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Harmonic Control Between Two Systems!’

DUAN Zhi-Sheng HUANG Lin WANG Jin-Zhi WANG Long
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Abstract The concept of harmonic control between two systems is presented. Necessary and suf-
ficient condittons are given for harmonical stabilization of two systems. These results can be gen-
eralized to harmonic stability problems for more than two systems. Examples are given to illus-
trate the results. The results in this paper show that two systems can be easily harmontcally stabi-
lized under self-feedback and interconnected feedback. It is possible for the control tramework giv-
en here to play a useful role in the stabilization of composite systems.
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1 Introduction

When control theory is applied to solving problems of electric power systems, socioe-
conomic systems, etc. , large scale systems with many state variables often appear., A bas-
ic method for large scale systems is the decentralized control theory. Due to its advantages
in computation and implementation of control laws, the decentralized control theory has
attracted a great amount of interest'™ ' since 1960s. But it is very hard to obtain necessa-
ry and sufficient conditions for decentralized stabilization of large scale systems. There-
fore, necessary conditions and sufficient conditions have to be studied separately, For sev-
eral decades, the study of necessary conditions have always centered on the concept of
fixed mode!'™*) which is a natural generalization of the well-known concept of uncontrolla-
ble modes and unobservable modes occuring in the usual centralized control problems; the
study of sufficient conditions have always centered on special large scale systems'™',
First, it was shown by [ 4] that a system composed of essentially companion-form subsys-
tems which are interconnected through the inputs of subsystems can always be stabilized
by local feedback. This result was extended by | 5~9]. In addition, a class of large scale
systems with symmetrically interconnected subsystems were also studied extensive-
lyt12~12)  In order to decentrally stabilize large scale systems, these methods always ignore
or reduce the intluence of interconnections under the condition that the subsystems are
controllable, therefore, the closed-loop systems are always connectively stable®~", Al-
though the idea of harmonic control appeared very early-'*''*!, there has been little devel-
opment in this line of research to the authors’ knowledge. How to utilize the effects of in-
terconnections to improve system stability is still an open problem.

For sake of studying the effects of interconnections and making use of the idea of har-
monic control acting on large scale systems, we study harmonic stability problems among
independent subsystems and present necessary and sufficient conditions for it. Harmonic
control in this paper means that the closed-loop system stability is attained by constructing
harmonic interconnections using the states of subsystems.

Undoubtedly, there are many collaborative phenomena in the real world. For exam-
ple, two handicapped people, one is a blind and the other is a lame, can cooperate with
each other very well. In this paper, we study collaborative problems for the concrete con-
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trol systems. According to the popular cooperative ideas in the real world, we have rea-
sons to believe that two unstable subsystems can make up a stable system after interactions
under some necessary conditions.

Throughout this paper, the superscript T means transpose for real matrices. Capital
letters denote matrices, small letters denote vectors, and Greek alphabets denote scalars.

2 Main results
Given two independent subsystems 2., :%; =A;x; +Biu,.and 22,: ¥, = A, x, + B uy,.
An interconnected system can be formed through interactions B,u, ,» and B, u,, :

X, = Alxl T Bl]un - Blzul2

(1)

X, = Ay x; + Byiuy + B,
where u,, =K. x,, u, =K%, sy =K1 x,, and up, =K. x,3 A1y A;y By K,y i=1,2 are
real matrices with compatible dimensions. In Fig. 1. there are not only information feed-
back in subsystems themselves, but also information interchange between two subsys-
tems. It means that two systems are cooperating.

‘c:".

~]

Fig.1 Interconnected system

SET, E:dlag(}ll ’ Ag:»", B:dlﬂg(B]i ’ ng)p Bf:diéig(Bigy Bgl)a R:dlag(Kn ’ Kgg)g

0 K X .
K= (K OIE ) y X ( | ) System (1) can be written more compactly as follows:
21 X

A, + B, Ky B, Ky, )
Bgl K21 Ag _i- BEE KZE

Remark 1. System (2), from the information flow point of view, can not be reduced

x:Ax,A=K+§R+Bfo:( (2)

to the usual centralized control problem.
. < By, By
X = Ax + (Bg1 B,, )u
and it is aslo different from the usual decentralized control problem.
B, B ) ('“1 )
By, B/ \uw
In this paper, we study harmonic stability problems via interactions B, K,; and
B,, K;;. The main problem is to find K, , K;,» Ki;, and K;, such that System (2) 1s sta-
ble, 1. e. , A is stable(all eigenvalues of A are in the open left-half complex plane " ). The
following definitions are needed to state the main thecrems of this paper.
Definition 1. If there are K and K such that A is stable, we say that subsystems 2.,
and 2., can be harmonically stabilized.
In order to discuss whether System (2) can be stabilized or not by this kind of har-
monic feedback, we need to introduce the concept of fixed mode.
Definition 2. Complex number set
AA,[B,B)) = (e(A+ BK + BK")

R!K{:

izﬁx%—(
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is called the set of fixed i'nodes of (A, [B,B°]), where ¢(.) denotes the set of eigenvalues
of the corresponding matrix.

Clearly, A (A, [B,BDCs(A). If A(A, [B,B])# (¥, it means that this set of ei-

genvalues can not be changed by the harmonic feedback introduced above.
First, we give a result for fixed modes test.

Theorem 1. (A, [B,B°]) has no fixed modes, i.e. , A (A, [B,B D= na(ﬁ BK
K, K

B‘K)= if and only if the following two conditions hold simultanecusly: |

) (A, ,[ By, »By; ) is controllable, and VA€ (A, ),rank[A I, — A, ,B;; ] +rank(B,,)=n,,
and

i1) (A;,[ By B ) is controllable, and YA€ 6(A,) ,rank[A], —A; ,B,, | +rank(B,;)>=n, ,
where n, and n, are the orders of A, and A,, respectively, I, and I, are unit matrices with
the same orders as A, and A, , respectively.

Proof. See Appendix A.

Necessary and suificient conditions for harmonical stabilizability of two independent
subsystems can be given by using the definition of fixed modes.

Theorem 2. Subsystems 2J; and 2., can be harmonically stabilized via interconnected
state feedback(B,; and B,, are not equal to zero matrices simultaneously), 1. e. , there are
K and K such that A=A -+BK -+ B‘K" is stable if and only if A(A, [B,B°]DCC".

Proof. See Appendix A.

Remark 2. In Theorems 1 and 2, we do not require that (A, , By,) and (A,, B;;) be
controllable or stabilizable. This shows that the subsystems may be unstable or unstabiliz-
able, and that for sake of the stability of the interconnected systems, two subsystems
must be cooperative,

In the following, we give an algorithm step by step for constructing K and K° such
that A=A+ BK+ B°K° is stable. First, we study the case in which there is no self-feed-
back in subsystems.

2.1 The case without seif-feedback

In the case that there is self-feedback in subsystems, suppose we have designed their
self-feedback such that the closed-loop of the subsystems possess the characters that they
should have. In the following, suppose B,; =0 and B,, =0, that is, B is a zero matrix.
Then we study the problems: Under what conditions is there K¢ such that A=A+ B°K°® is
stable? How to construct K¢?

2.1.1 The case of single input
Suppose b, €ER™ and b, ER™ , n,, n, are the orders of A, , A,, respectively.

Theorem 3. (A, B°) has no fixed modes (B =diag(by; sb:)), i.e. » A(A, B)= na
»

(A+BK)=¢, if and only if (A,,b;,) and (A,, b,;) are controllable.

Proof. By the knowledge of controlability, for the column vector b,,, the controllabil-
ity of (A, ,b;) implies that every eigenvalue of A, corresponds to only one Jordan block. It
1s similar for A; and b;,. Then the proposition follows by using Theorem 1.

The following lemma is needed in order to prove the main theorems of this paper.

Lemma 1, Given n numbersa;,***,a,,» where a; ,*** sa,-; are different from each other,
a, 1s a real number, and a=1{a;,°***»a.~1} 1S 2 complex conjugate set, 1. e. a is composed of
real numbers and complex conjugate numbers., Given another complex conjugate set A=

{A} y **° !/1,,} Wlth 21/1; =+_1ﬂ',' ’ then one can Cl’lOOSE b} — (‘81 y °°° !ﬁn—l )T and C1— (51 s *°* 1&”—1)
Al bl

such that the set of eigenvalues of A= ( .
1 An

) is A, where A, =diag(a; s***s a,—1).
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n n—1 n—1
Prﬁﬂf. SEt f(?):l;[l(')_/l,)a g(S)zg(S—"{Ii)a gf(.:rk): H (ak*—m). Clearly,

t=1, i#k

f_ﬁa) (3)

n--1
det(sl, — A) = H (s — a:) (S —a,
=1
Furthermore, the polynomial equation with degree n—2

L B _ — fla,)g(s)
f(s) g(S)(S Qy ) E gf(ari)(s—‘“&f)

=1
holds at n— 1 distinct points @, ,*** ya,—1» sO the equation follows identically. Therefore,
r—]
Ca; ) g(s)
() = g()(s —a, AL A
fs EREIRS a)+;gr(cri)(5*a£) ( )
By comparing (3) with (4), we know that the proposition follows if we choose 8, and 6,
satisfying

n—1
I:

=]

8O, = é(‘(‘:‘)), i =1, n— 1 (5)

Remark 3. According to the eigenvalue assignment theory-'*!, the conclusion above
holds clearly. In this lemma, only the method for taking 8, 8, i1s given. One can also refer
to 16 ] for some details. In addition, when a, is a real number, 8;, 8; can be chosen as real
numbers; when a;, @+, are complex conjugate numbers a+pi, a— 8, Bis Bi+1+ 8+ Biv1 can
be chosen properly such that 8, 8+, 6;» 6.+1 are changed into real numbers when

a1 0 a f
( 0 a— —fB a
transformation.

Theorem 4, Suppose b, €ER", b, & R™, (A, B9 has no fixed modes, and tr(A,)+
tr(A,)<0, where tr(. ) denotes the trace of the corresponding matrix. Then there is K°
such that A=A +Bfo:( A b”"”) is stable.

b2] k21 A2

Proof. See Appendix A.

Remark 4. From the proof of the theorem, we know that the eigenvalues of A can be
assigned properly with the only constraint that a= {a,,iﬂ )ty A by } 1s a complex conju-
gate set, and that the elements of a are distinct(generally, this holds naturally). When ei-
ther n; or n, 1s an odd number, one can get a complex conjugate set a by Equation (A1)
naturally; when both », and »n, are even numbers, the eigenvalues A,,***, A, ;. of A must
be chosen properly in the open left-half complex plane such that Equation (Al) has a real
root. This can be completed easily.

2.1.2 Multi-input case

Before presenting the main results of this section, we have some discussion on the
controllable canonical form of linear systemst'’J.

Lemma 2%, Given (A, B) controllable, suppose B is of full column rank ». Based on
the basic column transformation of B, one can get the second Wonham canonical controlla-
ble form as follows:

) 1s changed into the real standard Jordan form ( ) under similarity

A i 01 -
A = A.2] A.ZE ) ’ A;‘;’ — (:) - 1 v 1= 1424y 1
An A, e A, R
-0 0" B, 0 0 0 O 0"
: 2 R - & R :
A:} == 0 . 0 y 1 > ] B = E s B:‘ T 0 0 0 0 ¢
| x % _ B, 0 0O 1 O 0 _
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When the cyclic index of A is also », one can choose the controllable form as above such
that order(A,,)<Xorder(A;), i=2,+, r, where order(. ) denotes the order of the corre-
sponding matrix.

. 4 P, P,
Lemma 3"'%'. For any nonsingular block matrix P= ( Pﬂ P ), where P, and P, are
. * . o (Qs Qu .
square matrices with orders s and ¢, respectively, suppose P™' = 0. Q. Then P, is
x5 L4

nonsingular if and only if Q, is nonsingular.

In the following, we will use Lemma 2 and Lemma 3 to transform the multi-input case
into the single-input case by assigning some eigenvalues and eigenvectors. Suppose B;, €
R"*™, B,y € R=*?, and max(rank(B,,), rank(B,,;))>=2.

Theorem 5. If the following conditions hold,

1) (A,, By;) is controllable, VAEg¢(A,), rank(Al, —A,) +rank(B, ) >=n,,

11) (A;, By ) is controllable, VA& 6(A,), rank(Al,—A,) +rank(By) =n,,

ut) tr(A, ) +tr(A,;)<0,
then there is K¢ such that A=A+ B°K* is stable.

Proof. See appendix A.

2.2 The case with self-feedback

From the above discussion, we know that tr(A,;) +1tr(A,)<0 1s a critical condition,
but in the case that there is self-feedback in subsystems, it is easy to find K;; and K,, such
that tr(A, +B,, K{;) +tr(A; +B;, K;, ) <0 when the controllable subspaces (A, | B;;) and
(A, | B;, ) are not equal to zero spaces simultaneously. Therefore, the trace condition is
easy to be satisfied, see Theorem 2 for the main result.

3 Examples
Example 1.
2 1 0 0 3 —1 O 0 (0" (A
0O 2 1 O 0 3 0 0 0 1
A=1002 ol"®T o o —5 o "= b=
Qg 0 0 —3. 0 0 0 —10, L1, 1.

Clearly, (A, by2), and (A,., b,;) are controllable, and tr(A;) +tr(A,)=—6<C0. Take
AL =—0.70,A; =— 0.0,0; =— 0.644, =— 0.4
As =— 1,6 =— 0.80,4; =—0,7,A, =— 1.2
By using Theorem 4, one can get
ki,=[—0.267658664321 0, 16714623386576 —0. 05145346051291 0. 884307226647161

koo = [ —45. 222097600732 —105. 357380908421 —79. 631199687734 0. 123699687733

A b,k . . :
such that A= ( 1 g 12) 1s stable, and its eigenvalues are A; sA; 543 sA4 sAs 945 047 145
b21 kZI AE

Example 2.
0 1 0 0 O - . 5 0-
0O 0 1 0 0 9 g ) 0
A1= ““'12 8 1 0 0 gAQ:

0 0 0 1
U 000 1 0 —0.75 2
2 0 0 8 —2; ‘ "

0 0 1 0 0O\ 0 1 0 O\"

Blz“(00001)’5““(0001)

Clearly, (A,, By;) and (A,, B, ) are controllable and tr(A,) +tr(A,)=—5<0. By using
Theorem 5, one can get
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Ko ( 1 1 2. 8TT27T700866&87 1
e 7.8 4.1 —2.87727709866887 —1 ) ’
K. _J 9. 2 —11.8% —5.9 — 8., 2 1.1
1 \332. 14531117781 94. 585565285673 24, 198567777589 6. 994750006238 49. 568566203367)
/A Bi:Kjpy .
such that A= (BEiKZI A, ) 1s stable,
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Appendix A

Proof of Theorem 1. (Necessity) (A, [B.B‘]) has no fixed modes, i.e., YA€s(A), 3K, K°, s. ¢t
AEo(A). So rank([A], — (A, +B, K ), B;K;i; ])=mn,, where n, is the order of A,. Then rank([ A, —
(A, +B K>, B; |)=n;. Therefore, {A; +B;;K;;|B;;>)=R". By using (A, + B,; Ky, | Bi,)C{A, | B>
+ (A, | B>, one can get that (A, ,[ B;; ,Bi:]) is controllable, where (A|B) is the controllable subspace of
(A,B). On the other hand, one can get rank [ A I, — A,, B;; ] + rank ( By ) =2 n, from rank
(All — A, — By Ky,

BEI KZI

(Sufficiency) Take standard controllable decomposition for (A, ,By;) and (A;, B,;). Then it is clear
that one just needs to test the proposition for uncontrollable modes of (A, ,B;;) and (A;, By, ). Therefore,
suppose B;; =0 and B;, =0 without losing generality. For any A ¢ s(A), suppose that A; and A, are the ma-
trices with the standard Jordan form, and rank(Al, —A,)=mn, — p, rank(Al, —A,)=mn, —q, p=q. By 1)

):nl. 11) 1s similar to 1),
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and ii), we know that (A,, By,) and (A,, B, ) are controllable respectively, and rank(AI, — A, ) -+ rank
(B,,)>=>n, , rank(Al, — A, )+ rank(B,,)>=n,. Noticing that K° depends on A, for this A, rank(B;;)=p and
rank(B,; ) == p hold according to the rank conditions. So it is easy to construct K° such that A &
a( T A Bi: Ky 7
_BZIKZI A;
and K¢ such that A& s(A).
Proof of Theorem 4. Suppose that A; and A, are the matrices with the standard Jordan form.
i) Suppose A, is a real diagonal matrix, A; =diag(ay, ***» ar ) and b2 = (Bi s>+ S, )T. In the follow-

ing, we prove that one can choose k&, :(tl T Cnl Yo by =(G s n,— 1 Yy L =(&, **, 3,,2ﬂ1 ), @n) +1 9
"ty Qu dm, b where @, +n, is a real number, and a = {anlﬂ . *cv anlﬂz_l} is a complex conjugate set and

o — dlag(A1 ,C) (blz v £ )T
n +is 1=1,*, np, —1 are distinct from each other, such that A= ( ko £0)
21 &2

). Therefore, with the conditions i) and ii), for any A€ ¢(A), one can construct K

) 1s stable, and
ﬂnl +n2

C ]
tz a"1+"2

A;=(

Suppose the eigenvalues of A are A;,+*, An, +n, 3 the eigenvalues of A, are 71, ***, Ve, * and the eigen—
+n
2

values of A, and A, do not appear among 4, ,***» A, +., . Clearly, 21 AL=tr(A,)+tr(A;), 2“" 4= E Y
=tr(A;). Set

) is similar to A, , where C=diagla, +15 ***» @n +n,—17-

n1+"2 n1+n2——1
o=l G=a), g =[] G—a

;== 1] i=1

ﬂz ﬂz“—l

fl(S) — 1—_[(5‘_7;')& g1(3) — H(S_a’ﬂ1+i)
Then(See Lemma 1)

3,-3;: y 1 == ooy 1, — 1
gf(a:nlﬂ) g:(an1+i) z ’ P

where g’ (.) and g1 (.) are defined as g’ (. ) given in Lemma 1. Therefore, A +iy 1=1,*, my — 1 should
satisfy

n, +n,
H (anl+1 — Ap) = ]_—_[(aﬂ1+1 — 7;,) H(&n ; -—a;

SO @p +iy 1=1,°00y np —1 should be chosen as the roots of polynomlal equation
ny g "y g
H(S“_zh =1__[(5_*)’h) H(S‘_ﬁ'j) (A1)
k=1 A=1 =1

In addition, Ay, ***, A, [ +n, Can be adjusted in the open Ieft—half complex plane such that a= {a,. Sl "t
a,,1+,,2_1} is a complex conjugate set and the elements of a are distinct from each other., When a is chosen
properly, a, +., can be determined by *gzla,,ﬁ,— =tr(A,). Using the method in Lemma 1, k;1, 6, &, 1=1,
, n, —1 can be chosen such that theieigenvalues of A are Ay, s Any +n, and the eigenvalues of A, are 7,
**s ¥, » Where §; and & satisfy the requirements of Remark 3, By the distinction of @n +1 """ 98n, +n,—1 5 EVETY
eigenvalue of A; corresponds to only one Jordan block, so A; is similar to A,. Using similarity transforma-
tion, transform A, into A, (A; is with the real standard Jordan form). Then one can get that
A = ( fAl blzk;z)
b21 kZI A2

is stable. When b;; =b,, , the proof is completed. When b;, b, , because the eigenvalues of A; and A, do
not appear among A1 s ***s Aa +n, » (Az, by, ) is controllable and (A;, k};) is observable. Then taking ki
A, b2 ky:

such that ki, (sI, —A;) " by, = k3, (sI, —A;) 71 b5 » one can get that (
bZI k21 Az

) 1s stable, and its ei-

genvalues are the same as the ones of A,
11} When A, is not a diagonal matrix, suppose A; has only one Jordan block and the other eigenvalues of
A, are distinct from each other, i. e, ,

Al — diag(]“ Qr41s ***y a'nl)! Jl —
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A y
and suppose by, = (0, **+, 0, f,,8+15 *=*y B )' without losing generality. Construct A" = (dﬂ . | ) by
i ny, o,

the method 1n 1), where A, =diag(A,, @ny 417 2 Qn tn,~1)y €1 = (b,,6,, *-, n, — 1 Y, di =08, oy &y
Crvre *n 0l 9 01 =09 Ony—1 )0 Lovrsm sl o Brsorrsbu) 158197 58a, 15 @n 419" s&a; +x, -1 Can be chosen by u-
sing the method in 1), ¢ ,+, ¢ can be chosen according to the polynomial equation f(s) =det(s[—A"),
AI blzkh?
bZI k21 AE
When b,; is not of the form (0, +=«, 0, 8,841, ***, B, >T, by the controllability of (A,, b,,) and the
observability of (A,, k; ), one can change b, by adjusting k.
When A, has complex conjugate eigenvalues, one can use the real Jordan form and Equation f(s) =
det(sI—A") to decide k, and k,;, such that A is stable.
Proof of Theorem 5. In fact, i) and i1) are necessary and sufficient conditions for(see Theorem 1)A(A, B°) =
. In the following, we mainly present an algorithm for constructing K. The cyclic index of A, and A, will
play an important role in the algorithm, therefore, suppose cyclic(A; )<Zcyclic(A; ) =r , the column number and
the column rank of B,, and B;, are also ». Next we mainly discuss the case r==2. By using Lemma 2, (A,, B;5)

and (A,, B; ) can be changed into the second Wonham canonical form as follows.

- i 0) ___(?1 O)
a= (o oan ) 2= s

Then taking similarity transformation as 1n 1), one can get that A== (

) 1s stable.

21 22
(0 1 (0 0 - 0
Av =, A= o L =12
\ ¥ ees % | % % e %
. O -« 0 1 0 0 O\!
B,, and B,, are the matrices of the form (O 0 0 o 0 1) , where * denotes the element

needn’t to be written out,
Let the orders of A}, Az A%, As, be v 5 w0y u; s u,, vespectively, and u; <<u,. When A}, = A}y,
2, = A3, and A}, =0, A3, =0, K can be constructed by using the method for the case with single input. In
the following, we construct K;, and K;, for the case u; < min{v, ;v }. Set

I T T £y e C“‘I Cl‘”l o,
K, = y Koy =
/72 SR / - R A I Czul Czulﬂz
The procedure of designing K, and K,; i1s changed into two parts.

b0
1) Set lez( R

complex plane such that 17(A;) +tr(A,) — (A, + -1+ 4,, )<<O0, the elements of A, are distinct {rom each
other, and there is no intersection between A, and the set of eigenvalues of A, and A,. Then take k, = (¢, ,

moott T A, By H,
/72 SN/ 778 élkl A%l

a) The set of eigenvalues of B includes A,. And the matrix composed of the row eigenvectors corre-

). First, choose a complex conjugate set A; ={A,, **", A., } in the open left-hali

) satisfies

ee Cl.ﬂl +3, Y, H, = ( ) such that B= (

sponding to Ay, ***,A,, 18 P=(FP, P; P;y), where P, , P;, P are u; Xv;, u; Xv:, u; X u, matrices, respec-
tively, and all elements of the last column of P,, P,, P; are equal to 1.

b) The v,-th, (v, + v, )-th elements of the row eigenvectors corresponding to the other eigenvalues of B
are not equal.

¢c) Every eigenvalue of B corresponds to only one Jordan blcck,

In fact, the first step is to choose H, and k, such that PB=diag(a,,***, 4,, ) P. By the assumptions a-
bove, this step can be completed easily by solving linear equations.

2) When 1) 1s completed, suppose S™'BS=diag(J,, J), where J is a matrix of standard Jordan form,
and J,=diag(a;, **=» A, ). And P 1s the matrix composed of the first «, rows of S7', Set S, be the matrix

composed of the first v, + v, rows of S, F the matrix composed of the v, -th, v, + v,-th columns of §7'.
Then take

Muy+1 "7 a4, 1
Hzi( )2 (&is =5 &) kzz(gzn‘“sgu—h:)
/TR N /7 2 (“' 1) : b

The original problem i1s changed into choosing H; and k; such that
Af__ ( diﬂg(jl}! ) FHz)
1k, Si +bie Aj
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is stable, where ¢ is a row vector which is related to A%, and S. The elements of ¢ need not to be written

out. According to the method of taking H, and the characters of P, we know that 4,, -, A, belong to
J F,H, ) b
glkz Si + b%l c %2 » WHEE
(f1 f.)=PF, is composed of the last v; + v, rows of F, S; is the matrix composed of the last v; + v, columns
of S,, ¢’ is the row vector composed of the last v, + v, elements of ¢. By b) of 1), (J, fi — f:) is controll-
ble. In addition, by using Lemma 3, S| is nonsingular, because P; is clearly nonsingular., Therefore, k; S; +¢
can be chosen deliberately. Choosing H; , k, such that A” is stable is a problem discussed above with single

o(A’). Therefore, the stability of A" is equivalent to the stability of A”= (

input,

Please refer to [ 18] for the detailed discussions for the case u; << min{v; ,v } and the case r==3.

Proof of Theorem 2. (Necessity) Clearly.

(Sufficiency) The fixed modes can be separated easily from A by taking similarity transformation,
therefore, suppose A (A, [B,B]) = without losing generality. Then one can choose K,, and K;; such
that

l) (A1 _’_BH Kll :B12) iS controllable, and V AE G'(A1 +B11 Kn ) . rank[lll e A} — Bu Kn :l+ rﬂﬂk(le )
;?’Il .

11) (Az +Bzg Kzz ;Bz1 ) 1s COntrollable, and VAEC o'(Az +ng Kzz) ’ rank[AIg ’_Az - Bzz Kzz :l + rﬂnk(Bm )
;nz .

HI) tI'(Al +B11 K11 ) +tr(Az +B22 Kzz )<0.

Then one can get the conclusion by using Theorem 5.
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