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Abstract For the consensus control problem of nonlinear uncertain delayed distributed parameter multi-agent sys-
tems with external disturbances, an H., fuzzy boundary consensus control scheme is proposed. First, the complex
distributed parameter multi-agent system is accurately described by T-S fuzzy partial differential equations. Then,
based on this T-S fuzzy partial differential equation model, an H,, fuzzy boundary consensus control strategy un-
der boundary measurements is designed. This strategy only requires deploying a small number of actuators and
sensors at the boundary of the spatial domain, which can effectively reduce the control cost. Further, by using in-
equality techniques and the Lyapunov direct method, sufficient conditions for consensus based on linear matrix in-
equalities are derived to ensure that the consensus error system is exponentially stable and satisfies the H,, per-
formance. Finally, the effectiveness of the proposed method is verified through simulation experiments.
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gt (11) £ (12) M Ho TR T R fEGREm. O

e EHE 1R LMIs (14) ANRERE LMI LT
BBk E, Rt (14) #0453 F
SEHL

E 2. M TATEWET, 7506, HAFE >0,
o >0, fFE P >0e R™™ FIBORIL S — 3k 2 il
s K; e R™", 143 T 41 LMI {7
A=

g

0 A13 A14 A15 A16 A17 A18 A19 Al, 10 ]

* Noo O 0 0 0 0 0 0 0

* * Agg 0 0 0 0 0 0 0

¥ %+ % A 0O 0O 0 0 0 0

* * * *  Ags 0 0 0 o0 0

* * * * x Agg O 0 0 0 <0

* * * * * x A O 0 0

* * * * * * x Agg 0 0

* * * * * * * *  Agg 0

* * * * * * * * * Ao, 10
(19)

VUPASOHAN T 2 I — BURZE R S (11) e fivie € H
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2 Hoo TERE (12).

Horp,
A =200+ 1INy + Iy @ Ag+ Iy ® AT —
7.[.2
T _(In®P
4(12—11)2(N® )
7T.2
Az = (IN®P), Ma=In® A

Ay — 1h)?
A1s = In ® Dy, Mg = Inn

A7z =1(In ® Gs), Ags :IN®E1TS
Ag = o(In @ Gy), A 10 = In ® B,
Ao =IN®P—-IN®O —Iy®0"

1
A33:l l (LeOK;+L"® Kjo") -
20

2

4(ly — 13)?
Ay = —(1=3)e > Inn, Ass = —2Inn
Aos = =V Inn, Arr = —tIny,

(In ® P)

Agg = —tInn, Agg = —0lny

Ao, 10 = —0lnn

MERA. AR 512 2 r15:
In @ AAy(z, t) + In @ AAL(z, t) <
Uy ® Gs[In @ Gg)" +
Iy @ By Iy @ B (20)

In®AA (2, t) + Iy @ AAL (2, t) <
UIN & GS[IN ® GS]T +
"Iy ® Ess) Iy @ Esg (21)

e (14) 5 (21), MAEF/R* EH AT 15

b =
[®11 0 @13 Py P55 Py P17 Pig P9 P10
* Doy 0 0 0 0 0 0 0 0
* x P33 0 0 0 0 0 0 0
* * * By 0 0 0 0 0 0
* * * x P55 0 0 0 0 0
* * * * x  Bgg 0 0 0 0 <0
* * * * * *  DPrr 0 0 0
* * * * * * *  Bgg 0 0
* * * * * * * *  Dgg 0
L * * * * * * * * * Do, 10 |
(22)
o,

By =20+ V) Inp +In®@ Ay + Iy @ A —

2
4([2 — l1)2
2
4(ly — 11)?
D1y =IN®Ars, P15 =1In Q@ Dy

(In ® P)

P53 = (In® P)

D16 = Inn, P17 = Iy @Gy, Pz = Iy @ B,
P19 =Iny @Gy, D1 10 = Iy @ Ey,
Py =IN@P—-INn®0 - Iy207T

1
g3 = - (LoOK;+L"® Kjo") -
2 — U1

2

4(ly — 14)?
Dyy = —(1—3)e X Inn, Bs5 = —72Inn

o6 =~ Inn, Prr=—1" "INy

(In ® P)

-1
Ogg = —tInn, Pgg = —0~ Inn

D10, 10 = —0lny

EFxT3t (22) SIERE ©, £ R PT BIH FiSE
|3$ diag{INna Inn, Inn, Inn, INn, INn, tUnp, INg,

3 HELR

A4y 8 P A S8 56 I P R B R A R
AN A 3036 2 ] 1 P ﬁﬁﬁilfﬂﬁﬁﬁ?lﬁ%%.
5l 1. 25 F& w0 7 R IR HAFAE SNSRI 3
El’]ﬂFQ)%ﬁHT#ﬂﬂ?ﬁfﬁé%@ﬁgu IR RS, Z ARG —
AN 38 R He AR 5 DA R Bl 3 R RE AR A . %R R
ﬁiﬁjluﬁﬁm?:
Yo, t(x, ) = pyo, za(w, t) +
fo(z, t), yolz, t —7(t)))
Y0, (%, t)[z=0 = 0, Yo, (2, )]z=1 =0
= ¢o(z, m), (x, m) € Q x [-7, 0]

(23)

y0($7 m)

K1 dfEwRSD

Fig.1 Communication topology
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Yi, t(il?, t) = HYi, xx(xv t) + (IN ® AAS(Z', t))e(fﬁ, t) +
9(i(x, 1), yi(z, t —7(t)), di(x, 1)) (24) (N @ Ars)e(z, t —7(t)) +
Yi, (T, )|a=0 =0, Ys, 2(2, t)|o=1 = wi(t) (In ® AAry(z, t))e(z, t —7(t) +
yi(z, m) = ¢i(z, m), (z, m) € A x [-7, 0] Iy @ Dy)d(x, t)} + Egj(z, 1) (27)
%TE f(yo(x t), yo (z, t =7(t))) = royo(z, t — Ho, hs(oo(z, 1)) = Ra(oo(z, 1)), hs(oi(z, 1) =
T(t)) (1’7 t— T(t)) ) g(yl(x t) ) yl(xﬂ t— Ns(@i(xa t)); 0= H, Al = A2 = 07 AT]. =1ro+ 0”‘05_17
T(t)) ) dl( )) = Toyz(l' t— T(t)) - 7“05 (LL', [ Ag =19 — 047’06_1, Di=Dy =1, AAl(JZ, t) =0.5x
(1) + di(x, t). FEILFHIH, WFERHEEME (23) 5 ay(a, 0.2, Ado(z, 1) = 0.5Ma(z, £)0.2, AA(z,
BREGE AR (24) B RS S AN 1 FE’T £) = 0.5M, (z, 1)0.1, AA,o(z, t) = 0.5Ms(z, £)0.1.
. 4 6=001, y=5, 7(t) = 0.7+ 0.3sin(t) . N
RYG SR N e
Table 1 ﬁS}lfstem Iirafeters{and values T=1,7=03 EIRMK (19), 132147 HEHIHE
pon e TN Ky = —7.6572, Ky = —5.692 7. '} H,, BHIL
N ) Fr— AR RN T R G (24), X5 B4 N
ro 0.1 TEALHS B0 LSO AN 38 I il — BUR 22 R GUIRS AL
¢ 2 FeEnE 2 H5IE 3 pos. HE 3 WA, S E A
di(w, t) 5o tcos(21) MRS yo(z, t) HERBEE B B RE yi(z, t) Z 10
oz, m) 0.5 frixzEBT %, XM MS82 Bk R4 (23)
du( m) 0-9cos(ma/l2) 5 (24) LISk T Hoo TERESRARIVELSUME, A
P2 (x, m) 0.8cos(wx/l2) + 0.8
¢3(x, m) 0.2cos(mwz/l2) — 0.2 15
ba(x, m) 0.4cos(mz /1) O U Z;Eg ]
N S E P uy (1)}
T 2 48 00 A AL Bk B oo(x, t) = yolx, t — § ° L fwo 0.2 0.4 06 08 L0 uy(t)
(1) € [-a, o], 0i(w, t) = yi(z, t —7(t)) € [~ q], N S
a =165 AIRWTFRAN: i
o0(z, t) = —aRi(00(z, 1)) + aRa(o(, 1))  (25) T 2 s 1 5 6 7 s
t/s
(x, 1) = —ay (o;(x, t Ro(0;(, t 2
0i(r, 1) = —aRy(ai(z, ) + aRs(ei(w, 1)) (26) B2 BB ), o1 2 3 4
Horr, S R o B 2 R 1(eo(z; 1)), Ra(oo(z, 1)), Fig.2 Control input u;(t), i =1, 2, 3, 4

Nl(gz(x, t)), Ra(oi(x, 1)) €[0, 1], H Ri(oo(w, t)) +
No(0o(z, 1) =1, Ry(0i(z, t)) +Na(gi(x, 1)) =1. 18
R (25) R (26), A

Ry (go(, t) = %Ofx,t)
Ra(eo(, 1)) =1 —Ri(eo(z, 1))
Ny (0i(x, t)) = %O(Z%t)

Ng(gi($, t)) =1- Nl(@i<xa t))

B e, MR¥E (11), T4 AR SA] A AR A Bff e i
—HORZE RGBT

ez, t) :Zﬁi{(b\/ ® O)ez(x, t) +

s=1

(In ® Ag)e(z, t) +

e(, 1)

— T —
05 W 567 8 05 W 567 8
£ 13’0123%/5 e o0 1237
K3 RERGKRES ez, t),i=1,23 41
PAFR AL S R
Fig.3 Closed-loop evolution profiles of the states of the

error systems e;(z, t), i =1, 2, 3, 4
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o Jo/ llet, )t _
S, >H2+u~w<-, t)|I3)dt

1.6524 < 5=~

SRRV Ho PR (12) GEIRIE.
5 2. 25 JEAFAE ANER LB B AR S Atk I i 7 AT 2
WL RS, NG H B Ak S B i
AT T
Yo1, ¢(w, t) = yo1, zz (2, t) + yo1(z, t) —
yor(x, 1) = O.1yor (x, ¢ —7(t)) —
Yyoz(z, 1)
Yo2, t(T, t) = wyo2, zz(, t) +nyo1(z, t) —
oyoz(x, t) — 0.2yo2(z, t — 7(t))
Yo1, (2, t)][z=0 =0, Yo1, 2(z, t)|z=1 =0
Yo2, (T, t)][z=0 =0, Yoz, 2(7, t)|z=1 =0
yo1(z, m) = ¢o1(x, m), (x, m) € Q x [-7, 0]
yo2(x, m) = ¢oa(x, m), (x, m) € Q x [-7, 0]
(28)
Yi1, e(T, 1) = i1, 22 (@, 1) +yar (2, 1) —
v (z, t) — 0.1y, (o, t — 7(t)) —
yia(z, t) + di1 (z, )
Yiz, t(7, ) = Wyi2, za(, t) +nyir(z, t) —
oyio(z, t) — 0.2y (x, t —7(t)) +
dia(z, t)
Vi1, «(2, t)|e=0 = 0, Y1, 2(2, t)]e=1 = wi1(t)
Yiz, «(, )|L 0=0, yiz, o (@, V)]o=1 = us2(?)
yi1(z, m) = ¢u (x, m), (z, m) € Q x [-7, 0]
yio(x, m) = ¢i(x, m), (z, m) € Q x [-7, 0]
(29)
E yo(, 1) = [yor(z, 1), yoo(z, V)", yi(z, t) =
i (z, 1), yia(z, O)]Ldi(z, t) = [dir(w, 1), dia(z, 1)],
wi(t) = [uir (), wn(t)]". TEAE ] P 405 5 e
A (28) HERBEE R RefR (29) MRS SEE WK 2
FioR.
WG] S e 1t BR K RT R AN R

f(yO(xa t)a yO(z, t— T(t))) =
[ 1—y2(z, t) —1.0

] yo(z, t) +
7’] —O0
[ —0.1 0.0

0.0 —0.2 ] oz, £ = ()

®2 ARGSHLHE

Table 2 System parameters and values
¥ A
w 1
n 0.45
o 0.1
dir(z, t) 5¢~ 2t cos(22)
diz(z, t) 5¢~ 2t cos(2a)
do1(z, m) 0.5
$o2(w, m) 0.4
$11(w, m) 0.9cos(mz /1)
p12(x, m) 0.5cos(mx/l2) + 0.4
d21(z, m) 0.8cos(rz/l2) + 0.8
d22(z, m) 0.6cos(rz/l2) 4+ 0.2
¢31(x, m) 0.2cos(mz/l2) — 0.2
$32(z, m) 0.5¢cos(mx/l2) — 0.1
$a1(z, m) 0.4cos(mx /1)
daz2(z, m) 0.8cos(mz/12)

g(yi(xa t)a yi(xa t_T(t))a dl({E, t)) =
11—y, 1) —10

] yi(z, t) +
7 —o0

[ —01 0.0
i(x, t—T7(1
0.0 —0.2 ]y'(x () +

(1.0 0.0
| 00 1.0
M 2 40 1 F 22 8k B oo(x, t) = 93, (z, 1),

yOl(x t) [ a, 0&], Ql(x t)—yfl(x t)v yi1($7 t)E
[—a, a]; a=1.65. AFUI N R FR:

00(, t) =Ro(0o(z, 1)) - 0+ Ry(0o(z, 1)) -a* (30)

] dl‘(l', t)

oi(z, t) =Ra(0i(x, 1)) - 0+ Ry (gs(x, 1)) - (31)

Hop ) FEEREE 2 — &, HEF 561
o SRR R B R B R B e . s (30) H
3 (31), 45

Nl(QO(xv t)) =

NQ(@O(J;7 t)) =1- NI(QO(xv t))

R (0i(x, 1)) = Qi(; t)

Na(0i(z, 1)) =1 —Ny(0i(z, t))

é\ hs(QO(xa t)) = NS(QO(J;’ t))? hs(@i(l‘v t)) =
No(oi(z, t)). ZJa, RIE (11), FTFAEA S5 AR
AN TE P — BUR 22 RGN T
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t/s

1754 H 3l &2 i 52 4%
3 . ﬁ' — [— ) — w0
= Bl L Uyy (1) —— t3y() |
e Z—; e Ot 0 HE () —— (D)
i I B — iy (t) —— uy (1)
(In ® Ag)e(z, t) + 5 t 002 04 06 08 10| — uy(t) O
Sl .
(Iy @ AAy (2, D)e(x, £) + S
(Iy ® Aro)e(z, t — (1) + *12
(
(Iy ® Dy)d(z, t)} + Zy;(z, 1) (32)
/\EP7
1.0 0.0
100w
1—a® —1.0 1.0 —1.0
Al = ) 2 —
n —o n -0

—0.1 0.0 1.0 0.0
ATS = ) Ds =
0.0 -0.2 0.0 1.0

0.1 0.0 0.1 0.0
ST R P R

0.0 0.2 .0 02

0.2 0.0 0.1 0.0
AA2(CL‘, t) = MQ(ZII, t)

0.0 0.1 0.0 0.2

0.1 0.0 0.1 0.0
AATl(x, t) = Ml(],‘, t)

0.0 0.2 0.0 0.1

0.2 0.0 0.1 0.0
AATQ(x, t) = Mg(l‘, t)

0.0 0.1 0.0 0.1

48§ =0.01,y =3, 7(t) = 0.5+ 0.5sin(t). M| 7 =
1, 7 =0.5. @itk (19), 52074735136 25 M
K, = diag{—6.7803, —6.7803}, K, = diag{—7.5543,
—7.5543}. 4 Hoo BRI — SRR A T &
45 (29), X SL ¥ ) N T A58 BRSSO AN i I
T —BURZE RGURSTEAGFE FR AN ] 4 F1E] 5 Frs.
HHE 5 a4, ST B B ARIRA yos(x, t) FIERFEE
BRERRE yis(z, t) ZBIMREBETZF, XUl 5
MBS L HREMR RS (28) 5 (29) Ll — 8. ©
J&, TR Hoo MERERR I ESHE, A

t
5 Jo! lle(, t)ll5dt _
o (-, B+ 124, )]13)dt
15488 <3 =

XEWE H, EHIPERE (12) 18RI,

Bl 4 EHEN us@),i=1,2 34, s=1,2
Fig.4 Control input u;s(t), i=1, 2, 3,4, s=1, 2

en(w, t)

en(, 1)
<
o » o
)
Lo
P
A
A
\\X
ot
Gﬁ\
\]\
oo

(2, 1)
LS
)

l 0.5
= 0
% -0.5 % —0.5 ~
N &
10 -1.0 ‘
0 - 0 T~ -
~ 8 — -8
0.2 Q56 7 02 N\ 6( SYE 67

z 04 0123

5 BRERGRS ez, t),i=1,234,s=1, 21
PIIFR AL 50 56

Fig.5  Closed-loop evolution profiles of the states of the
error systems e;s(z, t), =1, 2, 3, 4,s=1, 2
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WAk R g — B ) R, SR AT T-S B
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punov HEESAGEAF A, 5312 T LMIs 1978
I3 F A SRARAE R AN 5 I i — R 22 R AR HURR
€ Hipi & Ho TERE. 20k, BORI A & I i — 20w
75 B Hoo AR 57— S0P 35 1] ) 0] 354k R
LMTs FATAT 14 1] R, h1a) AT B A 1) LMIs R
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K. weJa, TR EE R LT IRIE T HTit Hoo BEH
LG B SR AT . T AR SO R S
s 82t T KT R AT 5% s A s SR A b AL oA
AL LA 5, RIG, BE X070 A 80 2 2 e ik
R e — BRI 0 O AR R R R TT. AL,
ARART 25 A T-S AR AL AR e A1k 80 v SR 32 e K
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