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Combining Adaptive Diffusion with Difference for

Detecting Nonstationary Signals
TAN Xiao-Gang1 LI Li-Ping1 WEI Ping1

Abstract Time-frequency analysis aims to construct a density function of time and frequency to reveal the frequency components
in signals to be analyzed and the evolution of the frequency of signals with time. The Wigner distribution (WD) is one of the most
fundamental and widely used methods for analyzing nonstationary signals in the fields of radar, communication, etc. However, the
application of the WD is greatly limited by the existence of interference terms. The adaptive diffusion method proposed to remove the
interference terms of the WD by Julien Gosme, et al. is to be invalid in the presence of interference terms generated by signals, whose
distributions are interwoven together in the time-frequency plane of the WD. We combine the diffusion technique with difference
method for removing these interference terms to improve the resolution and readability of the time-frequency representation of the
Cohen class for detecting nonstationary signals.
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1 Introduction

The nonstationary signals, such as linear modulation,
sinusoidal modulation, and polynomial phase signal, have
long been of great research interest given their importance
in a great variety of applications in radar, communica-
tion, etc. The methods for analyzing nonstationary sig-
nals include linear time-frequency representation, various
quadratic time frequency distributions (TFDs) (the Co-
hen class TFD, the affine class TFD and the reassignment
TFD)[1∼3], adaptive kernel function TFD[4,5], and para-

metric TFD[6∼8]. The Wignen distribution (WD) is one
of the most important and widely used tools for analyz-
ing these nonstationary signals, which has good theoreti-
cal properties such as covariance with respect to time and
frequency shifts, marginal properties, high resolution, and
energy conservation. But the presence of interference terms
greatly limits its applications. These interference terms can
be removed by averaging the WD with appropriate ker-
nels, which yield positive time-frequency densities. How-
ever, this reduces the time-frequency resolution. Spectro-
grams and scalograms are examples of positive quadratic
distributions obtained by smoothing the WD, but both of
them provide poor resolution because their time-frequency
resolution is fixed, regardless of the local geometry of the
signal signature. Other various smoothing versions of the
WD have been introduced to reduce interference terms and
maintain resolution as good as possible. The early smooth-
ing versions, however, suffer from fundamental limitations:
they are signal-independent, or their kernel functions are
independent of signal to be processed, that is, they do not
adapt to signals. These kernels may perform very well for
certain signals while very badly for other signals[4]. All this
has prompted the development of signal-dependent kernels
or adaptive kernels. Diffusion method is a signal-dependent
method and was first used to improve the readability of
the Cohen class time-frequency representations in [9]. The
diffusion process yields signal-dependent TFDs, which are
called adaptive-kernel function (or signal-dependent ker-
nel function) TFDs as well. The diffusion processing has
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emerged as an active area of research in recent years. Ref-
erence [10] proposed a method called the forward-and-
backward (FAB) diffusion process. The FAB method was
further generalized for color processing via the Beltrami
flow by adaptively modifying the structure tensor that con-
trols the nonlinear diffusion process. The proposed struc-
ture tensor is neither positive definite nor negative, and
switches between these states according to image features.
This results in a FAB diffusion flow where different regions
of the time-frequency distribution are either forward or
backward diffused according to the local geometry within
a neighborhood. The diffusion process was expanded to
fourth-order diffusion equations to optimize the trade-off
between noise removal and edge preservation[11]. A new
adaptive diffusion process was proposed to locally control
both the orientation and the strength of smoothing[12,13],
which smoothed the WD by a signal dependent kernel. It
provides a uniform framework not only for the Cohen class
but for the affine class as well. Without much work, one can
easily transpose the diffusion method to the affine class of
time-scale representations and get a locally adapted distri-
bution that is covariant about time shifts and scale changes
in the signal[12∼15]. So we will restrict ourselves to the dif-
fusion in the TFDs of the Cohen class in this paper.

In the presence of signals, whose distributions are closely
spaced or interwoven together in the time-frequency plane
of the WD, the interference terms are so strong that they
are very stubborn to be smoothed out by the diffusion pro-
cess. We might very likely meet these signals that pro-
duce very strong interference terms in the applications of
radar. So we concentrate on attenuating or removing these
very strong interference terms to improve the readability
and the resolution of the TFDs. This goal can be reached
by incorporating the difference method into the diffusion
method since the differences of the interference terms are
much stronger than those of the signal components.

We have made a brief introduction to the recent devel-
opment of diffusion processing and the shortage of this
method in time frequency analysis. In the next section,
we will introduce diffusion models and present an explic-
itly discrete scheme for the diffusion method. Then, we
will make a brief explanation to the problem involved with
diffusion method and propose our solution. In the end, we
draw a brief conclusion about the diffusion method.
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2 Diffusion models

The general form of a diffusion model is given as
follows[12].

{
∂Cx(t,f ;τ)

∂τ
= div(ηx(t, f)∇Cx(t, f ; τ))

Cx(t, f ; τ = 0) = Wx(t, f)
(1)

where the sign ∇ denotes the gradient operator.
This is an isotropic diffusion process generated originally

from the heat diffusion equation. It has been proved that
the distribution Cx(t, f ; τ) decided by (1) is covariant with
respect to time-frequency shifts for all positive τ . ηx(t, f ; τ)
is a conductance function depending both on the signal to
be analyzed and the time-frequency location (t, f) in the
TFD plane. It can be a decreasing function of the distri-
bution magnitude of Cx(t, f ; τ), or a decreasing function
of spectrogram (for Cohen class), or other forms. In this
paper, a decreasing function of the distribution magnitude
of Cx(t, f ; τ) applied for Cohen class is defined as follows.

ηx(C(t, f ; τ)) =

[
1 +

(
Cx(t, f ; τ)

β

)α]−1

(2)

We can derive the discrete framework from the first formula
in (1) by sampling the distribution in the time-frequency
grid (n · δt, m · δf), (n, m) ∈ [0, N − 1]× [0, M − 1]. Here,
we present an explicitly discrete scheme for the conve-
nience of simulation as follows. The sampling period of
τ is δτ = (4π)−1 in this paper.

∂Cx(t, f ; τ)

∂τ
= ∇ [ηx(t, f)∇(Cx(t, f ; τ)] (3)

∂Cx(t, f ; τ)

∂τ
= [∇ηx(t, f)] [∇Cx(t, f ; τ)] +

ηx(t, f)
[∇2Cx(t, f ; τ)

]
(4)

Cx(n, m; τk+1) = Cx(n, m; τk) + δτ

4∑
i=1

Si (5)





S1 = Dt(ηx(n, m))Dt(Cx(n, m))

S2 = Dt(ηx(n, m))Df (Cx(n, m))

S3 = ηx(n, m)Dtt(Cx(n, m))

S4 = ηx(n, m)Dff (Cx(n, m))

(6)

where Dt(·) denotes the partial differential operator with
respect to time t, while Dtt(·) denotes the second-order
partial differential operator with respect to time t, they
are defined as{

Dt(Cx(n, m))=Cx(n + 1, m)− Cx(n, m)

Dtt(Cx(n, m))=Dt(Cx(n + 1, m))−Dt(Cx(n, m))
(7)

Since the diffusion process is an iterative process, it is im-
portant to select an appropriate stopping criterion. Many
information criteria are eligible for this goal. In [16], the
Shannon entropy was defined as

HC(τk) = −
∑

n

∑
m

|Cx(n, m; τk)|log|Cx(n, m; τk)| (8)

And the Rényi entropy was defined in [16] as

RC(τk)= log2δtδf +
1

1− α
× (9)

log2

∑
n

∑
m

(
Cx(n, m; τk)∑

n
′
∑

m
′ Cx(n′ , m′ ; τk)

)α

where δt is the sampling period in time and δf is the sam-
pling period in frequency.

In this paper, a third-order Rényi entropy is used as our
criterion for optimal stopping point. Without a constraint
on the diffusion time, the entropy of Cx(t, f ; τ) will rapidly
decrease toward the minimum and then slowly increase,
while Cx will converge to a uniform distribution over the
time-frequency domain, regardless of the analyzed signal.
The minimum point of the Shannon entropy was used as
the optimal stopping point in [12]. In our work, the dif-
ference of the Rényi entropy Rc(τk)−Rc(τk−1) is used for
detecting the optimal stopping point. The difference is neg-
ative before the minimum point and always positive after
the minimum point. Once Rc(τk) − Rc(τk−1) is not neg-
ative, the iteration will be stopped. So the constant term
log2(δtδf ) in (9) can be neglected.

The diffusion process allows the well-structured signal
components to get a high concentration. However, the in-
terference terms and noises will be smoothed out in the dif-
fusion process. The performance of this method is shown
in Fig. 1 (see next page).

The isotropic diffusion is controlled by the scalar-valued
conductance function for locally tuning diffusion strength.
But it is unable to control the diffusion strength and ori-
entation simultaneously. In [12], a tensor T , which is a
gradient-square tensor, was incorporated into the general
diffusion model in (1) and the so-called adaptive diffusion
was derived. The adaptive diffusion can tune both diffusion
strength and orientation with the tensor T . The tensor T
is defined as

T =


 Lσ ∗

(
∂C
∂t

)2
Lσ ∗

(
∂C
∂t

∂C
∂f

)

Lσ ∗
(

∂C
∂t

∂C
∂f

)
Lσ ∗

(
∂C
∂f

)2


 (10)

where Lσ is a one-dimensional low pass smoothing filter and
the ∗ denotes the usual one-dimensional convolution. The
length of the filter is decided by computational efficiency
(with respect to filtering computation) and filtering effect
(and thus the resulting diffusion effect and iteration num-
ber). From the point of computational efficiency, the length
should be short. But the filtering effect will degrade if the
length is too short. Computational simulation has revealed
that the resulting diffusion effect improves very little when
the length is greater than 21, while the effect is acceptable
when the length is 7 (the data length is 256). In our study,
the length of the filter is 13. The smoothing filter adjusts
the diffusion towards the average orientation, thus results
in the attenuation of the noise and interference terms. One
can filter the partial differences along rows (time domain
filtering) or columns (frequency domain filtering). We first
filter the partial differences from rows, then get a stronger
smoothing effect from columns. Note that if the FIR filter
is used, one should compensate for the time delay, which is
caused by the linear phase of the FIR filter. Obviously, T is
of rank 1 without this filter. In addition, T is non-negative
definite. The kernel of the adaptive diffusion process is
right the tensor T .

The adaptive anisotropic diffusion model derived from
(1) is defined as follows[12].

{
∂Cx(t,f ;τ)

∂τ
= ∇(ηx(t, f)Gtf∇Cx(t, f ; τ))

Cx(t, f ; τ = 0) = Wx(t, f)
(11)
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Fig. 1 Comparison of the adaptive diffusion process with well-known TFRs ((a) WD; (b) Smoothing pseudo WD; (c)

Spectrogram; (d) Spectrogram modified by the reassignment method; (e) Isodiffusion; (f) Anisodiffusion; (g) 3-D plotting of WD;

(h) 3-D plotting of Aisodiffusion. These 256-by-256 TFRs are those of a 256-sample signal embedded in noise, which consist of two

frequency-modulated waves with linear and sinusoidal modulations.)

Gtf = (vvv1, vvv2)

[
1 0

0 λ

]
(vvv1, vvv2)

′
(12)

where the sign (·)′ denotes conjugate transposition, vvv1 and
vvv2 are the orthonormal eigenvectors of the gradient tensor
T , and λ a constant denoting the diffusion strength. vvv1 and
vvv2 are the estimation of the directions of ∇C and ∇C⊥, re-
spectively. λ, which is greater than 1, has to be chosen in
order to produce more aggressive smoothing along signal
components than across them. In our paper, λ is 1.35.

It is easy to verify in the line of [12] that the distribu-
tions decided by (11) are covariant with respect to time-
frequency shifts and conserve energy.

The anisotropic (or isotropic) process diffuses from
strong areas to relatively weak areas, so it is a natural for-
ward diffusion process. The result is a smoothed version
of the WD, which has a signal-dependent kernel. Their
performances are shown in Fig. 1, comparing with other
well-known time frequency representations.

3 Improvement on adaptive method

Though the anisotropic diffusion is powerful to remove
interference terms and noise, it is likely to be invalid in the
presence of interference terms generated by signals, whose
distributions are closely spaced or interwoven in the time-
frequency plane of the WD. The oscillating interferences
are centered at the middle of auto terms′ time-frequency
locations. The frequency of the oscillating interferences
is proportional to the Euclidean distance of the two auto
terms which produce the interference. The direction of
these oscillating interferences is perpendicular to the line
that joins the two auto terms[17,18]. This can be shown
clearly in Fig. 2. The signal to be processed by the new
method is as follows.

Fig. 2 WD of two linear modulations ((a) Signal consisting of

two linear frequency modulations: one is from 0.17Hz to

0.37 Hz, the other is from 0.2Hz to 0.4Hz; (b) Signal consisting

of two linear frequency modulations: one is from 0.17 Hz to

0.37 Hz, the other is from 0.23 Hz to 0.43Hz. These 256-by-256

TFRs are those of a 256-sample signal embedded in noise.)

x(t) = s(t) + v(t)

where s(t) consists of two parabolic frequency modulations,
v(t) is an additive white noise, and the signal-to-noise ratio
(SNR) is 15 dB.

In our simulation, the interference terms and noise in
the time-frequency plane of the WD reduce its readability
seriously. The diffusion method removes the noise com-
pletely, but still leaves interference terms stronger than sig-
nal components as shown in Figs. 3 (a) and (b). We propose
a method to remove these very strong interference terms
and thus can enhance the time-frequency resolution of the
distributions significantly.

As we have mentioned earlier, the signal components
are well structured and, moreover, are the result of the
quadratic integration in a finite area. So their second or-
der partial differences are very small and near to zero.
And unsurprisingly, the points, whose magnitudes are much
greater than zero and their second order partial differences
are near to zero, form continuous curves which almost right
cover the signal components in the time-frequency plane.
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While the interference terms are oscillating swiftly in the
time-frequency plane, their second order partial differences
are far above zero and locate in small areas. And the points
of the interference terms can not form continuous curves.
The noise is the same case as the interference terms. This
is shown in Fig. 3 (d).

Fig. 3 Performance displaying of difference method ((a) WD;

(b) Anisodiffusion; (c) Difference method; (d) 3-D plotting of

the second order partial difference of anisodiffusion. These

256-by-256 TFRs are those of a 256-sample signal embedded in

noise.)

On the ground of the above analysis, we design a detector
to detect the points in the plane, whose second order partial
differences are near to zero, and of which the magnitudes
are greater than a given threshold (Since our processing
follows the diffusion process, the magnitude constraint is
reasonable).

C(t, f) =

{
C(t, f ; τ), (t, f) ∈ U(P ), P ∈ X

0, otherwise
(13)

X =





(t, f) : | ∂2Cx(t,f ;τ)
∂t∂f

| < λ1

and C(t, f ; τ) > λ0/ max︸︷︷︸
(t,f)

(C(t, f ; τ))





where U(P ) denotes the neighborhood around the point P .
According to the uncertainty principle: ∆t∆f = 1/(4π),
we have mn ≥ 40, where ∆t is the time resolution, ∆f
the frequency resolution, m = ∆t/δt, n = ∆f/δf and in
our paper δt = 1, δf = 0.5/256. The radius of the neigh-
borhood around P decides the joint time-frequency reso-
lution. If the radius is zero, the time-frequency curve will
be discontinuous and we get the best joint time-frequency
resolution. If it is chosen to be greater than zero and not
greater than a constant r, the curve will be continuous and
smooth and the best joint resolution property remains. For
convenience of calculation, we use square neighborhood; so
r should be 2 (the area of the neighborhood around P is
(2 × r + 1) × (2 × r + 1) = 25 < 40). The joint resolution
will degrade if r is greater than 2. λ0 is used to remove in-
terference terms and noise, which have small second order
partial differences due to their small magnitudes. It indi-

cates the magnitude constraint as mentioned above and is
empirically chosen to be between 0.1 ∼ 0.3. λ1 indicates
the second order partial difference constraint. It is related
to the data length and can be empirically chosen to be
4π/256 ∼ 8π/256 (0.05 ∼ 0.1). The validity of values of
λ0 and λ1 is verified by computational simulations. The
performance of our method is shown in Fig. 3 (c).

4 Conclusion

The adaptive diffusion produces adaptive optimal ker-
nel function TFDs and is available for processing a large
kind of nonstationary signals. Of all the existing adap-
tive methods, such as adaptive diffusion, radially Gaussian
kernel[4,5] and optimal phase kernel[19], the adaptive diffu-
sion has the best adaptability due to its capability of lo-
cal controlling[12]. The distributions derived from adaptive
diffusion method are signal-dependent TFDs. They have
the advantage of being adaptive to a wide range of nonsta-
tionary signals[12], unlike those bilinear distributions which
can not adapt to signals. In this paper, we propose an
improvement on the diffusion method for time-frequency
representation of the Cohen class, thus making it capa-
ble of removing the very strong interference terms gener-
ated by signals whose distributions are interwoven in the
time-frequency plane of the WD. We efficiently improve the
readability and resolution of time-frequency representation
of the Cohen class for detecting nonstationary signals.
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