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Combine Column Generation with GUB to Solve
the Steel-Iron Raw Materials Purchasing Lot-Sizing Problem”
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Abstract The objective of steel-iron raw materials purchasing lot-sizing problem is to identify the
purchasing quantity of each item in each period over a given horizon so that the total sum of inven-
tory cost and purchasing cost is minimized under considerations. The lot-sizing problems have
been proved to be NP-hard. The existing optimal approaches can only solve small-sized problems.
In this paper we formulate the steel-iron raw materials purchasing lot-sizing problem and propose a
new approach combining column generation with GUB (the generated upper bound) to solve the
problem. The computational results of a practical problem show that the approach is effective and
has potential application values in making purchasing decisions.
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1 Introduction

The raw materials purchasing optimization problem of large-scale steel-iron enterpri-
ses 1s difficult, since the problem has the following features.

1) Multi-item, as many as thousands;

2) Large-volume, up to tens of millions ot tons per year;

3) High-cost, billions of yuan per year.

However, the problem is also important, since the raw materials purchasing cost ac-
counts for 60% ~70% of the steel-iron production cost.

Optimizing raw materials purchasing, which in mathematics can be viewed as a lot-siz-
ing problem, 1s to properly determine the purchasing lot size of each item of raw materials
In a given horizon to perform the action of reducing cost. It is estimated that if a large-
scale steel-iron enterprise could organize the purchasing optimally, millions of yuan of pur-
chasing cost would be saved.

The problem originates from the raw materials purchasing problem of MaSteel. MaS-
teel 1s a state-owned large-scale steel-iron enterprise. It purchases 15 million tons of raw
materials, which cost 4. 5 billion yuan each year. The number of items of raw materials is
more than 3000. For such a large-scale raw materials purchasing problem how to organize
the purchasing is a key problem. This paper proposes a raw materials purchasing lot-sizing
model based on the practical problem settings of MaSteel, and provides a solution ap-
proach of combining column generation with GUB to solve the problem.

Lot-sizing problems are frequently encountered in industrial production settings, and
have become an active research area'™"}, The general lot-sizing problems have been proved
as NP-hard®!. Up to date, there are no effectively optimal approaches solving this kind of
problems*®!. Although, in recent years some near-optimal approaches, such as TSN,
GA"%, the hybrid approach!'’, etc. have been used, all these approaches are approximate
ones and hard to appraise.

Combining column generation with GUB approach has been used for the multi-product
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scheduling problems by Lasdon and Terjung-"*, and Dzieinsiki and Gomory‘'*', respec-
tively. But restricted by the capacities of computers, the approach was not developed fur-
ther. Now, with the development of computer technique, the column generation-based ap-
proaches have been used for many important integer and combinatorial optimization prob-

14~18) " In particular, it has been a necessary choice to deal with large-sized problems.

lems:
2 Problem description

Raw materials purchasing lot-sizing problem (RMPLP) can be described as follows:
given the demand for each item of raw materials each month, the problem is to determine
the practical purchasing quantity of each item each month of the year within the horizon
such that the total sum of purchasing cost and inventory cost 1s minimized under considera-
tions. For modeling the problem, we consider two key factors: capacity constraints and
cost structure,
2.1 Capacity constraints

1) Purchasing budget: the total expense used to purchase raw materials

2) Maximum inventory capacity: the sum of inventory capacities ot all yards

3) Raw materials processing system capacity: convey capacity, sintering capacity, etc.
2.2 Cost structure

Because our objective 1s to minimize the total sum of purchasing and inventory cost,
obviously, the analysis on components of the cost 1s necessary.

» Purchasing cost

Definition 1. raw materials purchasing set-up cost 1s defined as the sum of all cost oc-
curred for completing a raw materials purchasing activity, including loading, unloading,
transportation, leasing vehicle, ship cost etc, except for the raw matenals cost, 1. e., ore
price. It is formulated as follows.

Purchasing cost = ore price + purchasing set-up cost

« Inventory cost

In a large-scale steel-iron enterprise, the total inventory may be millions of tons. The
inventory cost and capital holding 1s significant.

3 Model
Notation:
» Variables
oo the purchasing quantity of item 7 in period ¢
I, the inventory of item 7 in period ¢
Vi 0-1 binary variable, equal to 1, if x,,>0; 0, otherwise.
» Parameters
N the number of items of raw materials
T the number of periods
d.. the demand of item 7 1n period ¢
D the unit price of item ¢
h; the unit inventory cost of item 1
5, the purchasing set-up cost of item 1
r a proportional constant determined by the production practice
M a sufficiently large positive number

Q... the set of items of raw materials that are transported by water

I... maximum inventory capability
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C..or. ; the water transportation capacity in period ¢

Chuger  total purchasing budget
The RMPLP can be formulated as follows:

N T
(RMPLP) min Z Z (pl X ;4 —|" S:V it + hiI,-I) (1)
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where y;, equals 1, if z,>0; 0, otherwise, I,;, i=1,*,N, t=1,+,T is the initial inven-
tory.

Objective function (1) expresses minimizing the total sum of purchasing cost and in-
ventory cost. Constraint (2) stands for supply-demand balance. Constraint (3) is the re-
quirement of safe inventory. Constraint (4) is the maximum inventory capability. Con-
straint (5) is the water transportation capacity. Constraint (6) i1s the purchasing budget,
Constraint (7) indicates the single item maximum purchasing amount restriction. Con-
straint (8) indicates purchasing quantities and inventories are non-negative,

4 Solution approach
4.1 Model transformation

The above model (RMPLP) is a 0— 1 mixed integer programming (MIP). We per-
form the following steps:

Step 1. The redefinition and sequencing of the variables, e. g., if I,,=a >0, then let
I,,=I,— a, and redefine it as I,

Step 2. Upper and lower bound replacing, if I, =R, then let I,,>1,, —R, and redefine
it as I, , then the lower bound of I, 1s 0
Then, the original problem model can be reformulated as follows:

N T
(LSP) min EZ(pi:cﬂﬁ—s,;yﬂ—i—hJﬂ) (5)
i=1 t=1
s. t., Ihf_#]_‘f_x,'r__If;:dﬂg I-:].g"'g N;tzlg"'gT (].O)
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N
Dlizy <Lys k=1,,K, t=1,,T (12)
i=1
Ifthyfr, I.:].,""QN;t:lg"'}T (13)
Yi: 6 {0!1}! 1':19"'!N1t:]-!"'!T (14)
Ifr>05 I;’; >09 izlp"'!N! 219"'3T (].5)

where [,; denotes the unit claim on resource £ by item 7, while L,, denotes the amount of
resource k avatlable in period ¢, according to the inventory capability, water transportation

capacity and the purchasing budget in the original problem, respectively. The others are
the same as above.
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4.2 Solution approach
4.2.1 Column generation principle

The principle of column generation is that for a linear programming (ILP) problem, u-
sing Dantzig-Wolle decomposition principle, the original problem is transformed into an e-
quivalent LP problem, calied the master problem (MP), which has moderately rows but a
huge number of columns, Column generation technologv 1s used to solve the multi-column
[LP. In the course of solving the MP, not all columns within the constraint matrix are lis-
ted explicitly, but only a very small subset of columns, called the restricted master prob-
lem (RMP), will be chosen to solve the original problem. In fact, only fewer columns
(basic variables) will appear in the optimal solution, while the other nonbasic columns will
be ignored because their corresponding variables are equal to zero. The optimality criterion
of solution of the RMP 1s used to check the optimality of MP solution or to generate new
entering basis columns to re-optimize until the optimality check is passed.
4.2.2 Column generation reformulation

To use the D-W decomposition, we introduce the definition of dominant schedule.

Definition 2. The apices of the following set are called dominant schedules-®"* .

rIH} —

<11'¢r—1 '—{_Iit‘l_Iff :dﬂ, izlg"',i\(! ti]_,”'!T (].6)
IT = ()}

LIz't!Iit 20

For each item 7, the dominant schedule set i1s expressec as
(); = {(Ifla'”sl"}r; f]!'"!I{T)! ] = Lyees J(2)
Introducing the following notations.
T
J.:' ~— E (Pixi‘;: +5i.}’£z _I_ h:I':r) ’ Lfg — lki-r}r:r
t =1

and by D-W decomposition principle, the feasible solutions of the original problem can be
represented as the convex combination of dominant schadules of each item"® **J,

N JUH
(CG) min Y > d} ¥ (17)
f? o
st D D LB Ly, k=1,~,K,t=1,,T (18)
o
> =1, i=1,-,N (19)
1= 1
0{;05 Z:].y“'gNy_]Zly"'g‘](Z) (20)

Feasible solutions of the problem (CG) must be feasible solutions of the problem
(LLSP). If the optimal solution of the problem (CG) is integral, then it must be the opti-
mal solution of the problem (LSP). In general cases, it is only a lower bound of the origi-
nal problem, but when N>T, we can get a very good approximation of the original prob-
lem by the following proposition.

Proposition. If N>7T, then the any basic feasible solution of the problem (CG) in-
cludes at least N-T integral values.

Proof. leave out. The reader is referred to [ 20 |. ]

Thus, we get the following column generation algorithm outline. In fact, the algo-
rithm is a two-level algorithm. In the high-level, it gets the simplex multiplier or dual
prices by solving the corresponding RMP. Let #= (m,,+**,mxr) be the simplex multiplier
corresponding to the K X T resource constraints, and a; be the simplex multiplier corre-
sponding to ith convexity constraint. While in the low-level problem, it solves the follow-
ing subproblem by dynamic programming for each 7 to check the optimality or generate
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new entering basis columns.

T K
min B:‘ — z ((P: o Zﬂ'ktlki)xit + SEIYit +hi:I£t )__ a, (21)
t=1 k=1

s. t. constraint (16) as above.

If all 32> 0, i=1,++,N, then the optimal solution has been obtained, or else gener-
ate new entering basis columns to reoptimize.
4.2.3 Steps of the column generation algorithm

Step 1. Generate initial solution using lot-for-lot heuristic

Step 2. Solve the RMP, obtaining the simplex multiplier # and ;, i=1,-+*, N

Step 3. Solve the subproblems, checking optimality. If the optimality criterion is
met, then stop; else go to next step

Step 4. Select the minimum 8, <0, generating the entering basis column and return to
Step 2

S Computational experiments

Using the above algorithm, we calculate a group of practical examples from MaSteel.
The problem size 1s 97 X12 (N X T). In the problem, for convenience, we only take one
kind of resources——water transportation, and test the algorithm behaviors by adjusting
its capacity, Clearly, It has no ditficulty to consider many kinds of resources by adding T
times of couple constraints to the original problem. To protect the business interests of the
enterprise, information detail is omitted from this paper, only the computational results
are given,

In Table 1, columns 1~3 indicate the problem property. The 4th column 1s the opti-
mal objective value calculated by the proposed algorithm. The 5th column 1s the computa-
tional results by column generation and branch-and-bound approach!?!. The 6th column is
dual gap whose value equals (V2—V1)/V1X100%. The 7th column is the total number of
columns generated. The 8th column is the total number of nodes tathomed. The 9th col-
umn 1is the running time. The overall algorithm is programmed by VC++ 6. 0, running on
the Pentium [I 433 computer.

The differences in the four tested problems are: the capacity constraint of the latter
problem 1is stricter than that of the former. The computational results show that, the loo-
ser the capacity of the problem is, the easier it obtains the optimal solution. In addition,
the generated columns and running time are also less for those problems. For the different
capacities, the optimal solution of the problem is different, in the case where the capacity
1s abundant (e. g., problem 1), the optimal solution of LP is the solution of the original
problem, even no dual gap. Nevertheless, in the case that the capacity is tighter (e. g.,
problems 2, 3), the cost is enlarged, even no feasible solution (problem 4). A great num-
ber of computational experiments show that the performance of the proposed algorithm in
this paper is satisfying and the dual gap is within 1% (in the computational results of this
group of data, the maximum dual gap is merely 0. 03%).

Table 1 Computational results using real world data for two approaches
Problem property

Column generation  Column generation

Size Capacity and GUB Optimal  and B&B, Optimal Du?/l Columns Nodes CPU (s)
No. (NXT)(10* tons) value (V1: Yuan) value (V2; Yuan) gap(74)
1 97 X 12 200 2301121816 2301121816 0. 00 97 1 100
2 97X 12 150 2301761315, 9974 2301762663 0. 01 195 2 194
3 97 X 12 120 2301802286, 7851 2301809458 0.03 504 5 499
4 97 X12 110 No feasible solution ~— — — — —
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6 Conclusion

The steel-iron raw materials purchasing lot-sizing problem is NP-hard. The approach
proposed in this paper can etfectively solve this difficult large-sized problem. It has signifi-
cant potential application value for the enterprise. Lots of computational results show that
the proposed algorithm has better performance in solving large-sized problems, and that
computational time is less and the dual gap is small. At the same time, we also note that
there are some research directions deserving concern in future, such as developing effective
heuristics to deal with the tough problems, and so on.
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