti GMCC 5l B AR e R AL AL 1) 3, 3
TR LG tE AL T i, BLRCR B2 AR A AE rOSAGE SRR UAL 1. Rl s, it —F) SO 2 8B &
JS2 U BE G, P AR LR BT SO SRR 0 S 8. E, DT LA SRR, AT B J5 ik, B U5 i BAT S RS A
e

KEIA JUPTIEE, KRR, IO, FEFEAEE

SIAR BEJh, HBEER, &5, BRE, K%, 3T SCROH I AE N i LT BT 2. H s aE4i, 2025, 51(7):
1612-1625

DOI 10.16383/j.aas.c240497 CSTR 32138.14.j.aas.c240497

Geometric Filtering Method Based on Generalized Maximum Correntropy Criterion

YANG Xu-Sheng"? XIA Xiao-Cui"? JIN Yu-Qiang"? GU Xin-Xing"? ZHANG Wen-An"?

Abstract Geometric filtering is a method that uses observed data to optimally estimate the geometric state on a
manifold, and it plays a significant role in rigid body pose estimation. Aiming at the problem of the performance de-
gradation of geometric filtering under non-Gaussian conditions, a geometric filtering method based on the general-
ized maximum correntropy criterion (GMCC) is proposed. Firstly, according to the evolution relationship of the
geometric state on the manifold, the state prediction is performed using the unscented transformation on the mani-
fold. Secondly, in order to suppress the adverse effects of non-Gaussian noise, the GMCC is extended to the mani-
fold to correct the predicted state, thereby improving the robustness of the filtering. Then, for the manifold nonlin-
ear optimization problem induced by GMCC, a statistical linearization method on the manifold is designed, and the
optimization problem is solved by Riemannian manifold optimization and fixed-point iteration method. In particu-
lar, an adaptive adjustment strategy for the generalized Gaussian kernel parameters is designed to adjust the hyper-
parameters of the generalized correntropy online. Finally, simulation results demonstrate that, compared to existing
methods, the proposed method has higher accuracy and robustness.
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e, (RIS OR B ARAS W LT 20 3R, 4 e 21058 ) Il &
fEIS, G 1R EH LIRS, T R1FIRAE
PE A 7 2255 e I SR B A v, PR T vE i) e P
PRAnBEE 2 Frow, Frig i mse B an & 2 fros.
i 2. BT NEARMBEXENLAIEE &
) BN WIEIE X, Py, A0, &
) TNz
) B (52) T
) H (53) A (54) e {fkfl, j}?i1 A {wk, j}?iﬁ
) m (55) ~ (57) iH5 Py
)
)

DU s W N =

BHL
WR IR, ¥ X, B P, NEDE 1, 9F
PATHEIE 15
8) Hih: /'?,j', VAR
7 5. FIFH UKF-M (UKF on manifold)®" {£42
HEATIRATI B A LTI 1) t12X (52) AT %A, fr
SR U7V B Y F N A AR TR A A, M AT
SCHR [37]) 83 SR g RE A=A B LAk In) REOR 3R 45
TRmAE, AR FTHE T E R S T 5 2) X (53)
ALK, sigma AT AR A 1A RY, A3 I A 4 e
o(-, ) 1B BIHE PR 2R R 2 18] b, i 07 VR0 T8 R
IR A R 32 TR 3) T &g Al wy, AAHIRI
e, = (55) AR (56) 43 B F& R A AN w5 B A
B NAZ AR T PN P P T 2 R R e DAV R )
I R, AR 5T YRR TR R SR, R T IS A

HEEREDH

T TR SR ER B = AT A, BTiE GMCGF
FRREAMEERT R 24 LN 0(12d3), d R#anIR
AIYERE. A7 UKF-M & LT it

7

2.3

—_——

- — — = = = = — ]

RS

K 2
Fig.2

HAE R, Y8 O(d3). Frilth, 24P
Boh L, 5% 2 £8) GMCGF M T UKF-M ¥
BN S RA = B~ TR IR, BT ik it
EA RN

Cadd = OH}C JFCRﬁc + CX’i-H + C'Pli+1 + OKIZC -

UKF-M UKF-M UKF-M _
CKk - C‘Xﬁ+ - CP+ —
k k

L(9d* +12d%r + 2dr® +1® + d* +
dr+3r +d+1r —2+ 20, +
Ch+Cy) (59)

Horb, d Fr 23 TR AR YETE RO I ZE | Cos
Ch, A1 Cyp 73 3 Z27- 48 B ek B Ve T T A UL R
TERIT B A28 LR i e i) S 2 2R

2 8 F I 2 P N TR LR, B <
d, =X (59) AT A

Codd ~ L(9d® + 12d%r + 2dr® + d* + dr +

d+2Cexp + Ch + Cy) (60)

HAAEEREN L, B GMCGF 5| ANFi4hiTH
T, B35 UKF-M B A FH R a2 5. 8 A,
YRGB E TR, BRI TR FE Y
STt E R TR AR E &, Ik GMCGF ]
BN UKF-M HIE 3SR %

SE 6. U IR AR VSR A A AL ) 2 1 T
THE A, (H SRR B A A mOEARIREL L dE B,
SCHR [24, 39) KB, @HE R 1 OOEAQRIAT I 2 M
Remisk. B, Frig ik pvt R A B nT .

3 {HEIIE

AR A EE TSRS (Inertial naviga-
tion system, INS) 42k T T2 &4t (Global

—_——————e e

I
|
\ ::
S — | |
, | |
o Bl |1 e ]
Zj% g | ! 1 I|
£ | T Py ||
> (3 > ik k ||
e | V ik
|| 7|0 Y |:X;
| Lk
]

TIEHRER]
Method block diagram
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navigation satelite system, GNSS) ] 3D Z4# T
ARG A,
3.1 RORH
BB AR LIS 5 AR A Oy
Ry, = Ri—1 exp ((wr, —wy — by) dt) (61)

v = Vg1 + (9 + Rr—1 (ar —wg —bg))dt  (62)

Pk = Pk—1 + vp—1dt (63)
b = by +wp (64)
bt = by + wy (65)
MM HE B GNSS Bl s s fit, BB N
Yk = Pk + N (66)

Hp, Ry, € SO3) R k W ZIEW 77 H (B4E S
AL ZR LS B ST AR AR R TEFEHERE); vy, € R® FI
pr € R® 73 78 R0 7E 5 At AL b 58 11 33 252 R 7
B BN R wr, ap € R® 29 0 3R 7 A B2 A i
FE; by, b € R® Ron & .0 (Inertial meas-
urement unit, IMU) i &; wy, wi € R® 73 EKR
A ARSI IMU A& IR A8 wh, wh® € R® R
i B BT R A 0 s M A RoR
KFERE Wy, € R® RoRMMME; nyp € R® R WM
e g =[0;0; —9.81] m/s2 A H Sy ik B i) & K
IMU IRERIR N zp = (X, br), HF, Ay = (R, v,
pr) € SE5(3), by, = [by;b8] € R.

ELLRES, B EWAEFAE 15 m 1
FRRBHEAT 60 s AT IR AL E FE W)
6% 75 b AE 2 9 BN (1/180) Iy rad, 0.1154; m
1011351 m/s, IMU fl B AEN by, = 061 FRAEFFER
Ui, IMU A5 86385 M 75 R v B e s IR wee ~
N(0, 107215 (rad/s)?), w§ ~N(0, 10215 (m/s2)”).
SISy, NIRRT | Ry, € RPC FoRH 4
B P T 22, TR R P A g AN 2.
SOULINEE P IR N ng, = (1 — qi) Ak + qu B, FEH,
qr BIGTHER R ERECN P(gr, =1) = ¢, P(qr =0) =
1—c MAASBFID A, 0 < c<1 Rl RA KRR
K. Ay F By RoR AL )75 o A, HAE ST
T qr. By AEEBRRMITEZM @B a s, J%
& 3 PRI A 11 Ay: i o A i 0 43 A Fl
HBR HAmEY. SHEIRE T ZHEE R Py =
O5x5, IR IEBME AN e =108, NHAHRLE K4
M, AR5 N EKFL InEKFY, UKF-
MBSO AR A 5 T MCEKF-LG!Y BL K&
GMCGF #HA7 AR LL . B AR 4 S0 2 70 A

[FRIA6 %A T84T 500 ML) SERE RIS IR 1S
(), DAORUERT bE S 38 A0 A 11t A B i 1 ] Sk
K BEAEZ kA AL EANTT W) 538 77 iR %
(Root mean square error, RMSE) Fl Bt A B %I (1) °F-
TR Z (Average root mean square error,

ARMSE) 1EAPERETRARVFAL MR EE IR, 2E N

M
. 1 . )
RMSEg%:\l i > |lpk — oI (67)
i=1
K
ARMSE?S:% > RMSEY” (68)

k=1
Hrh, M FRZER-RISEILSE, K RS,
FORG i ML SR RIS, |- || Bk LEASTEEL,
Pi = Pk, 2 Pk, y» Pi, =) M Pe = (P, 2y Dr, y» Pr, =) 77
A RN E B SE A THE. 7\ RMSE Al
ARMSE HJ5E 3510 & 1 E R

3.2 HRE5S

155 1. Ay i SIN il

1) B 2655 R8I nge 7 AR M v 40 M 7 VR A T 1
L, A ng ~ 0.8N(0, W) + 0.2N(0, 100W},), H
Wy = 0.2213 m?. ZEA0H = 4B sh B in & 3 Fios,
HAZE A7 E RMSE Wil 4 fis, £ 15H T
AFTTER ARMSE. MR¥IE07 B 455, GMCGF #
b+ UKF-M J5 ke B M7 [ ARMSE 4
AP 35.4% F119.0%, F+ HIETF MCC 8 GMCC
IPEPE B PLTPLRE SO0 T2 T MMSE 74 U (1) 98 9%
. WK 1T LUE M, BT R A& RS HORE
JEZETELEM, BT 7 VR T LUK ARMSE fRFF7EBAK
G N, B /N TR ZE . BRAh, ansCEk [28]
Bk, 3T MCC 177 35 4% 58 w8 B sk, ik
Sl /N B AR TG R P B e MR

B —HENE
6.0 o GNSS il &1
g — EKF
= — InEKF
5.0k UKF-M
MCEKF-LG (o = 1)
~12.5-12.0 -11.5 -11.0 — MCEKFLG (0 =2)
Eo
w3

K3 REEIEAE ng T HIE L
Fig.3 Motion trajectory under mixture

Gaussian noise ny
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L= R B oy B4 = 81.1% F1 69.4%, KWL )7 i Rg s
Lol e HRORD SR 2. RANE R, 02

Mggﬁgkg (0 =1) KIS, FT MCC {98 I 88 7R 5/ 5 T X 75
_ —9 N N Vi
A {58 R, BRI 3 o DR B
~ N N NN
5 WS, He SRS THRTEE TR, LT, ik
;‘ﬁ I B N A% S AR RS .
E 0 4 L
: f — FAE
\ 34t ° o GNSS MEAf
N 9l — EKF
0.2 \/ 8 30 s — InEKF
A | ey UKF-M
0 - . . . . 281 o MCEKF-LG (0 = 1)
0 10 20 30 40 50 60 e MCEKF-LG (o = 2)
A /s 4-20 2 46 — GMCGF
7
—EKF =
¢ l|—IEKF =0
UKF-M "
||~ MCEKF-LG (0 = 1)
5| MCEKF-LG (0 = 2)
o —GMCGF
~ 4 |
a
oK
= 3r 5 - SR — N
= Bl 5 RA RS ol FRISEEIE
2t Fig.5 Motion trajectory under mixture
. o
i /’\ / | Gaussian noise ny;
/ N
0 : : v . y 6
0 10 20 30 40 50 60 :E}gw
ITA] /s 5¢|— UKF-M
MCEKF-LG
B4 IRAEMES o TG RMSE = 4t (0=1)
. . . . RS MCEKF-LG
Fig.4 RMSE of pose estimation under mixture i (0 =2)
Gaussian noise nj % 3[ |~ GMCGF
i
i:_[

F 1 IREEHESE 0 FALLAG T ARMSE

[SREIPS
Table 1 ARMSE for pose estimation under mixture
Gaussian noise nj
Jivk ¥iz%  AiE ARMSE (m) 771 ARMSE (°)
EKF - 0.3238 1.8220
InEKF — 0.3176 1.7876
UKF-M — 0.1631 0.4526
oc=1.0 0.1285 0.4756
o =20 0.1478 0.6531
MCEKF-LG
oc=25 0.2337 0.8422
oc=4.0 0.3980 1.2834
GMCGF Hi& v 0.1053 0.3667

TE: M AR B R ZE SR AR A R L.

2) Nt —AE B AT HE T B e AR U
FRGE 57 BRI 75 4, K VR A v )
RN nf ~ 0.5N(0, W) + 0.5N(0, 100W;),
H W, =052 m2. & 5 FE 6 53548 AR 7 ik
THIZERGEE S A RMSE, 7] LG H TR 5 47
BAREMNTHERE. Ak, £ 2 45 ARMSE 453,
AT UKF-M, GMCGF 7EA7 & 77 17 _E FAd 1

(3]
T

20 30 40 50 60
e /s
18
—EKF
16 —InEKF
UKF-M
14 MCEKF-LG
—~ 12 (o =1)
e MCEKF-LG
iy —GMCGF
= 8
= 4l
A Mo ﬂ\.
i / A
0 /\’ o\l 78 i
0 10 20 30 40 50 60
W /s
6 IREEMES ol FALEAG T RMSE
Fig.6 RMSE of pose estimation under mixture

Gaussian noise nf
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*2 REEHMES nk LA T ARMSE

Table 2 ARMSE for pose estimation under mixture
Gaussian noise nf
Jii2: ¥Z%  fiE ARMSE (m) J7i ARMSE (°)
EKF - 2.0361 3.6154
InEKF - 2.0174 3.5294
UKF-M - 1.0913 1.7074
oc=1.0 0.4311 0.9568
o =20 0.6099 1.2834
MCEKF-LG
oc=25 0.8296 1.5069
o =4.0 1.1042 1.7246
GMCGF EPEIVA 0.206 0 0.5214

B0 2. Ay MR MAL LB 7 3 A

2 8 N A R S SRR AT A S A ) L B
i, B ng ~ 0.9N(0, 0.22I3 m?) + 0.1Laplace(0, 1),
HAr, Laplace(0, 1) Fm MEIJEMFREE 1 55
P AR SR EC R N T ATLLE B BT R
GMCGF RS &5 FAR T Fodh 7795, X w] UF BT

I SOM SR A4 ) S WA A BE 0 LA R T R S H H
T RE T
0.9
—FEKF
0.8 }|— InEKF
UKF-M

0.7 - MCEKF-LG (¢ =
MCEKF-LG (o = )
£ 0.6 | —GMCGR

P 0.5}

oK
Eﬂi 04}
) 0.3}
02} \ N

o1t ,‘\J

0 1 ¥ 1 1 1
0 10 20 30 40 50 60
i) /s
8
—EKF
7 H—InEKF
UKF-M
6l MCEKFLG( = )
MCEKF-LG (0 =
< 5 [[-_GMCGF
~
Bt
=
531
2F
1F
0
0 20 60
HTIEﬂ /s

K7 frlrhn oA Ik m g s N 245 1K) RMSE
Fig.7 RMSE of pose estimation under Laplace
distributed non-Gaussian noise

T/ 3. Ap IRMAZEHI 53 A1

R MBS (-1, 1} RS A,
Bl g ~ 0.9N(0, 0.1215 m?) + 0.1B(0.5), HA, B(0.5)
ToRTE {1, 1} ERAS R A, Bl 8 R, BT
MMSE U] (13895 7 722 I RO A TR 22, FF
A E RMSE 5. AHHLZ T, 5T AR I 7
PRI BUR B sh BUN R Z - 4. 7T LA H

PR 07 i B e RS
1.4
—EKF
1 5 I~ IEKF
: UKF-M
MCEKF-LG
LOf (e=1)
& MCEKF-LG
gq 0871 (0=2)
2% —GMCGF /\//\\
g 0.6 \ / %
i /YN )
0.4}
0.2
0 1 1 1 1 1
0 10 20 30 40 50 60
A /s
7
—EKF
6l —InEKF
UKF-M
MCEKF-LG (0 = 1)
T MCEKF-LG (0 = 2)
o —GMCGF
~ 4 L
&
& 3r
R
2 L
1 o
0= ' ' :
0 10 20 30 40 50 60

IFa] /s

B8 aZRI Ak m e A5 N A& Al k1) RMSE
Fig.8 RMSE of pose estimation under Bernoulli
distribution non-Gaussian noise

e Ja, BRI E B gy IO & A, ~
N(0, 0.1 m?). ¥ 9 J@7R T & H LR A4 RMSE,
ATLAE H, GMCGF it RE ik B5 UKF-M AL,
HAL ALV 1 R FE TSR T A TV

UEAh, % 3 45t T 5 FhiE U B AT
). 4128 2.3 WA #, BT GMCGF fE % 5§20
b T A ASRAA, A LT UKF-M 72 HE KB
AT a], SRT, S8 00 I (R 7E & BTG L N , 2 BH BT
FFARE T ks B R U A I . BT
S ITE Intel Core 15-9300H (2.40 GHz) AbFE 3%
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02 —0rx Bl BN ) LRI T vk, TR R
—IEKE ; SR S5 B8 0 i) S ey e A A 3, [ IS e
R e R A FEZEBE (N JUAT S5 4. BAh, AR ST M 7 B 7211
&yl anear O TS A, I 5 UKF-M 347 b, 2 4007 B 4
5 \ /\ SRR T TR 5 A AR R A 3 5 bR, B
gﬁ 010 \ 2 | A AE UL 4 T AR s DL T, AT AT SR AT HE AR
= . ] \ | itk 5.
st oA WA Y RV MR A S 1 B
0 T TR T ——— HERR. 457 y = h(X), X T REAT AR 3
A /s g=AE+0b (A1)
2=z HFRER AL R E A Fl b, E XSt E SR
181 — LK /MBI 7R 2, B min g, HA
1.2 - MgE_KF—Lg ga _ 1% / J=MSE(4, b)) =E (eeT) =
14| MCEKF-LG (o = 2 ‘
< ppflgmcor | E[y-4c-0)"(y-4c-b)|  (A2)
W0l A [ . \
20 N \ Kb, e =y— g, FREHEAIRE. HR (A2) B
R || A M 3R RFIHALEER N 0, 7/I15
041 W / N A QZ:EQ%ﬂ@—Aé—w@—Affwﬂ:
02l (] A VoW A 0A  T0A
0O 1.0 2.0 30 4.0 5.0 7 60 -2 [E (yfT) —AE (ng) o (gT)] - 0A3
B /s (A3)
BI9 M T s HH RMSE O —m 2 [y Ac )ty Ac—b) =
ig. SE of pose estimation under Gaussian noise
e TS afpose esimation i 2B - AB©-H=0  (A)
Table 3 Sii%gli stefiiifiﬁfn%cfn?;;‘g‘c{iing methods HT E (=0, E (ng) =P, T 50 (A3) A
o rper——— (A4), AL AT A= E (yeT) E(¢e™) ' =
EJKF 0.1917 | E(fyT)TP_l b =E(y). ¥ AN (AL)
InEKF 0.2407 iy=Ew), A
UKF-M 05043 §=Ac+b=g+E(&y") P (A5)
MCEKF-LG 0.8994 EE:EQ (A5) m‘%u’ E(ﬂ) — E(y), Fﬁuﬂ (A5) j"j
GMCGF 1.0178

AT MATLAB R2023b 335 Figfr, PARIESLIR 45
SR e ME A AT SR

g b, M T UKF-M 1l MCEKF-LG,
GMCGF LT % i IR, R 7E I 2%
PR ZERITEOL T, TR Tl S5 AR I
RAFHfh - PERE, B GMCGF I 3IE T XAH
A LA K 1 3 A% S AE & P A v e 7 2 A R 1)
32 P, 5 T 3 T B S PR v g 7 A
KA L.

4 Z5RIiE
b 2SR L AL AR T T R S, A aR

y=h(X) G E TR LEA. A, i
pﬁy = E[fyTL A= Pép_la Pyy - E[(y - g)(y - g)T]
A1 ey — Ele(y — )T, A5 077 220
P.=E|(y-5-PLP) (y—y- PLPTE)| =
Py, + APA" — AP, — (AP£y)T (A6)
O

iR B ZEIE 1 AYIERA
MERR. 7E58 1 4 1 JCGBARUR, R¥EK (23) ~ (26),
EEE

ly = A (X)) = lly =5 = HIETH | (BY)
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Jihh, WRPEI (14), £E LTI AT 20
CEE

o (X Xl“) — log (22*125”1) -

log (exp (¢') exp (¢41)) ~

e+ (k) et (B2)
ot (R, XT) = log (X111 =

log (exp (g”%) exp (gl)) ~

€+ (g et (B3)

HA,

NA
jR -1 _ a'd(f )
(77%) — exp (—ad(ﬁl)/\> +1 (B5)

Ko, A IR GBI A5 AR R, ad()
FoR BT, T R AARE. 4% 1, X (B2)
R (B3) AT —F kN

o (A e g (B6)

H, AP AR 2R B X (34). X2 (34)
(RS T () RIRF, 1L & =&+ T, §l =y —
i, gt =it — HE,

aJ ol s -2 o a

2 g | e (A1)
_ _ a9
€5 Pe ) |
exp (<A1 |") 105 B8

N = a pey S=21 7]
id Ghre=expIE' IR IENE s Gluca
oJ

- 2 1221 e 9I(E)
= exp(ANT N r T 512217 3, H 2 56 =

0,H

€1 = (77T G P T+ (') Gl (R) ™

mea

(7)) (BS)
0

—1
1) (= 0TGP () Gl ¢

ik C  ApRl 2 AYIERR
JERR. MR (14) RIS (B6), 7
X = (R e ) mp (R, ¢4 77 ()
B (13), i A= (GL) P, 3 =y -7,
H =G\ HY, WA
gl + jl—lfur% _
g (g g +fflT(Rl)‘1Hl)’1 «
(&) + B (7)1 7€) =
I (%—Tpl—ljl—l + FIZT(RZ)_lHl)A %
AN RY ™ (7 + H' 7' =
K' (7" + H' 7,¢") (C2)

Horb, KRR RR S a5 B R £ B s ) v
Ji, A ad(e) ¢ =0, AT

- ot )’

T :n; I
> (ad(fl)/\>n
— _\r N ) el C
Jf%l—;< T gd=¢  (CY
HRAER (C3) FIR (C4), 3 (C2) ATl — R A
fz +$—1£z+% — K! (gz +ngl) (05)

38 (C5) RS (CL) o, AT M R ik
A

X = (2\?7 7 +Hl€l) (C6)

P =(G.)"'P, H=0¢

pre mea

H', K' I%&h N
Kl=g" (\717T15171\7171 + E[lT(Rl)_lHZ)_l %
AF (R (H' AP AT + RY) (B,
o -1
RI'AT +R') =
Ry HY (H'ZPITH] + R (o)
G4k, w (€, €] =0, R4E BCH (Baker-
Campbell-Hausdorff) A, A[1§
log (exp (fl) exp (fl‘*‘%)) =gt (C8)

MR 245 5 1 55 PE (Skew-commutativity)
YRR, A (¢, €] = —[¢], ¢tT] = 0. [REEATTE
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log (exp (61 ) exp (¢1) ) = ' + ¢+
B, AR Tt (B6), ¢t (4, X)) pys i

(C9)

YWy
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11
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