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Abstract SP functions form a linearly separable series with a clear logical meaning and the set of
PSP functions is only a special subset of SP functions. In this paper, some expression problems of
SP function and PSP function in a binary neuron are discussed. Furthermore, some properties ot
the separating hyperplane for PSP functions are analyzed. Finally, a general judging and construc-
ting method of SP functions and PSP functions is proposed.
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1 Introduction

Neurons in a binary neural network (BNN) employ a hard-limiter activation function.
Each of them expresses a linearly separable (LLS) structure in Boolean space'’’. Those LS
structures that have similar properties can be grouped as a kind of LS series, for example,
m-dimensional hypercubes in n-dimensional Boolean space. Hypercubes with different m
have different structures. Their weights and threshold in a binary neuron are different too.
But they have some similar space properties. So they can be analyzed as a special kind of
LS series. On the other hand, the learning algorithm applied to a BNN is varioust*3,
When a BNN has been trained, some binary neurons perhaps belong to a kind of LS series,
and some others perhaps belong to another kind of LS series. So for every kind of LS se-
ries, a general judging method and a clear logic meaning are very useful for the extraction
of rules from a BNN. Jung H. Kim and Sung-Kwon Park defined a LS series in [ 2], called
PSP (positive successive product) functions, and proposed an ETL learning algorithm of
BNNs. They proved the output binary neuron in ETL is a PSP function, and gave a con-
structing method of PSP functions. But they did not solve the problem on how to judge
that an arbitrary binary neuron is (not) a PSP function. In addition, PSP functions are on-
ly for positive logic inputs., In fact, PSP functions are a special case of SP (successive
product) functions. So it is more effective to directly study SP functions.

SP functions are not only an LS series, but also an LS series that has a clear logical
meaning. A through Study on SP function is helpful to the research about the extraction of
rules from a BNN based on LS series. In this paper, a general judging and constructing
method of SP functions is proposed.

2 SP functions
According to the concept of LS functions, suppose F(x, yx55***5x,) 1s an LS Boolean

function, FE€ {0,1}. 2Zw,x;— T=0 is a hyperplane of F, }E_)wia:f-—T}:-O when F(x,,2,,
i=—1 1 =1

ceryx,)=1, and 2w;x;— T<0 when F(z, ,x55**yx,)=0. If a binary neuron has a struc-
$==1

ture as follows.
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S :U(Zn:wf;ri—-T),

i=1
1, =0
Ulx) = {O, <0
then S is called Boolean function F(x;,x:,***,x,), and can be expressed as S(W,X,T),
where W= (w, ,w;,yw,) and X=(x,,x2,°**»y1,).
In order to avoid contusion, in this paper, “1” represents logic value 1, “0” repre-
sents logic value 0.
Definition 1, An SP function is a Boolean function that can be expressed as follows.
B(lxysxoyrsax,) = 20 OCxy OCOCx, 1 Ox,) ))eee) (1)
where O 1s the logic AND operator A, or the logic OR operator V , function variables z;
represent I, or I;.
Also, SP functions can be expressed in a recursive form as follows;
B(x,yxysyx,) = 2 OB (x5 v 25+ yx, )
Bz, 1sx,) = x2,..,.0x,
When all the input logic variables are positive (not containing NOT logic), SP func-
tions are just PSP functions. For example, Eq. (3) is a PSP function, and Eq. (4) is an SP
function.

(2)

Bilx,sxosx39X4sX50x6) = 117 N (2 V (s Ay A (x5 V x6))) (3)
Bz (Il s Ly e L3 ey 25 31'5) — I A (EE \ (.Ig AN T, N (I5 \/ Ig))) (4)
Theorem 1. An SP function is an LS function.
Theorem 2. The domain of inputs and outputs of binary neurons is {0,1}, X=(xy ,

b PSR LR SAPSITINE S I X =z x5 X yrr,x, ). I S(X,W,,T,) denotes the Boole-
an function F(X), then P(X.W,,T,) denotes the Boolean function F(X'), where
(wy = wy; (1 F )
S Wy, =— W
T, =T, —w,
and W, =Cwn swiz s swin )y Wo== (s yway 4 s Wap ) s

Theorem 2 indicates: For a Boolean function F(X") that contains some NOT logic in-
put variables F;, its corresponding binary neuron P can be changed to the binary neuron
that only contains positive logic input variables and represents function F(X), and vice
versa. S0 if a binary neuron S denotes a PSP function F (X ), then by modifying the
weights and threshold of S, another binary neuron P that denotes the corresponding SP
function F(X”) can be constructed.

For a known PSP function, [ 2] gives a method of constructing a hyperplane as fol-
lows.

Method 1. A constructing method of a hyperplane tor a PSP function.

1) The method starts from the innermost logic of the PSP function. Suppose

net, = x, — 1.

2) Let k=n.

3) For logic x,., V x, »construct net,_; = (—min| net, |)x,—; + net,
and for logic x,-, A ., construct

net, , = (max|/net, | +1)xr,,; +net, — (max!| net, | + 1)

where min| net, } is the minimum value of net,, max[ net, | is the maximum value of ne¢,.

4) k=k—1, and continue the above process until 2=1. Then net, =0 is a hyperplane
of the PSP function.

In this paper, the main aim of research is to find out a method that can be used to
judge if a binary neuron denotes an SP function. But firstly, it is necessary to discuss the
general constructing method of hyperplanes for an SP function. Every SP function has
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countless hyperplanes which form a plane series. If the constructing method of the plane
series can be established, then the problem is solved.

3 General constructing method of hyperplanes for SP functions

An SP function has many logic levels, and Method 1 is just a process based on those
logic levels, In Method 1, when the hyperplane of each logic level is deduced, only the
logic relation (AND or OR) between the whole net and the next logic variable 1s necessa-
ry. According to that point, after analyzing and modifying Method 1, we propose the gen-
eral constructing method of hyperplanes for SP functions as follows.

Method 2. The general constructing method of hyperplanes for an SP function,

1) Modify the SP function to the corresponding PSP function.

2) The method starts from the innermost logic of the PSP function. Suppose

net, = pr, —q (p>0, 0<—g—§1).

3) Let b=n.
4) For logic x,—, V x4 » construct
net,, = (—min[net, | +a1)xiy + net, (a,; = 0).
For logic z,—; Az, » construct
net,, = (max|net, |+ By )xry +net, — (max| net, | +B1) (Boy > 0.

5) k=kFk—1, and continuing the above process until 2=1. Then net; =0 1s a hyper-
plane of the PSP function.

6) According to Theorem 2, modify net, to net; ,then net; =0 is a hyperplane of the
SP function.

As an example, consider the SP function of Eq. (4), and construct a hyperplane of it.

Firstly, modily Eq. (4) to the corresponding PSP function as Eq. (3), then construct
a hyperplane of Eq. (3) by Method 2. The process is as tollows:

net; = x4 — 0.1, (p=1,9g=0.1)
net: = 0.3x; +x5 — 0.1, (as = 0. 2)

net, = 1.5xy +90.3xs +x5 — L. 6, (B, = 0.3)

net; = 1.6x; +1.5x, +0.3x5 + x5 — 3. 2, (B; = 0.4)

net, = 3.2x, +1.6x; +1.5x, +0. 32s + x5 — 3. 2, (a, = 0)

net, =4, 9%, +3.2x, +1.6x; +1.52, +0.325s +xs —8.1. (8, = 0.5)

After the hyperplane net; =0 for Eq. (3) is constructed, it is modified according to
Theorem 2. Then a hyperplane of the SP function of Eq. (4) can be constructed as fol-
lows: net; =4.9x, —3.2x,+1.6x;—1.5x,+0.3x2:4+x.—3.4 .

nez; =0 is a hyperplane of the SP function.

4 General judging method of SP functions
When we consider the problem that how a binary neuron P can be judged to denote an
SP function, our thought is: change the binary neuron P to the corresponding binary neu-
ron S that only contains positive weights according to Theorem 2. If S can be judged to de-
note a PSP function, then P must denote an SP function. So the general judging method of
PSP functions becomes the key point.
Next, two new concepts, PSP-AND functions and PSP-OR functions, are defined.
Definition 2. A PSP-AND function is a Boolean function that can be expressed as Eq.
(5), A PSP-OR {unction is a Boolean function that can be expressed as Eq. (6).
Banpg (TpsZTppr1 9000 5x,) = x5 N B($H1¢Ik+2 ’*0° s T, ) (5)
BQR (.I?k o Thyl 9"'1.23,,) = T v B(I,H_l QIHZ!"'!IH) (6)
where B(z,11 3425 »x,) 1s a PSP function, x, is called the main element of the 2-th log-
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ic level.

Theorem 3. l.et net, = _Z‘lwixi — 1 and let net;, =0 be a hyperplane of a PSP function,

which 1s constructed accordli;lg to Method 2. Then V:& {1,2,++,n}, satisfies w, >0 and
T>>0.

Proof. The {following proving process is mathematical induction.
1) °7 net,= pxr,—q (p>050<"§gl)& .o wn:p>09T:q:}O

2) In net,, suppose w;, 1€ {k,k-+1,+,n}, satisfy w;, >0, and threshold T, >0.
Then for a PSP-OR function, net,.., =(—minlnety |-+a_ )xp_; +net, =(Ty 4o, )xi_, +
ne ..

ooy, =20, S wy =Ti+a,_; >0, and T,_,=T,>0 .

For a PSP-AND function, net,., = (max|[ne¢, |+8-1) 1, +net,—

(max[ne 3&]"’_48&-1 ) — ( wa‘_T,g ‘]'18,@—] )I,@-—J +ne Ly —- ( ZUJ;‘ T Tk +B&-—1 )
1=k t==k

n
"' When x,,x241 5 »x, are all “1”7, a PSP function must be true, .. 2Zw,— T,=0.
1=k

Moreover, %' B._,>0, v w_i=2w,—T,+B_,>0.
!

n
For the threshold T,_, = 2w, + B, ., according to the supposition, i. e, ,» w, >0, (&
i — b

{kyk+1,vyn}, so T,_,>0.
When net,_; of the PSP-AND or PSP-OR function is constructed, fori€ {k, b4+ 1, -,
n;, the values of w; are not changed, and according to the supposition, all of them are
greater than 0. So the conclusion of the proposition is correct.
Theorem 3 indicates that a binary neuron may denote a PSP function only when all the
weights and threshold of it are greater than 0. Next, two important properties about
welghts of hyperplanes for a PSP-AND function and a PSP-OR function are discussed. .

Theorem 4. Suppose Bog (xps Tpr1y v 5x,) 18 a PSP-OR {unction, and that iwx ~
“~

T,=0, which i1s constructed according to Method 2, 1s a hyperplane of Bk. If;I x, 1s the
main element of the k-th logic level, then w,=T,.
Proof, Let Bor(xpsxpr1 s vx,) =1, VB(x4415°°*yx2,)s and net, =0 be a hyperplane
of it. Then net,=(—min|net,.; |+a,)x,+net,.;=(Tis, +a)x,+net,.;
W =20, o T= Tk+1ng+1 Q) = W.

Theorem 5. Suppose Banp (x4 s 24212 5x,) is a PSP-AND function, and that 2w,x, —

=k
T,=0, which is constructed according to Method 2, is a hyperplane of Bayp. Then Vi€
(hok+1,00eynt, w,<T,.
Proof. let Bavp(xysZor19° v x.) =22 NB{xpi1+**sx,)s where 1, 1s the main element
of the k-th logic level, and net¢,=0 be a hyperplane of B,yp. Then

net, = (max|nety, | +B)xy +nety; — (max| netyy |+ 53) =

(Ewi__Tk+1+)8k)-Ik+netH1_(Zw;—Tk+1+ﬁk) ’

1

Tk: Z wrf‘ﬁk-

1= k41

According to Theorem 3, Vi€ {(k-+1,k+2,+,n} satisfies w,>0. Since 3, >0,
’ VIe{k 13k 2?”'97’1}9 Tk>w1-.

n

MOre{)Verg Wy — E w,-—'THI +(B;3:Tk__*T§+1<Tkg

=kt ]

Vie{k;k+1y"'1n}aTk>wi- [ ]
Theorem 4 and Theorem 5 indicate that a binary neuron, all the weights and threshold
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of which are greater than 0, may denote a PSP-OR logic only when one of the weights is
greater than the threshold, denote a PSP-AND logic only when all the weights are less
than the threshold.

Definition 3. When a PSP function B(x, sxs41***»x,) can be expressed as one of the
two following equations, it is said that a logic conversion happens at the £-th logic level in

the PSP function.

a) B(xysZToarsrsx,)=x3; VB (zis1s°"sx,)s where B (xp115*»x,) is a PSP-AND
function.

b) B(xysZpnrs s x,) =a: NB (4415 °*sx,)s where B (x4415**5x,) is a PSP-OR
function.
And the case of a) is called a logic conversion of type [ , the case of b) is called a logic
conversion of type [I.

Theorem 6. Suppose 2w.,xr;— T,=0, which is constructed according to Method 2, is
i=k

a hyperplane of PSP function B(x, s x4+15***»x,). If a logic conversion happens at the &-th
logic level in B(x; sx4415°**yx,), and if x, is the main element of the £-th logic level, then
Vic{k+1,,n}, w>w,.

Proof. For a logic conversion of type T, B(xisZisis v Zn) =2 VB (4150 s 2,)

net, = (—min{nety | +a)x, +netyy = (T +a)x: + nete s
oo Wy =Ty T a,.
Further, . B’ (x4y;s*sx,) is a PSP-AND function,
’+ According to Theorem 5, in net;4;, Vi€ {k+1,,n} satisfies Ty 1 >w;,
So Vi€ {k+1,,n} satisfies wy, =T+ +ar =T >w..
For a logic conversion of type I » B(xi s i1 s s 2,) =xs A B (Zss1 4% v 2,)

" B'(z441,**,x,)is a PSP-OR function,

’.  Let x,,: be the main element of the (2+1)-th logic level. Then B (44, s sx,)
=x441 VB (24425 »x,). And no matter what kind of PSP function B (x4 °**»x,) 18, it
can be expressed as B (xppq s s X)) =Zpsr Voo Vs, VB (Zag 5192 s 20) s
where j=>1, B"(z44 ;415 »x,) is a PSP-AND function. Then for the (24 1)-th logic lev-
el, netiry =wip Tpsr T Wi T2 1 bWt The; TN Lt
Let wy, =max(wy4;»W 4525 °**»Wis+; ). Then according to the concept of OR logic, when
Tos, 18 “0” and all of Zpsq sTars »** s Thor1 s Toasrt s s, are “17, B (z4sy s+ »x,) is true,

|

n n
:- HEZHI — E :wi . 1+wk+t ' O"_' THl — zwi_—THl ; O (7)
i=k+1 1=k+1
17 k-t 17 Rt

Consider the net, again, and we have
neit, = (max[ne tk+1] -+ 18;»)513& nely — (maX[ne tk+1] +18k) '

r

where wkzmaXEHEtk+1]+Bk: 2 wi“‘THl‘}‘ﬁ&:sz’i‘ 2 wi"‘THl“l‘th

t=k41 t=k+4+1
1R+t
According to Eq. (7), w, =2 wis, + 3 > w,,. Moreover, the proved result about the

logic conversion of type ] gives this fact: for VrE€{k+/j+1,yn}),wi, 2 wis; >w,. Sa
Vié{k+19"'an}» Wi = W;. L

Theorem 6 indicates; When we analyze to see if a binary neuron denotes a PSP func-
tion B(xy s Zas1 s s Za) =2,0B’ (240155 x,) s the input that has the maximum value of
the weights must be considered as the main element x, of the k-th logic level firstly. But
Theorem 4, Theorem 5 and Theorem 6 are not yet enough to build a general method that
can be used to judge if a binary neuron denotes a PSP function, and more criteria are needed.

Theorem 7, In Boolean space, F(x, 254 *5x,) 1s a n-dimensional LS function, its hy-

perplane is 2 w,x;—T=0, and w; >0. F'(x, 235 sx,) is a (n—1)-dimensional LS func-

1=1
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tion, its hyperplane is 2,w;x; —T=0. Then F denotes the logic relation F=xz, V F’ if and
f=2
Only lf wl_}'—-’T.
2

Proof, Sufficiency: When x, =%1”,
Ewixth:w1+ZwiIi~T (8)
Voow, >0 - -
.« No matter what kind ot logic values z; ,x;,***,x, are, according to Eq. (8),
Ew,-:ri—-T-—: wl—!—Zwixi-—T,};wl — T =0
es  F(*17,x, ,i'r:'l',;r,,):“l”. -
When x;, =%“0", jurfII-T:iiwix;—T ,

Soo F(0”sxp s 5x,) =F (3,25 5+ x,). The sufficiency has been proved.
Necessity: Suppose F=x, VF', Then F(“1”,z,,+,z,) =“1" when 1, =%“1". So

wa -——T—-w1+2wx — T

Let z;,725,°* ,x, be all 07, Then

2 wx,— 1=w, —1T=0, J. 1w, =T. The necessity has been proved. [
Theorem 8. In Boolean space, F(x,,x;,**»x,) 1s a n-dimensional LS function, its hy-

perplane is Zw:-_ri“T:O, and w,>0. F'(xy+254**»x,) is a (n—1)-dimensional LS func-
=1
tion, its hyperplane is Ew,-xf — (T—w,;)=0, Then F denotes the logic relation F=xz, A F’

1f and only 1if Zw <_T.

Proof. The process of proof is similar to that of Theorem 7, so it 1s ignored. )

Now, we can describe the whole general method that is used to judge if a binary neu-
ron P denotes an SP function,

Method 3. The general judging method of SP {unctions.

1) According to Theorem 2, for the binary neuron P , multply each weight that is
less than 0 by —1, and modity the threshold accordingly to form a new binary neuron S.

2) Let k=1, and create a hyperplane ne ¢, =0 with weights (w;, w;,**, w,) and

threshold T of S, where ne tkz_gn:lwi:rf—-T

3) In net,, choose w,=max(w, yw; " yw,). When w,=T, the logic relation of the
k-th logic level can be expressed as follows:
Fodxysxosrox,) = 2, V Foi (s s Ziel s Lip1 9 5Ty )
It k=n—1, then the judging process ends and the whole PSP function is analyzed suc-

cessfully; else let k=%k+1 and net, = 2 w;x;— T, then return to 3) to continue the judging

t=1
it
process.

4) When w,<T, calculate A=_i‘lw;. If A<<T, then the logic relation of the &-th logic

iFt
IEVEI can be EXDFESSEd as fO].lOWS: Fk(.rl sy Lo s*""* 9.1:”):.1:, /\ Fk*i-l (Il P APERE AW APITER B S hﬂfﬂ).
I{ ,==n—1, then the judging process ends and the whole PSP function 1s analyzed suc-

[{
cessfully; else let 2&=%-+1 and net, = 2 w,x;— (T —w,), and return to 3) to continue the
=1

. ‘ =
judging process.
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5) In step 4), if A=T, then F, 1s not a PSP function, the judging process ends.

6) If the binary neuron S is analyzed and judged to be a PSP {function, then the binary
neuron P must be an SP function. According to Theorem 2, the SP function denoted by P
can be written out directly by modifying the corresponding inputs to T,.

5 Example
In this section, an example which explains Method 3 is discussed. In this example,

the sequence numbers 2 x,;2°' represent the input binary samples.
=11

In 6-dimensional éoolean spaces, X =(x,+22X35XssXs5sXs)» the set of input binary
samples are R, ={5,9,12,13,15,17,20,21,23,24,25,27,28,29,30,31,45,53,57,60,61,
63} and R,={1,5,9,13,17,21,23,25,29,33,37,39,41,45,49,53,55,57,61}. In their re-
spective 6-dimensional Boolean spaces, the sample values of all elements in R, and R, are
“1”, and “0” for others. Fig. 1 and Fig. 2 are their Karnaugh maps.

ool P ool_Je] | | [efef

Fig.1 Karnaugh map of R, Fig. 2 Karnaugh map of R,

With initial weights W*={0,1,—0, 03,0. 4,0.01,—0.1,—0. 25}, initial threshold T° =
0. 35 and step Ah=0. 05, after R, and R, are trained in a binary neuron by the perceptron
training algorithm, the convergent results about the weights and threshold are as follows.

R,: Wg =(0.25,—0.18,0.25,0.26,0.15,—0.25),Tg =0.35,

R,: Wg =(0.85,—0.58,0.2,—0.24,0.15,0.05),Tg, =0.5 .
5.1 Judging the training result of K,

According to Method 3, firstly, Wi and Ty are modified as follows:

We = (0.25,0.18,0. 25,0. 26,0. 15,0. 25), Tx = 0.78 .
All the weights in W}}l are less than T}}l , 50 select the maximum value w,=0. 26 in

n

szl , then calculate 2w, =1, 08>T';;3I =0, 78. So R, 1s not a SP function. The judging

=1
17t
process ends.

§.2 Judging the training result of K,

Similarly, Wi and Ty are modified as follows:
Wz, = (0.85,0.58,0.2,0.24,0.15,0.05), Tk = 1,32 |
All the weights in W}}z are less than Tigz . Select the maximum value w,=0. 85 in ngz .

n

then calculate 2w;=1. 22<T;32 =1, 32. So the first level is AND logic, and is expressed

=1

15t
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as R, =x, N F,.

F\ is the logic function denoted by the binary neuron Wy = (0. 58,0. 2,0. 24,0. 15,
0.05) and T =1,32—0.85=0. 47. Continue to select the maximum value in We that is,
0.58>T¢ =0.47. So the second level 1s OR logic, and 1s expressed as R,=x, AN (x, V F,).

F, 1s the logic function denoted by the binary neuron Wy = (0. 2,0. 24,0. 15,0. 05)
and Ty =0.47. Continue the process until the innermost logic level. The final result is
Ry=x, N(x; V(xs Axy N5V x6))). So it 1s concluded that R, i1s a PSP function. Its log-
1Ic relation 1s Ro=x A3V (s Nxd A (s V 260 ).

After the above discussion, R; is judged to be the logic relation as Eq. (4). In fact, R,
is a Hamming sphere'*’, with center at (1,0,1,1,1,0) and radius of 2.

6 Conclusion

Besides SP tunctions, there exist other LS series that have clear logical meanings. It
1s very important to establish general judging methods of all these LS series. For a binary
neural network, if every binary neuron in it can be judged to belong to a certain LS series
that has a clear logical meaning, then the extraction of rules from a BNN becomes possi-

ble.
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