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Discrete-time Indefinite
Stochastic LQQ Optimal Control:

Infinite Horizon Case

QI Jun-Jun® 2 ZHANG Wei-Hai?

Abstract The asymptotic analysis method is applied to the
infinite horizon discrete-time indefinite stochastic LQ problem.
This paper carries out the research on the basis of the results
of its finite horizon counterpart and the mean-square stabilizing
assumption. Properties of the solutions to the generalized alge-
braic Riccati equation (GARE) are also considered. Finally, two
examples are provided to justify the developed theory.
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In recent decades, both the LQ problem for It6 stochastic
systems and the LQ problem for discrete-time systems with
multiplicative noise have been extensively investigated by
researchers; see e.g., [1—7] and references therein. More-
over, the study revealed that for [t6 stochastic systems,
even if the control weighting matrix is indefinite, the cor-
responding LQ problem can still be well-posed. It was also
justified in mathematical finance that these theoretical re-
sults enable us to have a deeper understanding of the mean-
variance portfolio theory[S].

From a technical point of view, it is not difficult to
observe that the related Riccati equations have played
an important role within the framework of the investiga-
tion concerning LQ problems. For It6 stochastic systems,
the relationship between the generalized differential Ric-
cati equation and the generalized algebraic Riccati equation
(GARE) was studied in [9] to obtain the optimal control
of the infinite horizon indefinite LQ problem. For discrete-
time systems with multiplicative noise, the generalized dif-
ference Riccati equation (GDRE) was derived in [1] to de-
duce the optimal control of the finite horizon indefinite LQ
problem.

In [4], the authors devoted to discussing the infinite hori-
zon discrete-time stochastic LQ problem by investigating
the relationship with its finite horizon counterpart. How-
ever, this research was carried out on the assumption that
the control weighting matrix is positive definite. As a mat-
ter of fact, practical problems may require us to consider
the case, in which the control weighting matrix is not posi-
tive definite. Therefore, it seems worthwhile to relax the co-
ercive assumption proposed in [4]. Based on this viewpoint,
in this paper we use the asymptotic analysis method to ex-
plore the limit behavior of the solution to the GDRE and
discuss the infinite horizon discrete-time indefinite stochas-
tic LQ problem.

1 Problem formulation

Consider a system which is formulated as

{ z(t+1)=[A{t)z(t)+Bt)u(t)]+[C(t)x(t)+ D(t)u(t)|w(t)
z(to) =xo, (to,Zo) € Nr—1 x R"
(1)
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where z(t) € R" is the state, u(t) € R” is the control
input, w(t) € R is the noise, t € {to,t0 +1,---,T — 1},
and Nr = {0,1,2,--- ,T}. The process {w(t),t = to,to +
1,---,T — 1} is a sequence of second-order stationary ran-
dom variables. Without loss of generality, we assume that
w(-) satisfies E{w(t)} = 0, E{w(s)w(t)} = ds¢, where E{-}
is the expectation operator, ds; is the Kronecker function,
s,t € {to,to +1,---,T — 1}.

The cost functional associated with system (1) is given
by

J(to, zo;u(to),u(to + 1), ,u(T — 1)) =
T—1 Nk on L) .
E{;}{ZEL‘H [LT(t) R(t)} [28 +z ( )Ma:(T)}

where { Q) L(t)}, t e {to,to+1,---, T —1} and M

LY(t) R(t)
are all symmetric matrices. Notice that no restriction is
imposed on the definiteness of the weighting matrices.

The value function is defined by

V(to,z0) = J(to,zosu(-))  (3)

inf
u(to)yu(t0+1), u(T-1)

Definition 1. Indefinite stochastic LQ problem
(1) ~(3) is well-posed, if for any (to,z0) € Nr—1 x R",
V(to,.’l?o) > —00.

Definition 2. Indefinite stochastic LQ problem
(1) ~(3) is attainable, if for any (to,xo) € Nr—1 x R",

there exists a sequence {u(t),t = to,to + 1,---,T — 1},
such that
V(t07$0) = J(t07$0;’u(i’0),’u(to + 1), s ,u(T — 1))

holds. In this case, {u(t), t = to,to+1,-- -,
an optimal control.

To faciliate the upcoming discussions, we recall some re-
sults associated with problem (1) ~ (3), which were proved
in [1].

Lemma 1. Suppose indefinite stochastic LQ problem
(1) ~ (3) is well-posed. The following statements are equiv-
alent:

1) Indefinite stochastic LQ problem (1)~ (3) has a
unique optimal control.

2) There exists a unique solution sequence {P(t),t =

T —1} is called

to,to +1,--- ,T} to the GDRE
P(t) = AT(t)P(t + 1)A(t) +CT( )Pt +1)C(t)+
Qt) — HH)G™ () H" (1)

H(t) = AT(t)P(t + 1)B(t) + CT (1) P(t + 1)D(t) + L(t)
G(t)=BT(t)P(t+1)B(t)+ D" (t)P(t+1)D(t)+ R(t) >0
P(T)=M
t=to,to+1,---, T —1

(4)
3) There exists a matrix sequence {P(t) = PT(t),t =
to,to + 1,--- ,T} satisfying the linear matrix inequality
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() H(t)
(LMI) {HT(U a(t) } > 0, where

2(t) = AT@)P(t+ 1)A@1) + CT@)P(t +1)C(t)—P(t)+
Q)

H(t) = AT(t)P(t + 1)B(t) + CT(¢) P(t + 1)D(t) + L(t)

G(t)=BT(t)P(t+1)B(t)+ D" (t)P(t+1)D(t)+R(t) >0

P(T)<M

Moreover, the value function V (to,zo) = zg P(to)Zo, and
the optimal control is given by u(t) = —[R(t )+BT( t)P(t+
1)B(t)+D" (t)P(t+1)D(t)] " [L(t)+ BT () P(t+1)A(t) +
DT(#)P(t +1)C(t)]z(t).

Lemma 2 (Comparison theorem). If {Pi(-)} and
{P>(-)} are two solution sequences to GDRE (4) with ter-
minal values satisfying Pi(T) < P»(T), then Pi(t) < Pa(¢)
holds for any ¢t € {to,to +1,--- ,T — 1}.

2 Solvability of GARE

For simplicity, assume henceforth that A, B,C, D and
L,Q, R are all time-invariant matrices, and introduce the
notation P(-,T) to represent the solution to GDRE (4) with
terminal time 7.

Definition 3 (Mean-square stabilization). System
(1) is said to be mean-square stabilizable, if there is a state
feedback control law u(t) = Kz(t), K € R?*", such that
the state of the closed-loop system

{x(t—i—l):

x(to) = Xo,

(A+ BK)z(t) + (C + DK)z(t)w(t) )
(to,:l:o) cN xR"

satisfies lim;—o E{z" (t)z(t)} = 0. In this case, u(t) =
Kz(t) is called a mean-square stabilizing control.

Remark 1. System (1) is mean-square stabilizable if
and only if there is a matrix K € RP*", such that when
u(t) = Kz(t), the state of the closed-loop system (5) satis-
fies 3772, E{zT(t)z(t)} < .

In the sequel, to assure the well-posedness of the infinite
horizon indefinite LQ problem, we shall make the following
assumption.

Assumption 1. System (1) is mean-square stabilizable.

Remark 2. According to Proposition 2.2 presented in
[10], system (1) is mean-square stabilizable if and only if
there is a matrix K € RP*"™ such that the generalized
Lyapunov inequality (GLI)
~P+4+(A+BK)"P(A+BK)+(C+DK)"P(C+DK) <0
admits a solution P > 0.

Using Schur’s Lemma, it seems direct to get Remark 3.

Remark 3. System (1) is mean-square stabilizable if
and only if there exist matrices P > 0,U, such that the
LMI

-P AP+ BU CP+DU
PAT +UTB? -P 0 <0 (6)
pPcT +UTD" 0 -P

holds. Moreover, a mean-square stabilizing control for sys-
tem (1) can be expressed as u(t) = UP™ 'z (t).

The following theorem considers the asymptotic behavior
of the solution to GDRE (4) with terminal value chosen

from a specified matrix set, which is formulated as

R+ B"PB+D"PD >0

PrL.o.r= {P:PT

—P+A"PA+CTPC+Q L+A"PB+C PD1_
{LT—i—BTPA—kDTPC R+BTPB+DTPD}
Theorem 1. If P g r # 0, then for any PePy Q,R»
the solution P(t) to GDRE (4) with terminal value P(T) =
P exists and is bounded when t € Z7, where Zpr =
{,-2,-1,0,1,2,--- ,T}. Moreover, P(t) converges in-
creasingly to a solution of the GARE

R(P,L,Q,R)=0, R+B"PB+D"PD>0 (7)

as t decreases to —oo, where R(P,L,Q,R) = —P +
ATPA+CTPC+Q— (L+ATPB+CTPD)(R+BTPB+
DTPD) Y (LT + BYPA + DT PC).

Proof. Let {Zs(-)} be the solution sequence to the
GDRE

Zp(t)=ATZp(t + 1)A+CTZs(t +1)C + Q(P)—
H(t)G*( VH™ (t)
H(t)=L(P)+ AT Zs(t+1)B+CTZs(t +1)D
G(t)=R(P)+ BT Zs(t+1)B+ D" Z5(t +1)D > 0
Z5(T) =0
t=to,to+1,---, T —1
(8)
where
L(P)=L+ A"PB+CTPD
Q(P)=-P+ATPA+CTPC +Q
R(P)=R+ BYPB+D'PD

According to Lemma 1, GDRE (8) corresponds to the
LQ problem for system (1) with the cost functional

I (to, o u(to),u(to + 1), ,u(T — 1)) =
SR ENERAE)
= t L*(P) R(P) u(t)
The value function V' (to,20) = x5 Z5(to, T)xo. Since the
weighting matrix in the cost functional is positive semi-
definite, the time-invariant property of the solution to (8)
yields

Zp(t2,T) < Zp(t2,T) (9)

where t1 < to,t1,t2 € Zr. By choosing a mean-square
stabilizing control u(t) = Kz(t), we obtain for any ¢t € Zr,

rA IS

x0 Zp(t, T)xo =24 Z5(0,T — t)xo <

(it
Z E{z"(

where Amax{‘} represents the maximal eigenvalue of its ar-
gument. Hence, lim;_._o Z5(¢,T) exists, and we denote
it by Zp. For any t € Zr, let P(t,T) = P + Zs(t,T).
Then, {P(-,T)} must be the solution sequence to GDRE
(4) and limy—._o P(t,T) = P + Zp holds. Finally, direct
computation shows that P + Zp satisfies GARE (7). O

(s)} < o0
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3 Solutions to GARE

Based on the conclusions about the solvability of GARE
(7), in this part, we further distinguish two kinds of so-
lutions to it, i.e., the maximal solution and the feedback
stabilizing solution.

Definition 4. A solution to GARE (7) is called a max-
imal solution, denoted by Pmax, if for any P € Pr q,r,
Pmax 2 P.

Definition 5. A solution P to GARE (7) is called a
feedback stabilizing solution, if u(t) = —(R + BTPB +
DTPD) (LT +BTPA+DTPC)z(t) is a mean-square sta-
bilizing control for system (1).

Through the application of the completion of squares
technique, we get to know the intrinsic relationship between
the defined solutions.

Theorem 2. If GARE (7) has a feedback stabilizing
solution, then it must be unique and coincides with the
maximal solution.

Proof. Let P be a feedback stabilizing solution to
GARE (7). Then P € Pr q,r, according to Definition 4,
Pmax > P. To get the conclusion, it only suffices to prove
P > Puax. From Definition 5, u(t) = —(R + BTPB +
DTPD) Y (LT +BT*PA+DTPC)x(t) is a mean-square sta-
bilizing control for system (1). Thus, for any T > to, a
completion of squares shows

T-1

> E{z"(0)Qa(t) + 22" (t) Lu(t) + u” () Ru(t)} =

t=tq

xg Pxo — E{z" (T)Px(T)} + Til E{[u(t) — Kz(t)]" x

t=tg

(R+B"PB + D"PD)[u(t) — Kz(t)]}

where K = —(R + BTPB + DTPD)"Y (L™ + BTPA +
DTPC). When T — oo, E{z™ (T)Pz(T)} vanishes, and

xy Pxo+ i E{[u(t) — Kz(t)]"(R+ B"PB + D" PD)x

t=tg

[u(t) — Kz(t)]} = mEon

Similarly, one can deduce that for any o, € R",
:I:OTPxo > :l:OTPmaxmo. Therefore, P = Ppax is derived. O

Some sufficient conditions are supplied here to assure
the existence of the feedback stabilizing solution and the
maximal solution.

Theorem 3. If P g,r has a nonempty interior, i.e.,
there is a matrix P € Py g r satisfying R(P,L,Q, R) > 0
and R+ BYPB 4+ DTPD > 0, then GARE (7) admits a
feedback stabilizing solution.

Proof. If {Zz(-)} satisfies GDRE (8), then Theo-
rem 1 implies Zps(t) converges increasingly to Zs as t
decreases to —oo. If P = P + Zp, then P is a so-
lution to GARE (7) and the equality (R + BTPB +
DTPD)"Y(LT + B"PA + DTPC) = [R(P) + B ZsB +
D" ZsD) LY (P) + B*ZA + D" Z5C] holds. We shall
prove u(t) = —[R(P) + BYZsB + D Z;D]"'[L"(P) +
BT Z 5 A+ D" Z5C)z(t) is a mean-square stabilizing control
for system (1). For any (s,z0) € Nr—1 x (R"\{0}), the in-
equality 23 Zsxo > x5 Zp(s)xo > 0 indicates that Zs > 0.
Since K5 = —[R(P) + B"ZsB + D" ZsD| '[LT(P) +

BTZzA+ DT ZC] satisfies the GLI
— ZI_? + (A+BK15)TZP(A+BK15) + (C-ﬁ-DKI'D)TZ}sX
(C+DKp) =—Q(P) — L(P)Kp — KE L" (P)—
KER(P)Kp <0

an application of Remark 2 shows the conclusion. O

Theorem 4. If L, Q = QT, and R = R" are the given
matrices such that Pr.g,r # 0, then GARE (7) admits a
maximal solution. ~

Proof. Choose an element P € Pr, g ,r. Then, for any
€ > 0,R(P,L,Q + eI, R) > 0. For an arbitrary positive
decreasing sequence ¢; — 0(i — o), by applying Theo-
rems 2 and 3, we obtain that for any i € N, there is a
decreasing sequence Pey, > Pey > -+ > P, > 15, such that
R(P.;,L,Q+eI,R)=0and R+ BTP.,B+ D"P.,D > 0.
Hence, lim;_. P., exists, and we denote it by P*. It
seems certain that P* satisfies R(P*,L,Q,R) = 0 and
R+ BTP*B+D"P*D > 0. Due to the arbitrariness of the
choice of P in Pr,q,r, we finish the proof by concluding
that P* is the maximal solution to GARE (7). O

4 Indefinite LQ optimal control

The conclusions deduced previously are used in this part
to get the solution of the infinite horizon indefinite stochas-
tic LQ problem.

Theorem 5. If Pr.g r # 0, then the infinite horizon
indefinite LQ problem is well-posed and the value function
V(to,xo) = xOTPmaxxo.

Proof. The justification of the well-posedness is similar
to the proof of Theorem 2, which yields that V (to,z0) >
ngmaxxo. Choose P € Pr, q,r; then for any ¢ > 0,
R(P,L,Q + eI, R) > 0. An application of Theorems 2
and 3 shows that there exists a maximal solution P. to the
GARE

R(P.,L,Q+el,R)=0, R+B"P.B+D"P.D >0 (10)

In addition, u(t) = —(R + B"P.B + D"P.D)""(L" +
BTP.A+ DTP.C)z(t) is a mean-square stabilizing control.
By performing the completion of squares technique, we ob-
tain V(to,x0) < xg Pto. From Theorem 4, lim._o P. =
Prax, which implies that V (¢o,20) < 28 Punaxxo. Hence,
V(to,mo) = xOTPmax.’D(). O

Theorem 6. If Pr o r # 0 and there exists an opti-
mal state-control pair to the infinite horizon indefinite LQ
problem, then the optimal control must be unique and can
be expressed as

u(t) = — (R+ B"Ppax B+ D" Puar D) (LT +
B" PraxA + D" PuaxC)a(t) (11)

Proof. Let (z.(-),u«(:)) be an optimal state-control
pair. As wu.(-) is a mean-square stabilizing control,
lim7— oo E{2T (T)Pnaxz«(T)} = 0. A completion of
squares implies

V (to,%0) =g Pmax®o + i E{[u(t) — Kmaxas(t)]" (R+

t=tg

BTPmaxB + DTPmaXD)[u*(t) - Kmaxa:*(t)]}

where Kpmax = —(R + BT PuaxB + DT Puox D) N (LT +
BT P A+ DTPmaXC’). According to Theorem 5, the con-
clusion is obtained. O



616 ACTA AUTOMATICA SINICA

Vol. 35

Theorems 2 and 6 imply the following result.

Corollary 1. If GARE (7) admits a feedback stabilizing
solution P, then P = Ppax holds and the unique optimal
control can also be given by (11).

The fact that the value function and the optimal control
are expressed in terms of the maximal solution to GARE (7)
makes it meaningful to further study the asymptotic con-
vergence from the GDRE's solution to the GARE’s maxi-
mal solution. Here, we present some related results.

Lemma 3. Let {P(t),t € Zr} be the solution sequence
to GDRE (4). If there is a t* € (Nr\{0}), such that
P(t*) > P(t* — 1), then P(t) is monotonically decreasing
as t decreases to —oo in Zyx.

Proof. When P(t*) > P(t* — 1), let {P;)(-)} and
{P2)(")} satisfy the following GDREs

Puy(t) = ATPuy(t + DA+ CT Py (t + 1)C + Q —
Hy(t )G(l)( )H<1 (t)

Huy(t) = L+ ATPu)(t+1)B+ CT Py (t+1)D

Ga)(t) =R+ B"Pu)(t+1)B+ D" Py)(t+1)D >0

Puy(t") = P(t")

t=0,1,---,t" =1

Puy(t) = AT Py (t + 1) A+ CT Py (t +1)C + Q —
Hz) (1) G ) () Hy) (2)

Hy)(t) = L+ A" Pa)(t +1)B + C" Py (t +1)D

G)(t) = R+ BT Pyoy(t+1)B+ D" Puy(t+1)D > 0

Py (t") = P(t" — 1)

t=0,1,---,t* =1

respectively. From Lemma 2, we get P(1)(t) > P2y(t), t €
N¢«, which is equivalent to P(t) > P(t — 1), t € N¢. The
conclusion is obtained by the time-invariant property of
{P(t), t € Zr}.

Lemma 4. If M is an arbitrary symmetric matrix sat-
isfying R + BTMB + DTMD > 0, then there is a scalar
a > 0, such that the GARE

R(P,L,Q+al,R) =0, R+ B"PB+D"PD >0 (12)

admits a solution P, with P, > M.

Proof. By choosing a sufficiently large number a >
0, such that R(M,L,Q + al,R) > 0, we derive from
Theorem 4 that GARE (12) admits a maximal solution P,.
Since M € Pr,Q+ar, r, then Py, > M. O

Theorem 7. Suppose Pr,g,r # 0, it M € My o, &,
where My, g, r={M = MT | there exists P € Pr, g, r sat-
isfying M > P}, then there is a matrix M > M, such that
GDRE (4) with terminal value P(T) = M admits a solu-
tion sequence {P(t),t € Zr}. Moreover, P(t) converges
decreasingly to the maximal solution of GARE (7) as ¢ de-
creases to —oo.

Proof. Lemma 4 guarantees the existence of & > 0 and
P,,, which satisfy R(Pa,L,Q + ol,R) =0,R+ BTP,B +
DTP,D >0, and P, > M. Set M = P, and let {P(.)} be
the solution sequence to GDRE (4) with to = 0, P(T) =
M. When t = T — 1, direct computation shows P(T) >
P(T —1). By applying Lemma 3, we find P(t) decreases
as t decreases to —oo in Zp. According to Theorem 4,
P(T) = M > Puax holds. Then, we know from Lemma
2 and the time-invariant property of {P(t),t € Zr} that
for any t € Zr, ]5(75) > Pmax. Hence, lim;—, o P(t) exists.

If P = limie—_oo P(t), then P> Prax. Moreover, Pis a
solution to GARE (7). Since Pmax > P, then P = Ppax is
finally obtained. a

Next result devotes to discussing a special convergence
property of the solution to GDRE (4).

Theorem 8. If the solution P(t) to GDRE (4) with
terminal value P(T) = M € Pr,q,r converges to Prnax
as t decreases to —oo, then the corresponding solution of
GDRE (4) with an arbitrary terminal value P(T") > M also
converges to Pnax as t decreases to —oo.

Proof. If {P(t),t € Zr} is the solution sequence
to GDRE (4) with terminal value P(T) = M > M.
Theorem 7 implies the existence of a matrix M > M,
such that the corresponding solution P(t) of GDRE (4)

with terminal value P(T) = M converges t0 Pmax as t
decreases to —oo. By applying Lemma 2 and the time-
invariant property of the solution to GDRE (4), we obtain
that for any t € Zr, P(t) > P(t) > P(t). Therefore,
lim¢—,— oo P(t) = Pmax holds. O

In particular, since Pmax € Pr,@,r, we obtain
Corollary 2.

Corollary 2. The solution P(t) to GDRE (4) with ter-
minal value satisfying P(T") > Pmax exists, and converges
to Pmax as t decreases to —oo

5 Illustrative examples

In this section, two examples are provided to demon-
strate the effectiveness of our theoretical results.

Example 1. A numerical example is given here to com-
pute a mean-square stabilizing control for a discrete-time
stochastic system (1), which is specified as

0.36  —0.12 0.25
A= [—0.12 0.6 ] , B= {0.21}

0.7  —0.12 0.4
¢= {—0.12 0.72 } » D= {—0.25}

Based on Remark 3 and LMI optimization technique, this
problem is feasible, and a mean-square stabilizing control
can be determined by

u(t) = [—0.5860, 0.6670]x(t) (13)

Let us focus on a 1-dimensional infinite horizon indefinite
stochastic LQ problem. The finite horizon counterpart is
formulated as

min J(u {i qx
St { z(t + 1)=[az(t)+bu(t)]+[cz
v z(0) =xo, =0 €R

Example 2. For a set of specific parameters of the
coefficients:

)+ ru ( )] +mx2(T)}

(t) + du(t)]w(t)

a= b=3, c=-7 d=1, g=1, r=-8<0
the corresponding GDRE is
[p(t+ 1)+ 1][9p(t + 1) — §]
p(t) = 10p(t+1)—8
10p(t+1)—-8>0 (14)
p(T) =m
t=0,1,---,T—1
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and the GARE is
- 9p+8=0
{p P 1s)

10p—-8>0

Here, Pr,o,r is the closed interval [1,8]. According to
Theorems 1 and 4, for any m € (1, 8), the solution of (14)
converges increasingly to the maximal solution of (15), i.e.,
Pmax = 8, as t decreases to —oo. Taking T'=10and m =5
as an example, we plot the trajectory of the solution to (14)
in Fig. 1.

8.0-%W * I'=10,m=5 []

DT ) 1
i,

*x ]

7.5

@ 7.01 ***

a *

S 65l *

e *

g *

= 6.0 *

3 *
551 #

>
=)
*

-30 -20 -10 0 10
Argument

Fig.1 Trajectory of the solution to (14)

It seems fairly certain to check that in this example,
DPmax s the feedback stabilizing solution to (15). There-
fore, Theorem 5 and Corollary 1 imply that the value func-
tion is 8z2, and the unique optimal control is expressed as

u(t) = f%x(t).

6 Conclusion

The infinite horizon discrete-time indefinite stochastic
LQ problem was discussed via the application of the asymp-
totic analysis method. The obtained results reveal that
both the value function and the optimal control can be ex-
plicitly expressed in terms of the maximal solution to the
GARE. Throughout this paper, the completion of squares
technique played a central role. Actually, this technique can
also be used to deal with many other problems in stochastic
control theory.
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