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Output-feedback Adaptive Control for a Class of
Nonlinear Systems with Unknown Control Directions

LIU Yun-Gang1

Abstract In this paper, output-feedback adaptive stabilization is investigated for a class of nonlinear systems with unknown
control directions. First, through a linear state transformation, the unknown control coefficients are lumped together and the
original system is transformed to a new system for which control design becomes feasible. Then, after the introduction of an observer
and an estimator for state and parameter estimates, respectively, a constructive design procedure is given for the output-feedback
adaptive stabilizing controller using integrator backstepping and tuning function techniques. It is shown that the controller designed
ensures the original system state converges to the origin whereas all the other closed-loop system states are bounded. Simulation
results are illustrated to show the effectiveness of the proposed approach.

Key words Nonlinear systems, unknown control directions, output-feedback, adaptive control, backstepping

1 Introduction

Ever since the introduction of backstepping design[1],
extensive research has been investigated on the con-
structive control design[1∼5], incorporated with nonlin-
ear damping[6], tuning functions, MT filters[2], neural
networks[7], Nussbaum gain function[8∼11], and other meth-
ods.

In the last two decades, the control problem of sys-
tems with unknown control directions has received much
attention[8∼16]. When the signs of control coefficients are
unknown, the control problem becomes much more diffi-
cult, because in this case, we cannot decide the direction
along which the control operates. This control problem had
remained open till the early 1980s. The breakthrough so-
lution was originally given for a class of first-order linear
systems by introducing the Nussbaum function[17]. Using
Nussbaum gain methods, adaptive control was given for
first-order nonlinear systems in [12].

As the first step toward higher order systems, back-
stepping with Nussbaum function was then developed for
second-order systems in [9]. Later, backstepping with Nuss-
baum function was successfully developed for arbitrary fi-
nite order of nonlinear systems in the triangular structure,
with constant control coefficient in [10, 11], where nonlinear
systems and linear minimum phase systems were studied
separately, and with time varying control coefficients[13,15].
Recently, the results have also been extended to nonlinear
systems with general unknown nonlinear functions, rather
than the standard assumption of linear-in-the-parameters
form made by combining adaptive and neural network
parametrization techniques[18].

In comparison with the plentiful research results in
the state-feedback controls[9∼11,13,15,19], there are only
a few results on output-feedback control for nonlinear
systems[14,16,19], and many problems still remain open.
The unknown signs of control coefficients will cause much
greater technical difficulty in observer design in an effort
to do output-feedback control as compared with state-
feedback design. To the best of our knowledge, output-
feedback control has only been investigated for a very spe-
cial class of nonlinear systems with only one unknown con-
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trol coefficient, the so-called high-frequency gain[14,16,19].
In this paper, we will consider the output-feedback adap-

tive stabilization control design for a large class of nonlinear
relative degree n systems in strict feedback form without
zero dynamics but with unknown perturbations and un-
known control directions, and generalize the result in [16]
where only one control coefficient is unknown. First, we
introduce a linear state transformation, through which the
unknown control coefficients distributed in the system can
be lumped together for ease of manipulation. The origi-
nal system is transformed into a new nonlinear system, for
which the control design becomes feasible. Then, an ob-
server and an estimator are designed to give the estimates
of the state and parameter, respectively. Finally, a con-
structive design procedure is presented for output-feedback
adaptive stabilization control using the integrator backstep-
ping. Moreover, the tuning function method is utilized to
remove the overparameterization. The main result shows
that under some mild conditions the controller designed
ensures the original system states asymptotically converge
to zero whereas all the other closed-loop system states are
bounded.

2 Preliminary knowledge

In this paper, the control coefficient is said to be un-
known, if both its value and sign are unknown.

Definition 1. A continuous function, N : [0,∞) → R,
is called a Nussbaum function if it satisfies





lim
s→∞

sup

(
1

s

∫ s

0

N(υ)dυ

)
= +∞

lim
s→∞

inf

(
1

s

∫ s

0

N(υ)dυ

)
= −∞

For example, υ 7→ eυ2
cos(πυ/2), υ 7→ ln(υ +

1) cos(
√

ln(υ + 1)), and υ 7→ υ2 cos(πυ/2) are Nussbaum

functions[8,10].
From Definition 1, it is easy to see that the Nussbaum-

type function is not restricted to be even or odd. How-
ever, throughout this paper, we restrict ζ 7→ N(ζ) =

eζ2
cos(πζ/2) as an even Nussbaum function, and in the

following lemma.
Lemma 1[13]. Let tf ∈ [0, ∞), and V : [0, tf ) → R+,

ζ : [0, tf ) → R be smooth functions, and N : [0, tf ) → R
be an even Nussbaum function. If the following inequality
holds, i.e.,

V (t) ≤ c +

∫ t

0

(gN(ζ(υ)) + 1)dζ(υ), ∀ t ∈ [0, tf )
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where g ∈ R is a nonzero constant and c ∈ R represents
some suitable constant, then t 7→ ζ(t), t 7→ V (t), and t 7→∫ t

0
N(ζ(υ))dζ(υ) are bounded on [0, tf ).

3 System model and control problem

3.1 System model

Consider the nonlinear system in the following form





ẋi = gixi+1 + θθθT
i φφφi(y), i = 1, · · · , n− 1

ẋn = gnu + θθθT
nφφφn(y)

y = x1

(1)

where xxx = [x1, x2, · · · , xn]T ∈ Rn, u ∈ R, y ∈ R are
system states, control input, and output, respectively; the
initial states xxx(0) = xxx0; gi, i = 1, · · · , n, called the control
coefficients, are unknown constants; θθθi ∈ Rri , ri ∈ N, i =
1, · · · , n are unknown but constant system parameters;
φφφi : R → Rri , i = 1, · · · , n are known regressor vector-
valued functions of system output y only.

It is easy to see that system (1) satisfies the triangular
structure. This suffices to use integrator backstepping in
control design. When for all i = 1, · · · , n, gi = 1, sys-
tem (1) is in the parametric strict-feedback form, which
have been intensely investigated in [2]. However, when gis
are unknown, especially the signs are unknown, the con-
trol problems of such systems will become much difficult
and challenging. It has been shown that when the con-
trol directions of the systems are unknown, the method
based on Nussbaum function is an effectual tool without
worrying too much about their practical applications, and
various results have been obtained, but most are for state
feedback. It is worth mentioning that system (1) is more
general and includes that in [16] as a special case, where
only one control coefficient is unknown.

Assumption 1. φφφi ∈ C∞(R; Rri) with φφφi(0) = 000, and
gi 6= 0 for i = 1, · · · , n.

Remark 1. Assumption 1 is much standard for such
control problems, which implies that the origin is the equi-
librium point of system (1), and g′is are positive or negative
but not zero, to satisfy the controllability condition of the
system.

3.2 Control objective

The objective of this paper is to develop a dynamic
output-feedback adaptive stabilizing controller as follows.

{
ẋxxc = fffc(y, xxxc)

u = hc(y, xxxc)

such that the state xxx of the closed-loop system with the
initial condition y(0) = y0, xxxc(0) = xxxco asymptotically con-
verges to zero while all the other signals are bounded, where
fffc, hc are continuously differential, and xxxc is composed of

observer state ξ̂ξξ, parameter estimate ϑ̂ϑϑ, and variable ζ as
will be detailed in Section 4.

4 Output-feedback adaptive control
design

Because of the existence of unknown control coefficients,
gi, i.e., both their values and signs are unknown, output-
feedback control system design is very hard, even impos-
sible. The best result available thus far in the literature
is probably that in [16], which, however, is applicable to
the class of systems with only one unknown high-frequency
control coefficient.

In this paper, we can show that through a linear state
transformation the system can be easily transformed into
a system without the said difficulty, and make the output-
feedback control feasible. By carefully examining system
(1), we find that the difficulty of unknown control coeffi-
cient, gi, disappears if the corresponding equation is di-
vided by gi itself with the scaled state being defined as
the new state. This simple observation motivates us to in-
troduce a novel linear state transformation to convert the
original difficult system into a new system in which there
are no unknown control coefficients, and the original un-
known control coefficients are lumped together in the new
states for which closed-loop observer design can be used
to re-construct them for stable output-feedback control de-
sign.

The output-feedback adaptive control is developed in
three steps as shown in this section. First, a linear state
transformation is introduced to transform the original sys-
tem to a new system with determinate control coefficients.
Then, observer design is briefly presented for the trans-
formed system using the most recent results. Finally, with
the observer dynamics in the loop, output-feedback control
design is given for the overall system in the lower triangular
structure for which backstepping design is applied.

4.1 State transformation

Let ΘΘΘi = θθθi/
∏n

j=i gj and ξi = xi/
∏n

j=i gj for i =

1, · · · , n. The dynamics of ξξξ = [ξ1, · · · , ξn]T are then
given by

{
ξ̇i = ξi+1 + ΘΘΘT

i φφφi(y), i = 1, · · · , n− 1

ξ̇n = u + ΘΘΘT
nφφφn(y)

(2)

in which all control coefficients are known, i.e., gi = 1, i =
1, · · · , n, the system is in the low triangular form, and the
uncertainties ΘΘΘT

i φφφi(y), i = 1, · · · , n are functions of system
output y only.

For system (2), if states ξis are available, control design
can be carried out easily. But, because of the existence
of unknown control coefficients in the linear state transfor-
mation, each of states ξis is unavailable, and a full-order
observer is necessary for control design.

4.2 Observer design

Let us consider the observer designed in [16] for system
(2):

{
˙̂
ξi = ξ̂i+1 − kiξ̂1, i = 1, · · · , n− 1
˙̂
ξn = u− knξ̂1

(3)

where kis are constant design parameters to be determined

and the initial condition is ξ̂i(0) = ξ̂0i for any i = 1, · · · , n.

Denote ξ̂ξξ = [ξ̂1, · · · , ξ̂n]T and let ξ̃ξξ = ξξξ−ξ̂ξξ be the observer

error. For convenience, define ξ̂n+1 = u and ξ̃n+1 = 0.
It should be noticed that the above observer is of full-

order. In fact, with the way of [20] in hand, it is easy to
design a reduced-order observer, and the control design and
stability analysis are mostly the same as those in the latter.

Combining (2) and (3) together, and bearing in mind the

definition of ξ̃n+1, we get the observer error dynamics of ξ̃ξξ
as follows

˙̃
ξξξ = Aξ̃ξξ + ΘTΦΦΦ(y) + KKKξ1
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where Θ = diag
[
ΘΘΘ1, . . . , ΘΘΘn

]
, ΦΦΦ =

[
φφφT

1 , · · · , φφφT
n

]T
, and

A =




−k1

· · · In−1

−kn 0 · · · 0


 , KKK =




k1

...
kn




Choose positive constants k1, · · · , kn such that A is
asymptotically stable; hence there exists a P = PT > 0
such that

ATP + PA = −I (4)

Next subsection turns to the control design.

4.3 Output-feedback adaptive control design

In this subsection, we begin the design procedure of the
output-feedback adaptive stabilization control for the fol-
lowing overall system with the observer in the loop





˙̃
ξξξ = Aξ̃ξξ + ΘTΦΦΦ(y) + KKKξ1

ẏ = g(ξ̂2 + ξ̃2) + θθθT
1 φφφ1(y), g =

∏n
i=1 gi

˙̂
ξi = ξ̂i+1 − kiξ̂1, i = 2, 3, · · · , n− 1
˙̂
ξn = u− knξ̂1

(5)

With this system as the starting point, we begin the stabi-
lizing control design, which is addressed in a step-by-step
manner by using integrator backstepping approach together
with tuning function technique, and a Nussbaum-type func-
tion to overcome the mentioned difficulty. The design pro-
cedure given below is in a domain of the initial condition
and in a small time interval [0, tf ).

Step 0. This step can be viewed as the initial assign-
ment for the entire design procedure. Define V0 : Rn → R

by V0(ξ̃ξξ) = ξ̃ξξ
T
Pξ̃ξξ, ξξξ ∈ Rn, where P = PT > 0 satisfies (4).

Its time derivative satisfies

V̇0 = −‖ξ̃ξξ‖2 + 2ξ̃ξξ
T
P

(
ΘTΦΦΦ(y) + KKKξ1

)
, ∀t ∈ [0, tf ) (6)

For the second term, by Assumption 1, there exists ΦΦΦ(y) =

yΦΦΦ(y), ∀y ∈ R, where ΦΦΦ(·) is a smooth matrix-valued func-

tion defined by y 7→ ΦΦΦ(y) =
∫ 1

0

∂ΦΦΦ(s)
∂s

|s=ayda; hence

2ξ̃ξξ
T
PΘTΦΦΦ(y) ≤ 1

4
‖ξ̃ξξ‖2 + 4‖P‖2r2

Θ

∥∥∥ΦΦΦ(y)
∥∥∥

2

y2 (7)

where rΘ > 0 is an unknown number such that ‖Θ‖ ≤ rΘ.
From the foregoing definition of ξ1, we know that y =

x1 = ξ1

∏n
i=1 gi. By this equation together with Assump-

tion 1, we have

2ξ̃ξξ
T
PKKKξ1 ≤ 1

4
‖ξ̃ξξ‖2 +

4‖PKKK‖2∏n
i=1 g2

i

y2, ∀ξ̃ξξ ∈ Rn, ∀y ∈ R (8)

Substituting (7) and (8) into (6) concludes that

V̇0 ≤ −1

2
‖ξ̃ξξ‖2 + ν(1 + ‖ΦΦΦ(y)‖2)y2, ∀t ∈ [0, tf ) (9)

where ν = 4max
{
‖P‖2r2

Θ, g2

8ε1
, ‖PKKK‖2∏n

i=1 g2
i

}
and ε1 satisfies

0 < ε1 < min
{
0.5, 1

2(n−1)

}
.

The following turns to the recursive design procedure,
which is divided into n steps in all.

Step 1. Let z1 = y and z2 = ξ̂2 − α1(y, ζ, ϑ̂ϑϑ), where

α1(·) is a smooth function to be determined, ϑ̂ϑϑ denotes

the estimate of ϑϑϑ = [ν, g, θθθT
1 ]T whose updating law is

postponed until the last step (See (19)), and ϑ̃ϑϑ denotes the

estimation error of ϑϑϑ, that is ϑ̃ϑϑ = ϑϑϑ− ϑ̂ϑϑ.
Choose Lyapunov function candidate V1 = V0 +

1
2
ϑ̃ϑϑ

T
Γ−1

ϑϑϑ ϑ̃ϑϑ+ 1
2
z2
1 , where Γϑϑϑ = ΓT

ϑϑϑ > 0 is called the adaptive
gain matrix.

Noting (9) and
˙̃
ϑϑϑ = − ˙̂

ϑϑϑ, the time derivative of V1 along
the trajectories of system (5) is as follows.

V̇1 ≤ −1

2
‖ξ̃ξξ‖2 + ν(1 + ‖ΦΦΦ(y)‖2)y2 − ϑ̃ϑϑ

T
Γ−1

ϑϑϑ
˙̂
ϑϑϑ+

z1

(
g(α1 + z2 + ξ̃2) + θθθT

1 φφφ1(y)
)

, t ∈ [0, tf ) (10)

The term gξ̃2z1 on the right-hand side of (10) has unknown
constant gain g. Then, noting the definition of the unknown
constant ν earlier, we have

gz1ξ̃2 ≤ ε1ξ̃
2
2 +

g2

4ε1
z2
1 ≤ ε1‖ξ̃ξξ‖2 + 0.5νz2

1

From the above equation and the definition of ϑϑϑ, it follows
that

ν(1 + ‖ΦΦΦ(y)‖2)y2 + gz1ξ̃2 + z1θθθ
T
1 φφφ1(y) ≤

ε1‖ξ̃ξξ‖2 + z1ϑϑϑ
TΨΨΨ1(y)

where ΨΨΨ1(y) = [0.5y + (1 + ‖ΦΦΦ(y)‖2)y, 0, φφφT
1 (y)]T. Substi-

tuting this equation into (10), we have

V̇1 ≤− c1‖ξ̃ξξ‖2 − ϑ̃ϑϑ
T
Γ−1

ϑϑϑ
˙̂
ϑϑϑ + z1gα1+

z1ϑϑϑ
TΨΨΨ1(y) + gz1z2, t ∈ [0, tf ) (11)

where c1 = 1
2
− ε1, which will be positive if ε1 < 1

2
.

Because of the presence of the unknown parameter, g,
we have to use the Nussbaum technique in designing the
control law[7] as follows.





α1 = N(ζ)η(z1, ϑ̂ϑϑ)

ζ̇ = z1η(z1, ϑ̂ϑϑ)

η = β1z1 + ϑ̂ϑϑ
T
ΨΨΨ1(y)

(12)

where β1 > 0 is a design constant, the function N(·)
is smooth, even and Nussbaum-type, chosen as ζ 7→
eζ2

cos(πζ/2) throughout this paper. Clearly, α1 is a

smooth function of (y, ζ, ϑ̂ϑϑ) and vanishes when y = 0, ζ =
0. It should be mentioned that there are various meth-
ods to construct the Nussbaum-type functions, for example,
in [11] two slightly different ways are presented for linear
minimum-phase systems.

Substituting (12) into (11), and after some algebraic ma-
nipulations, we have

V̇1 ≤− c1‖ξ̃ξξ‖2 − β1z
2
1 − ϑ̃ϑϑ

T
Γ−1

ϑϑϑ (
˙̂
ϑϑϑ− τττ1)+

(gN(ζ) + 1)ζ̇ + gz1z2

where τττ1 = ΓϑϑϑΨΨΨ1z1 and τττ i(i = 2, · · · , n) in the latter

steps are called the tuning functions[2], which are usually
used to avoid overparameterization in adaptive control de-
sign.

Remark 2. Note that the first and second items are sta-
bilizing, the third item can be made stabilizing by designing
tuning law later, and the fourth item can be analyzed us-
ing Lemma 1 as will be detailed soon. The difficulty lies in
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presence of the last term “gz1z2” because it has unknown
gain g and the standard technique for known sign case is
no longer applicable here. At first glance, it may seem to
be difficult. In fact, it can be easily solved by grouping g
into one of the parameter ϑϑϑ so that the parameter estima-
tor using tuning functions can be used to solve the problem
with ease which will be explained later.

Step 2. Define z3 = ξ̂3 − α2(y,
¯̂
ξξξ2, ζ, ϑ̂ϑϑ), where

¯̂
ξξξ2 = [ξ̂1, ξ̂2]

T. Then from (5), the dynamic of z2 is eas-
ily obtained.

Define V2 : Rn ×R2 → R by V2 = V1 + 1
2
z2
2 . Its time

derivative of V2 satisfies

V̇2 ≤− c1‖ξ̃ξξ‖2 − ϑ̃ϑϑ
T
Γ−1

ϑϑϑ (
˙̂
ϑϑϑ− τττ1)−

β1z
2
1 + (gN(ζ) + 1)ζ̇ + gz1z2+

z2

(
z3 + α2 − k2ξ̂1 − ∂α1

∂y

(
g(ξ̂2 + ξ̃2)+

θθθT
1 φφφ1(y)

)
− ∂α1

∂ζ
ζ̇ − ∂α1

∂ϑ̂ϑϑ

˙̂
ϑϑϑ

)
, t ∈ [0, tf ) (13)

Note that gz1z2, − ∂α1
∂y

gξ̂2z2 and − ∂α1
∂y

gξ̃2z2 have the same

unknown coefficient g. It is clear that gz1z2 − ∂α1
∂y

ξ̂2gz2 =

g
(
z1 − ∂α1

∂y
ξ̂2

)
z2. The term − ∂α1

∂y
gξ̃2z2 satisfies the fol-

lowing inequality

−∂α1

∂y
gξ̃2z2 ≤ ε1‖ξ̃ξξ‖2 +

ν

2

(
∂α1

∂y

)2

z2
2

Then, noting the definition of ϑϑϑ earlier, we have

gz1z2 − ∂α1

∂y
gξ̂2z2 − ∂α1

∂y
gξ̃2z2 − ∂α1

∂y
θθθT

1 φφφ1(y)z2 ≤

ε1‖ξ̃ξξ‖2 + z2ϑϑϑ
TΨΨΨ2 (14)

where ΨΨΨ2 =
[

1
2

(
∂α1
∂y

)2

z2, z1 − ∂α1
∂y

ξ̂2, − ∂α1
∂y

φφφT
1 (y)

]T
is

smooth with respect to each of it arguments.
Design the virtual control α2 as follows.

α2 = −β2z2 + k2ξ̂1 − ϑ̂ϑϑ
T
ΨΨΨ2 +

∂α1

∂ζ
ζ̇ +

∂α1

∂ϑ̂ϑϑ
τττ2 (15)

where τττ2 = τττ1 + ΓϑϑϑΨΨΨ2z2. From (15), it is easy to see that

α2 can be rewritten into the function of (y,
¯̂
ξξξ2, ζ, ϑ̂ϑϑ) by the

definitions of z1, z2.
Letting c2 = c1 − ε1 and substituting (14) and (15) into

(13) and after some algebraic manipulations, we have

V̇2 ≤− c2‖ξ̃ξξ‖2 −
(

ϑ̃ϑϑ + Γϑϑϑ

(
∂α1

∂ϑ̂ϑϑ

)T

z2

)T

×

Γ−1
ϑϑϑ (

˙̂
ϑϑϑ− τττ2)− β1z

2
1 − β2z

2
2+

(gN(ζ) + 1)ζ̇ + z2z3, t ∈ [0, tf )

Step 2 is thus completed. The remaining steps can be re-
cursively carried out.

Step iii (iii = 3, 4, · · · , n). Assume that Lyapunov func-
tion candidates Vj (j = 2, 3, · · · , i−1) correspond to Step

j, respectively, and Vi−1 satisfy the following inequality

V̇i−1 ≤− ci−1‖ξ̃ξξ‖2 −
(

ϑ̃ϑϑ + Γϑϑϑ

i−1∑
j=2

(
∂αj−1

∂ϑ̂ϑϑ

)T

zj

)T

Γ−1
ϑϑϑ

(
˙̂
ϑϑϑ− τττ i−1

)
−

i−1∑
j=1

βjz
2
j +

(gN(ζ) + 1)ζ̇ + zi−1zi t ∈ [0, tf ) (16)

Define zi+1 = ξ̂i+1−αi(y,
¯̂
ξξξi, ζ, ϑ̂ϑϑ), where αi is called the

ith virtual control and
¯̂
ξξξi = [ξ̂1, · · · , ξ̂i]

T, i = 1, · · · , n.
From (5), the dynamic of zi is easily obtained. Then, for

− ∂αi−1
∂y

gξ̂2zi and − ∂αi−1
∂y

gξ̃2zi in ziżi, which have the same

unknown constant gain g, bearing in mind the definition of

ν, we have zi
∂αi−1

∂y
gξ̃2 ≤ ε1‖ξ̃ξξ‖2 + ν

2

(
∂αi−1

∂y

)2

z2
i . From

this and the definition of ϑϑϑ, it follows that

− ∂αi−1

∂y
gξ̂2zi − ∂αi−1

∂y
gξ̃2zi − ∂αi−1

∂y
θθθT

1 φφφ1(y)zi ≤

ε1‖ξ̃ξξ‖2 + ϑϑϑTΨΨΨizi (17)

where ΨΨΨi =
[

1
2

(
∂αi−1

∂y

)2

zi, − ∂αi−1
∂y

ξ̂2, − ∂αi−1
∂y

φφφT
1 (y)

]T
.

Substituting (17) into (16), and after some algebraic ma-
nipulations, we have for any t ∈ [0, tf )

V̇i ≤− ci‖ξ̃ξξ‖2 −
(

ϑ̃ϑϑ + Γϑϑϑ

i−1∑
j=2

(
∂αj−1

∂ϑ̂ϑϑ

)T

zj

)T

×

Γ−1
ϑϑϑ (

˙̂
ϑϑϑ− τττ i−1)−

i−1∑
j=1

βjz
2
j + (gN(ζ) + 1)ζ̇+

zi

(
αi + zi−1 − kiξ̂1 + ϑϑϑTΨΨΨi−

i−1∑
j=1

∂αi−1

∂ξ̂j

(
ξ̂j+1 − kj ξ̂1

)
− ∂αi−1

∂ζ
ζ̇−

∂αi−1

∂ϑ̂ϑϑ

˙̂
ϑϑϑ

)
+ zizi+1, t ∈ [0, tf )

where ci = ci−1 − ε1.
Thus, we can choose αi as follows.

αi = −βizi − zi−1 + kiξ̂1 − ϑ̂ϑϑ
T
ΨΨΨi +

i−1∑
j=2

∂αi−1

∂ξ̂j

(
ξ̂j+1−

kj ξ̂1

)
+

∂αi−1

∂ζ
ζ̇ −

i∑
j=2

∂αj−1

∂ϑ̂ϑϑ
zjΨΨΨi +

∂αi−1

∂ϑ̂ϑϑ
T

τττ i

(18)

where τττ i = τττ i−1 + ΓϑϑϑΨΨΨizi. From (18) and the definition of
z̄i, it is clear that αi can be expressed as the function of

(y,
¯̂
ξξξi, ζ, ϑ̂ϑϑ).

So far, the actual adaptive controller and the updating

law of ϑ̂ϑϑ are obtained and given by
{

u(y, ξ̂ξξ, ζ, ϑ̂ϑϑ) = αn(y, ξ̂ξξ, ζ, ϑ̂ϑϑ)
˙̂
ϑϑϑ = τττn, ϑ̂ϑϑ(0) = ϑ̂ϑϑ0, t ∈ [0, tf )

(19)
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and Vn = V0 + 1
2

∑n
j=1 z2

j satisfies for any t ∈ [0, tf )

V̇n ≤− cn‖ξ̃ξξ‖2 −
n∑

i=1

βiz
2
i + (gN(ζ) + 1)ζ̇ (20)

where τττn, αn, and cn can be be easily written out by above
argument.

At this stage, we have completed the design procedure
of the output-feedback adaptive control using backstepping
and tuning function techniques. It is worth mentioning that
Step 2 cannot be included in Step i. This is because that
in Step 2, “gz1z2” should be stabilized and hence ΨΨΨ2 is not
a special case of ΨΨΨi.

The main results contained in the following theorem
summarizes this section.

Theorem 1. Consider system (1) satisfying Assump-
tions 1. If the design parameters ε1 and βi, i = 1, · · · , n
are appropriately chosen, such as ε1 = 1

2n
, β1 = β2 =

· · · = βn = 1, then, for any initial condition xxx(0) =

xxx0, ξ̂ξξ(0) = ξ̂ξξ0, ζ̂(0) = ζ̂0 and ϑ̂ϑϑ(0) = ϑ̂ϑϑ0, the application
of the observer (3) in conjunction with (12), (18) and the
control (19) into system (1) ensures that all the closed-
loop system states are well-defined and bounded for any
t ∈ [0, ∞). Moreover,

lim
t→∞

xxx(t) = 0, lim
t→∞

zzz(t) = 0

Proof. In the following, we will first prove that the
closed-loop solution is bounded and well-defined on [0, ∞),
and then, prove the asymptotical stability of the system
states xxx(t) and zzz(t) as t →∞.

It is easy to see that the right-hand sides of closed-
loop system are locally Lipschitz in a domain of the ini-
tial condition, and hence the system has a unique solu-

tion (zzz(t), ξ̂ξξ(t), ζ̂(t), ϑ̂ϑϑ(t)) on a small interval [0, tf ). Let
[0, Tf ) be its maximal interval of the existence and unique-
ness. We are now ready to show that Tf = ∞. For this,
we first prove the boundedness of all the closed-loop states
starting from the given initial condition on [0, Tf ). De-

fine W (ξ̃ξξ, zzz) = −cn‖ξ̃ξξ‖2 −
∑n

j=1 βjz
2
j , which is negative

definite with respect to ξ̃ξξ and zzz. From this, (20) and
Lemma 1, it follows that ζ and V are bounded on [0, Tf ).

This means that (ξ̃ξξ(t), zzz(t), ϑ̃ϑϑ(t)) are bounded for any t
in [0, Tf ); namely, ∃M1 > 0, independent of Tf , for any

t ∈ [0, Tf ), ‖ξ̃ξξ(t)‖ ≤ M1, ‖zzz(t)‖ ≤ M1, ‖ϑ̃ϑϑ(t)‖ ≤ M1.
From this together with the boundedness of ϑϑϑ, it is easy

to see that ϑ̂ϑϑ is bounded on [0, Tf ); that is, ∃M2 > 0, in-

dependent of Tf , for any t ∈ [0, Tf ), ‖ϑ̂ϑϑ(t)‖ < M2. Let

us next prove the boundedness of ξ̂ξξ on [0, Tf ). First from

the boundedness of ξ̃ξξ(t) for any t in [0, Tf ), the definition

ξ̂2 = z2 + α1 and the smoothness of α1, the boundedness

of ξ̂2(t) can be ensured for any t in [0, Tf ). Therefore,

from (3); that is,
˙̂
ξ1 = ξ̂2 − k1ξ̂1, k1 > 0, we immedi-

ately conclude that ξ̂1(t) is bounded for any t in [0, Tf );
that is, ∃M3 > 0, independent of Tf , for any t in [0, Tf ),

|ξ̂1(t)| ≤ M3. Using inductive argument, the bounded-

ness of ξ̂i(t), i = 2, · · · , n, as well as ξξξ(t) for any t in
[0, Tf ), can further be established by the boundedness of

ξ̂1(t) and ϑ̂ϑϑ(t) for any t in [0, Tf ) and the smoothness of
αi, i = 1, · · · , n − 1. So far, all the closed-loop system
states are upper bounded by c = max{M1, M2, M3} on
[0, Tf ). Because c is independent of Tf , it is natural that
Tf can be maximized to +∞. Otherwise, finite time escape

will happen, namely, the solution will escape from any com-
pact set as t → Tf . By this together with Theorem 3.3 of
[21], we conclude that the closed-loop system has a unique
bounded solution that is well-defined for all t ≥ 0.

The rest is to prove the asymptotical stability of the

system states zzz, [y, ξ̂1, ξ̂2, · · · , ξ̂n]T and ξξξ (as well as xxx).

Again from (20) and by Lemma 1, it follows that ξ̃ξξ(t) and
zzz(t) are L2; that is, there exists a constant M4 > 0, such
that ∫ ∞

0

‖ξ̃ξξ(t)‖2dt < M4,

∫ ∞

0

‖zzz(t)‖2dt < M4 (21)

Then, from the smoothness of the right-hand sides of the

closed-loop system, the boundedness of ξ̃ξξ(t), ζ(t), ξ̂ξξ, zzz(t)

and ϑ̂ϑϑ(t) on [0, ∞), it follows that the time-derivatives of
zi
′s are bounded for all t ≥ 0. This, in turn, implies that

zi, i = 1, · · · , n are uniformly continuous, and further,
together with (21) and the well-known Barbalat′s Lemma,
leads to

lim
t→∞

zzz(t) = 0 (22)

Let us next show that [y, ξ̂1, ξ̂2, · · · , ξ̂n]T is asymp-
totically stable indeed, and then prove that ξξξ, and xxx, is
so.

From (22) and z1 = y = x1, it follows that y, and
hence x1 is asymptotically stable. By the boundedness

of ζ and ϑ̂ϑϑ, the smoothness of α1, the expressions of α1

and η by (12), and Assumption 1 on φφφis, we know that

limy→0 α1(y, ζ, ϑ̂ϑϑ) = 0. From this together with (22) and

ξ̂2 = z2 + α1(y, ζ, ϑ̂ϑϑ), we conclude that ξ̂2 is asymptot-

ically stable. Therefore, by
˙̂
ξ1 = ξ̂2 − k1ξ̂1, k1 > 0, we

immediately obtain the asymptotical stability of ξ̂ξξ. Sup-

pose that [ξ̂1, ξ̂2, · · · , ξ̂k−1]
T is asymptotically stable

for any k (k = 3, 4, · · · , n). Then, by ξ̂k = zk +

αk−1(y, ξ̂1, ξ̂2, · · · , ξ̂k−1, ζ, ϑ̂ϑϑ), the boundedness of ζ and

ϑ̂ϑϑ, the smoothness and expression of αk−1, Assumption 1

and (22), we know that ξ̂k, and hence, [y, ξ̂1, ξ̂2, · · · , ξ̂k]T is
asymptotically stable. Therefore, by induction argument,

[y, ξ̂1, ξ̂2, · · · , ξ̂n]T is asymptotically stable. By this to-

gether with the boundedness of ξ̃ξξ and ϑ̂ϑϑ on [0, ∞), we ob-

tain the boundedness of the time-derivative of ξ̃ξξ. From this

together with (21) and Barbalat′s Lemma, it follows that ξ̃ξξ
is asymptotically stable and so is ξξξ. This together with the
relation between ξξξ and xxx defined above leads immediately
to the global asymptotic stability of xxx. ¤

Remark 3. Theorem 1 shows that the output-feedback
control (19) regulates the closed-loop system state xxx as well
as zzz to zero, and at the same time, guarantees the bound-
edness of all the other closed-loop system states.

5 Simulation example

Consider the second-order system:

ẋ1 = g1x2 + θ1y
2, ẋ2 = g2u + θ2y, y = x1

Suppose that g1 = 0.2, g2 = 0.4, θ1 = θ2 = 1.
After the transformation ξξξ = [ξ1, ξ2]

T = Gxxx, where
G = diag[g−1

1 g−1
2 , g−1

2 ], we have

ξ̇1 = ξ2 + Θ1y
2, ξ̇2 = u + Θ2y (23)

Design the observer for system (23) as follows.

˙̂
ξ1 = ξ̂2 − ξ̂1,

˙̂
ξ2 = u− ξ̂1
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By virtue of the design procedure given in Section 4, we can

easily obtain the useful signals ϑ̂ϑϑ, ζ and hence the controller
u.

With the initial conditions: x1(0) = 0, x2(0) = 0.2,

ξ̂1(0) = ξ̂2(0) = ζ(0) = 0, ϑ̂1(0) = 10, ϑ̂2(0) = 0.5, ϑ̂3(0) =
0.9, the simulation results are shown in Figs 1∼6. Fig. 1

shows the convergence of the estimate ξ̂1 (dashdotted line)
toward the state ξ1 (solid line), whereas Fig. 2 gives the

convergence of the estimate ξ̂2 (dashdotted line) toward
the state ξ2 (solid line). Fig. 3 verifies the boundedness of
variable ζ which is introduced to identify the direction of
the control gain implicitly. Fig. 4 shows the boundedness
of the control signal u. Fig. 5 depicts the boundedness of

the parameter estimates ϑ̂1, ϑ̂2, and ϑ̂3. Fig. 6 gives the
convergence of states x1 and x2 of the original system. The
large transient responses were expected because of the lack
of knowledge about the systems, and control signals need
to scan around before finding the best signal.

Fig. 1 ξ1 (solid) and ξ̂1 (dashdotted)

Fig. 2 ξ2 (solid) and ξ̂2 (dashdotted)

Fig. 3 Variable ζ

Fig. 4 Control input u

(a) ϑ̂1

(b) ϑ̂2

(c) ϑ̂3

Fig. 5 Parameter estimates ϑ̂1, ϑ̂2, and ϑ̂3
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Fig. 6 x1 (solid) and x2 (dashdotted)

6 Concluding remarks

In this paper, output-feedback adaptive control design
has been investigated for a class of nonlinear systems with
unknown control directions. Through a linear state trans-
formation, the unknown control coefficients are lumped to-
gether and the original system is transformed to the new
system for which control design becomes feasible. Then,
the state observer and parameter estimator are introduced,
which make output-feedback adaptive control design feasi-
ble using integrator backstepping and tuning function tech-
niques. The controller guarantees the boundedness of all
the closed-loop system states, and asymptotical stability of
the original system state and the observer errors.
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