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Abstract The satisfactory filter problem is studied for linear multi-rate periodic systems with pa-
rameter uncertainty., The problem under consideration is to design a satisfactory filter such that
the resulting filtering system is asymptotically stable and meets desired H-infinity rejection level
for all admissible parameter uncertainty. Based on the satisfactory estimation idea, the problem is
firstly converted into a problem of solving Riccati matrix inequalities (RMI). Then the latter 1s
cast into a feasibility problem of a system of linear matrix inequalities (LMI) viga matrix transform
and LMI technique. A design method of satisfactory filter meeting desired multiple objectives is
then provided which 1s effective by using Matlab-LMI computational software, Finally, a simula-
ting example confirms the results obtained.,
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1 Introduction

H.. robust filter problem of uncertain systems is an interesting research topic in recent
years. Robust sampled-data estimation problems of linear time-invariant (LTI) systems
have been studied in time domain via Kalman filter'’” and in frequency domain via Wiener
filter'??, Usually, high estimation precision for complex signals is hard to achieve via LTI
filter. Therefore, multi-rate sampled-data approach 1s now commonly used in data sam-
pling according to characteristics of signal frequencies. Many jointed sampled-data systems
are multi-rate periodic systems and are widely studied and used 1n signal processing and
communication. However, most relevant research works in the past were based on optimal
control for one synthesis criterion-*’, while satisfactory filter-*
rarely studied.

In this paper, filter design for a linear periodic multi-rate system with signal delay will
be studied. The desired filter must meet required constraints on asymptotical stability and
H.. rejection level for all admissible parameter uncertainty, The filter designing method

provided in this paper is mainly based on satisfactory estimation idea and matrix transtorm
and LLMI technique,

with multiple objectives 1s

2 Problem statement

Consider a digital filter system with periodically sampled channels, as in Fig. 1 where
3. is a continuous observed object, 3 is a discrete-time digital filter, Z7¢ stands for d-step
delay, T,(j=1,2, -+, [) denotes sampling period of each channel.
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Fig. 1 Filter systems of periodical sampled-data digital channels
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Suppose the observed object can be expressed by the following linear discrete-time pe-

riodic system with parameter uncertainty
s . {rxk-{-l = (A, + AA)x, + (B + ABp)r, + Eyw,

o Ve = (Ck -+ Ack)l} -+ (Dk + AD,@)?}
where x€ R" is the state vector, y € R'is the measured output, r & R' is reference input
and w€ R! is external disturbance,A, € R"*", B, € R™!', C,€éR'*", D,€eR'"*', E, € R*!
are N-periodic time-variant matrices and N denotes the number of sampled channels, AA;,
AB, ,AC, yAD, are uncertain parameters with the following structured forms.

ac, ap)= [ L6 Ge
where M., M,,, G, s G, are known N-periodic matrices and uncertain matrix F, & F~
F*' 1= {F, € RtDPX+D | TR <&I,¥Yk}, I is the unit matrix, &§ is a positive scalar,
called uncertainty intensity.
Assumption H, : Pairs (A;, C,) are all observable and (A,, E,) disturbable.
Consider periodically sampled behavior of output y and error e, and choose the follow-

ing digital filter

(1)

A {£k+1 :Akfk _'_Bkyﬁk (3)

2 ;‘k - Ckfk +Dk§k
where filter state vector x&€ R", filter output y, =1y, +1v,, measurement noise v, € R, and
A, n=A, ER™, Biyn=B, € R ,C, n=C, €ER*", Dy n=D,ER, k=0,1, - , N—1.
The delay system of input signal with d-step delay is expressed by

xf+1 = A,x{ + Bur,
24 i — C,zd (4)
where r{=r,_,=2"%,, A;,={0,e(1),e(2), =+, e (d—1)} €ER*?, B,=e(d) € R*™!,
=e¢' (1) € R'™4, e(i) denotes unit column vector whose ith component is 1 and others
are zero,

L

Denote %, =[xss 2%, z, |  sll, =7y wi»s v, |T and signal estimation error e=z "% —7.
By (1), (3) and (4), we have an augmented system:
= [ X = (A, + Mk)fk —|— (E, ‘f‘ AEDa,

0
2 €, — (Ck‘i_ﬂck)fk -+ (Dk +ﬁDk)ﬁk ()
~ A 07 rA; 07 rBy, E, 07 =
Where Ak”"‘_Bka Ak_ ’ Ak i 0 Ad_ ’ Bk—‘ _Bd 0 0__ ’ Dk—’[Dk 0 I]
C.&:[chk_‘_cd Ck:la 6k=[ck O]! Cd:':o —Ca ], Ek:[BE E*TBE]T
~ [ A, 07 ~ TAA, O ~ [ AB, - = _[AB, 0 07
Aék__Bkﬁ(:jk O-ﬁ, Aih—- 0 O}, AEk_ Bkﬂﬁk_, ABE.—}: O 0 Ol
AC,=[DaCe 0], AC=[aCe 07, AD,=D,AD,, AD,=[AD, 0 0],
D,=D, -« D.&

In order to make sure that the system is of good dynamic behavior and strong robustness,
our objective is to design a filter to satisfy the following two requirements.
a) The augmented filter system in (5) is asymptotically stable for all permitted pa-
rameter uncertainty A( ¢ );
b) The augmented filter system in (5) meets desired H.. disturbance rejection level
| He (@ %y s Zunan—1) || o =

inf( sup ” € H 2,[0,N—1] “|'f N+N—1 QUuE mN+N—1

" ﬁﬁ(ﬁ,zﬂ)ettz[o.ﬁ—-ul].ﬁ‘"‘r) I 4 ” 2,0, N—1] + ” XmN “ 2 /

where YER is a given positive number, || ¢ |l 5, o, n_1] denotes L, norm of [ « | at the pe-
riod of [mN, mN+N—1], X.n »X.nin—1Qu are differently initial, terminal states and its
given weighting matrix, respectively.

1/2
| )< y (6)
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3 H. robust filter design for periodic systems
Lemma 1!, The linear discrete-time N-periodic system
X1 = Arxy + Eaw,
v = CpX,
1s stable 1t and only if there exists symmetrical positive matrix P, € R"*" that meets periodic

RMI.

(7)

[Ai P Av — Py <O
qu-!-N — Pk

Lemma 2'%'. Given appropriate dimension matrices Y;, Z; and real symmetrical matrix
M, , the following inequalities hold forV F, € F~

(k. =0,1y¢sN—1) (8)

M, +Y,F:Z,+ (Y. F.,Z,)" <0 (9)
if and only if there exists positive scalar ¢, such that
M, +e8Y, Y, +e'ZeZ, <O (10)

Theorem 1. Supposing Assumption H, is met, there exists periodic matrix pairs (4,,
B, ,C:,D;) such that the filter (3) meets index a) if and only if the following inequalities
in Q, € R**" and scalar €,,, 1. e.,

— Qi AQe 0 M, -
QAT —Q QG 0
~ 0 11
B GuQr —enl O = (b
M}f O 0O — &, 15_

have a feasible solution, where M, = M, 0 MLB!]" ,le =Gy 0 0],Quv=Qs,

Qk:(Qk)T>Oi —=0,1, -y N—1.
Proof. By Lemma 1, for the augmented system (5), if there exist an N-period sym-
metrical matrix P, € R"*" and P,>0 to meet perlodlc l_yapunov inequalities

(AT + AATY P (A, + AA) — P, < 0 (12)
or the transforming Lyapunov 1neiua11ty N N
(Ay + DA QAL + AAL) — Qi <O (13)

then system (5) i1s asymptotically stable and the corresponding digital filter naturally
meets requirement a). By Schur complementst™, inequalities in (13) are equivalent to the

following. N N
- — Qi (A, + AADQ T
-~ ~ 0 14
Q. (A; + AAL) — Q, d< (14)
By Lemma 2, we can get from (14)
m— Qi Kka ] "Elk‘szﬂkﬁg O }
% ) 0 (15)
L QkAE — Qs ..+ _ 0 euleG leQk _<

Using Schur complements again, we know 1nequality (15) 1s equivalent to inequality (11).
Inversely following the above deducing process we can have the sufficiency of Theo-
rem 1.
Lemma 3"’ Given the H.. index 7, if there exist positive matrices P, € R"*" meeting
the following Riccati matrix inequalities.,

— Py + Ai Py Ay + AP EL [V I — E; Py By T Ef Py Ay + CGCy << O (16)
and Py_,=Py.I— 7Y *E; P, E,>0 (k=0,1,2,++,N—1), then system (7) is asymptoti-
cally stable and meets requirement || H,, (s) || . <{7.

By Lemma 3, system (5) meets requirement b) tf and only if there exists N-periodic
and symmetrlcal matrices Qk & R*** such that Qn—, =Q, and

— Qi + A+ AADQA +8K)T A+ 8ADQC + 480" Ei+aE)S
* — Y I—I-(Ck +*ACk)Qk(Ck+ﬁCk)T D, + AD, <0
3 * * — I

(17)
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— P14+ (Cy + ACHQ(Cy + AC)T + (D + 4D (D +AD)T < 0
where “ * ” denotes symmetric entries of matrices.
From the above statement the following theorem gives a satistactory filter of the peri-
odic system (5) meeting requirements of a) and &).
Theorem 2. Suppose Assumption H,; is met and that the desired H., index ¥ of the

system (5) is given. If there exist N-period positive matrices Q, € R"*" and matrix pairs
(Ak yBk ,Ck 1Dk) and Scalars Eop o SUCh that

(18)

—Q AQDT QCI 0 QGL 0 ]
* — Qi+ 0 Ek U A M,
* * —al D, 0 D.M,,
¥* * * — ] ég& 0 <0 (19)
* * * ¥ — &5, [ 0
X X% * * * —
then system(5) meets requirements of a) and &), where Q.. n =Q, G, = (G 0 0],

a=7Y", % denotes symmetric parts of the matrices, £=0,1, -+, N—1,
Proof. By Lemma 3 and inequality (17), the proof is similar to that of Theorem 1.

Notice that inequalities (11) and (19) are nonlinear and it 1s not easy to find a feasible
solution. But if the filter (3) 1s full of rank, 7. e., i=n-+d, then these inequalities can be
formulated into LMI forms by means of matrix transform as in [ 7). In fact, if we denote

_ i - - - _ -
Q = iﬁl{ f{_d*Q;l = _ﬁjr i}i]* P1; = _é:; I,,g(n-, ©2; = LIH(?H i;}_(ZO)
® = (RLA,+L,BCHX, +L.,AST € R (21)
$, = X,(DC,+C,)"+S,CT ¢ R™ (22)
v, = L., B, € R (23)

where X;, Y;,» R;» U;, S;, L;are X7 matrices, then we can get the following equations
(7=0,1 ,+, N—1)

T — o F ikt B : TN e AL — J
‘PZ(jH}AjQJ‘p?J HJ | @j R}‘+1Aj _I_ chj] SOEJQJSOEJ AJ ] I Rj i
N - B, - R XGT
T T __ T — o J B T' _ T _ !—rT —_— J }
¢21QJCJ P} i (D}Cj + Cd )T | ' QQZJQJG 1y —j :T ’
& 1j
G, =[G, 0], Q oM, =z = | M, ]
14 1y ’ _;goz_; 50]_; ’ ¢2(;+1) I 5 T _Rj+1Mj -'I— W}sz ] 3
_ - B .
T _ _ et . o | T
@2(j+1) Ej L A LRj-I—l Bj + Wij | » MJ EM{T O:I

Consequently, pre-and post-multiplying (19) by diag{(¢@x)"s (@usn)’'s Is I, I, I}

and diag{®:; s ©:esnrs Is I I, I}, we get its LMI form as follows.

Ay IOF T} 0
*  Aup 0 s
* % —al D,D,
¥ % ¥ — ]
* * % *
% % ¥ %

=h 0
0 Z,
0 DM
Hgk ko 2k < O
— &, 1 0
* — e, 671

(24)

Proposition 1, By finding a feasible solution to LMI system (24) in (X,, R,, 8,, ¥,
D, , D"‘) via Matlab-LMI, and solving equation system consisting of (20)~(23) and S,L; =
I—X,R,, a satisfactory parameter (A,,B,,C,,D;)(#=0,1, ==, N—1) is obtained. They
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will guarantee the desired requirements of a) and b) to be met for the augmented system (5).

4 Numerical Examples |
Consider an synthesized bank with length three and two channels yielding the sub-
band signals r; (m) for j=1, 2. Suppose two synthesized digital filter systems are given by
H,(2) =— 0.1+ (—0.1967 +0.020,)z ' +0.39332z7% 4+ (— 0. 1967 4+ 0.016,) 272,
H,(2) =—0.1920 4+ 0. 0406, — 0. 4800z™" 4+ (0. 0960 + 0.030, )2 °* — 0. 192027*
where 0, 1s the parameter uncertain factor of each subsystem with 6, €[ —1,1].

Suppose the system input r, and model noise and measured noise at each sampled
channel are all white noises with zero mean-value and intensity ¢° =1. Qur objective 1is to
design a filter to satisty; 1) the augment system (5) is asymptotically stable under the
permitted parameter uncertainties of A( * ), and 2) || H.. ( « ) | .. <<1.9.

In the form (1) we have A,=[0 1 0;0 0 1;0 0 0], AA,=[0]s.s+B,=
(0 0 117, ABi=[01s51s Ex=[1 1 1]%; k=0.2,4,+-, C,=[—0.1967 0. 3933
—0.1967],AC,=0.01 X6, X1 0 2],D,=—0.1,AD,=0; k=1,3,5,+,C, =
[ —0.192 0.096 —0.48] , AC,=0.018,X[0 3 0], D,=—0.192, AD,=0. 04.
According to Theorem 2 and choosing L, =1, we can get a pair of feasible parameters
of filter (3) by resolving inequalities (24). Therefore || H,a ( * ) || . = 1. 617 and the

tracking simulation 1s as follows.

Fiiter performance of satisfactory filter

Track performance of satisfactory filter E 0.12r i
o 12 “ 0.10f

2810 2 oot I R
e SRR eHRTAY 1 WIIiWTL iTTivY R
= g0 SR Y (17 ML 160V (R VY,
ac . % = 021 Y ' YAY
= EO.E = P c ol

0 X ¥ —0.02!

0 10 20 30 40 50 60 >. 0 10 20 30 40 50 60

Filter umes(k)
— Filter parformance of satisfactory filter

Filter times(k)

x original input 7 = Reconstructed input r

Fig. 2 Satisfactory filter for the signal 7, Fig. 3 Satisfactory filter error for the signai r,

§ Conclusion
In this paper we discuss problems about satisfactory filter of periodical multirate sys-

tems, and present a direct method to designate a satisfactory filter under systemic parame-
ter uncertainties and signal time delay and the desired H-infinity index by converting RMIs
into LMIs. This approach is more effective and direct than the usual lifting technique, Of
course, we only present the above problem at the sample points while have not discussed
intersample behaviors or other satisfactory indices such as circular poles and variance.
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