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Abstract Using the path planning method based on rolling windows, robot path planning in a
globally unknown environment is studied. The method makes {full use of real-time environmental
information locally detected by the robot and the on-line planning is performed in a rolling style,
Mechanisms of optimization and feedback are combined in a feasible way. The subgoal determina-
tion strategy of rolling path planning is analyzed according to various convex obstacle environ-
ment. And the accessibility of the planning algorithm is also discussed.
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1 Introduction

Path planning is an important issue in robotics. In many cases, the environmental in-
tormation for path planning is incomplete or uncertain. The robot can only detect local
sensory information of the environment. People have proposed a few methods and strate-
gies for path planning in unknown environments. But most of these methods have strict
requirements on robots and can hardly guarantee the global convergence!’’*), Borenstein*
used VFF method to solve the collision-free problem in unknown environments. The
method cannot guarantee that the robot reaches the goal successfully in some situations
and may result in instability**), Lumelsky'* studied nonheuristical methods of path plan-
ning in unknown environments. In his methods, the robot must remember some special
points in the workspace and the planning is always guided by a global convergence criteri-
on, However, the paths are not ideal in many cases because of lacking optimization. lyen-
gar-*l solved this problem by imparting the learning capability to the robot. The robot ex-
plores the obstacles using sensors and incrementally builds the terrain model. The compu-
tation burden of this method is heavy and the robot needs to store much information.

In fact, the path-planning problem of mobile robot in a globally unknown environment
concerns how to make use of detected local information to plan a path that is not only fea-
sible but also as optimal as possible. Both optimization and feedback should be considered
in the planning. Using the rolling optimization concept in predictive control®!, [ 7] pro-
posed a novel idea of path planning based on rolling windows. But in order to guarantee
the accessibility of the planning, some strict constraints were bounded to the obstacle envi-
ronment in [ 7]. This largely restricts the use of rolling path planning in real application.
In this paper, path planning in an unknown environment with general convex obstacles is
studied and an effective rolling path planning method is presented. The accessibility of the
planning algorithm is discussed in details. The method has valuable meanings to real appli-
cations.

2 Problem formulation
Consider a mobile robot (Rob) in a two-dimensional unknown workspace (WS) of fi-
nite size. The robot is required to move autonomously {rom a start point (P,) to a goal
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point (P_) successfully in a finite time.

Rob has no priori knowledge of the workspace. At any instant, Rob can only scan a
local circular region around itself, whose radius equals to ». WS is convex and is arbitrari-
ly cluttered with finite number of static convex obstacles (Obs, , Obs, , +++, Obs,). Rob is
modeled as a point by “enlarging” the obstacle-size and for the requirement on safety. The
boundaries of enlarged obstacles are safe regions that the point robot can move along. Obs,
(1=1,2,++,n) 1s convex and with finite size, They do not intersect with each other or
with the workspace boundary.

Set up the system Cartesian coordination in WS. Thus, V¥V P& W has definite coordinates
(x,vy). At instant £, the position of Rob in WS is denoted as Pr (¢) and its coordinates are
(xr(t)yyr(t)). Let t; =0 be the start instant of the planning,.

Let d(P;,P,) denote the distance from P; to P,, which is defined as:
d(P.,P,) =/ (x,—x;)* + (y; — y,)? (1)

In the following discussion, we use superscripts “0” and “c” to represent the interior

and the complement of the corresponding set, respectively.

Assume that all the points in WS make up a closed convex set W and its boundary is
denoted as oW. All the points in Obsi(:=1,2,+-*,n) make up a closed convex set O, and its
boundary is denoted as 30,. Then the feasible region-*% for Rob could be expressed as:

FD =W <_ﬂ (O2)) (2)

Definition 1. T=[7,,7. |, VP, €FD, V 15;6 FD, 1t a continuous mapping FS: T—
W(XEW) makes FS(r))=P,, FS(¢;)=P,, FS(O)CFD, t&€ (z;,7,), then FS i1s called
a feasible path from P, to P, in X. The image set FS(T) 1s called a passage from P, to P,
in X and denoted as FP(P,P,).

If there exists a feasible path form P, to P, in X, then it is called that P, is con-
nectible with P, in X.

In the following, the rolling path planning method will be discussed in details.

3 Rolling path planning based on local information

Due to lack of enough environmental information, the robot cannot carry on one-off
global optimization. It can only perform online path planning based on locally detected 1n-
formation. Instead of the one-off global optimization, the rolling path planning executes
local planning repeatedly and makes full use of the newest local environmental information
detected.

Definition 2. Win (Pp(t,))={P|PEW ,d(P,Pr(t,))<<r} is called the vision scope
of Rob at Pg(t,), namely its rolling window at Px(z,), where Pg(1,) € FD is the position
of Rob at ¢, (the beginning instant of the kth local planning).

The path planning algorithm based on rolling windows depends on real-time environ-
mental information detected locally and the on-line path planning is performed in a rolling
style. At each step of rolling planning, Rob generates an optimal subgoal based on the lo-
cally detected information by a heuristical method and plans a local path within the current
rolling window. Then it moves a step along the local path. With the rolling window mov-
ing forward, Rob obtains the newer environmental information. Thus, optimization and
feedback are combined in the rolling procedure., The general rolling path planning algo-
rithm 1s presented as follows-**.

Algorithm 1, Path planning based on rolling windows.

Stepl. If the goal 1s reached, the planning stops.

Step2. Update the environmental information in the current rolling window.

Step3. Generate a local optimal subgoal P, (2).
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Step4. Plan a proper local path in the current rolling window according to the subgoal
and locally detected environmental information.

Stepd. Move a step along the local path.

Stepb. Return to Stepl.

The subgoal generated in Step 3 is a mapping point of the global goal P, in the current
rolling window, It must reside in the feasible region and satisfy some optimal criterion.
The determination of subgoals should not only make full use of the local information detec-
ted in real time, but also be consistent with the global goal. To maximize the use of the
detected information, the subgoal should be chosen on the boundary of the detectable re-
gion.

Let SW(t,)={i|O!(\Win(Pr(t,))#®} be the subscript set of the obstacles detected
at instant ¢, in the rolling window. Let 8(¢,) =d (P () +P,) be the distance from the lo-
cal subgoal to the global goal at ¢,.

Definition 3. The set of all points on aWin (Px(¢,)) that are connectible with Pg(z,)
within the rolling window Win (P (z,)) is called the selectable set of subgoal at ¢, , which
1s denoted as 8(z;,). Obviously, 8(t,)SWin(Pr(2,)) N FD.

The general subgoal determination method is described as follows.

1) It P,eWin(Pg(t,)) and Pr(t,) is connectible with P, in the rolling window, then
P.u(t,)=P,.

2) In other cases, P,,(¢) could be determined by

mgnf(P) = g(P) + h(P)

s, t. P & o6(t, )
where f(P) 1s a heuristical function. g(P) denotes the cost from current position Pg(t) to
P, which can be estimated by the position of P and the detected environmental information
in the current window. hA(P) denotes the cost trom P to the goal point P,. Since the envi-
ronmental information out of the window is unknown, A(P) is usually estimated by the
distance from P to P,. To reduce the computation burden, (3) can be transformed to the
following optimization problem:

mln_] = min d(Psuh(r},) 9Pg) (4)

Ps-ub ( iy )

s.t. P () € (2,

It has been proved in | 6 ] that the above method can guarantee the existence of sub-
goals and avoid deadlocks in some strictly constrained environment during the rolling plan-
ning. I there exist more than one subgoals, Rob can choose one arbitrarily.

Although the above method can guarantee the existence of subgoals in general obsta-
cle environment, it might cause oscillations sometimes and Rob could not reach the global
goal. For example, Rob chooses the connectible point P, (t,—,) as its current subgoal
based on the shortest distance from P, at instant ¢, (See Fig. 1(a)) and moves a step to-
wards the subgoal. The new position is denoted as Pg(#,). At the instant z,, the relative

(3)

(b) The kth plannming (¢) The (£+1)th planning

(a) The (4—1)th planning

Fig. 1 Oscillation caused by improper determination of subgoals
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position of Rob and P, has changed (See Fig. 1(b)). If Rob still determines its subgoal by
(4), the new subgoal will again lead Rob to Pr(¢,—;) (See Fig. 1(¢)). Thus, Rob will os-
cillate between Pr(z,—;) and Pr(z,).

So in this case, the subgoal determination method should be modified. For further
discussion, we give some related definitions first.

¢(P,P;) denotes a directional beeline from P; to P; in WS. For simplicity, ¢(P,P;) also de-
notes the point set on that line.

If o(P;P;)[10/#®, then ¢(P,P;) must intersect 30, at two points, see Fig. 2.

Fig. 2 H-hitting point;L-leaving point

Definition 4. If o(Pr ()P, ) (1O! 7P (&€ SW(¢,)) and there is no leaving point L or
Py (z,) is not connectible with L within Win (P, (z,)), 1t 1s called that Rob is inescapable
from Obs;, Otherwise, it is called that Rob is escapable from Obs;.

Fig. 3(a) and Fig. 3(b) show the two situations respectively.

»
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Fig. 3 Relative positions between Rob and Obs;,

In some cases, Rob may be inescapable from several obstacles in its rolling window.
In the following, we only refer to the nearest obstacle from Rob.

At instant ¢, , 1f Rob 1s inescapable from Obs, (i € SW(z,)) and Pgr(t,—~1) €30;, Pr(t:)
€ 30, , as in Fig. 1(a) and Fig. 1(b), then the subgoal should be determined as follows:

P...(t,) € 6(t) N 20k (5a)

s.t. FP(Pr(t,)P.(t:)) () FP(Pgr(ty—1) Py (tey)) = @D, except for Pr(z,) (5b)
where (5b) means that the new planned passage has no superposition with the last one.
This indicates that the subgoal of the kth local planning should not be chosen as in Fig. 1
(b), which would result in oscillation. Instead, the subgoal should be the right intersec-
tion point of the boundary of the rolling window and the boundary ot the obstacle. So local
oscillations could be avoided and the robot won't repeat the traveled path if subgoals could
be chosen properly by (4) and (5) according to various situations. The accessibility to the
goal will be discussed in the next section.

When the subgoal has been determined, Rob plans a local optimal path based on the
environmental information within the current rolling window and moves a step along it.
For simplicity, we define a step for Rob to move from its current position to the subgoal
after the kth local planning as Pr(t,11) = P (2.).

4 Analysis of accessibility
Using Algorithm 1, Rob performs rolling path planning in the unknown environment
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and moves towards the global goal. During the rolling planning process, Rob 1s guided by
a series of subgoals and moves along local optimal paths bypassing all detected obstacles.
Rob can be escapable from all obstacles gradually and moves along a strictly nearer path"®
to the global goal in the final phase.

In the following, we will prove that Rob can surely reach the global goal in a finite
time in the unknown environment discussed.

Lemma 1. If Py (¢,) € 90, and P.,, (t,) € 30;, then FP(Pgr(t,) P,y (2:)) C30;. That
is, if the current position and the subgoal are on the boundary of the same obstacle, then
the passage of the current local optimal path must follow the obstacle boundary.

Since the obstacles are convex, it is easy to be proved.

Lemma 2. If Rob is escapable from Obs, (Vi€ SW(¢,)) at instant ¢, , then there exists
BCt,-1 ) >p(t,). Particularly, B(#) =p8(t,—,) —r when P, & Win (Pg(2,)).

Proof. If P, E Win(Px(¢t,)), then Py, (t,) =P,, since Py (¢,) is connectible with P,
within the rolling window. Thus we have 8(z,) =0<g(t,—,). If P, ¢ Win(Pg(2,)), there
exists P, (£) € oWin (Pr(2,)) (1 @ (Pr (¢, ) P,) according to the subgoal determination
method. Because Rob i1s escapable from Obs, (Vi€ SW(¢,)) and Pr(t,) =P,y (2—1)» we
have 8(z,) =p(t,—, ) —r.

Lemma 2 shows that if Rob is escapable from Obs; (Vi€ SW(¢,)), its subgoals are
strictly nearer to the global goal.

Theorem 1, If Rob is inescapable trom Obs; at instant ¢,, it can surely turn to be escap-
able after finite steps.

Proof. 1f it could not turn to be escapable, then Rob would move along the obstacle
boundary unilaterally without any repeat. That means the obstacle should be infinitely
large, which contradicts the constraints on the environment.

Lemma 3. If Rob turns to be escapable from Obs; from original inescapable status,
then it won't turn to be inescapable status again afterwards.

Since the obstacle 1s convex and with finite size, it is easily known to be true accord-
ing to the subgoal determination method.

Theorem 2. There exists £, =0 such that 8(¢,—, ) >p(¢t,) for V¢, =tp; and there exists
tr==tp such that Rob is escapable from Obs, (V :€ SW(z,)) for V¢, =>t5.

Proof. If Rob is escapable from Obs, (VY i& SW(z,)), then there must exist B(¢;,—; ) >
B(t;) by Lemma 2. It Rob is inescapable trom Obs;, it can surely turn to be escapable after
finite steps by Theorem 1. According to Lemma 3, it is an unreversed process that Rob
turns to be escapable trom its original inescapable status. Since there is finite number of
obstacles in the environment, Rob can turn to be escapable from Obs, (Vi€ SW(¢,)) final-
ly. So after enough times (denoted as D) of rolling planning, there will exist 8(¢,—;) >
B3C(t,) tor Vit,=tp. Besides, there exists 3 tr=tp such that Rob is escapable from Obs; (V¢
< SW(t,)) tor Yt =1k,

Theorem 2 indicates that the subgoals will be strictly nearer to the global goal after fi-
nite times of rolling planning.

Theorem 3. Rob can surely reach the global goal in a finite time in the constrained environ-
ment.

Proof. By Theorem 2, we know that Rob 1s escapable from Obs, (Vi€ SW(¢,)) for
Vi.=tr. Then the subgoals will be strictly nearer to the global goal atterwards. Thus
there exists £, =tr such that P, @ Win(Pg(z,)) and at that time Pg(z,) is connectible with
P, within the rolling window. Then the subgoal is determined as P, (z,) =P,. And be-
cause Pr(t,+1) =P (t,), Rob could surely reach the global goal in a finite time.
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S5 Simulation results

Fig. 4 shows a simulation process of the robot rolling path planning in a globally un-
known environment with convex obstacles. The mobile robot has no priori knowledge of
the environment and can only scan a local circular region around itself. Using real-time in-
formation detected in its local window, the robot performs rolling path planning in the un-
known environment. The unknown obstacles are marked with gray color and the detected
ones with black color in the figure. The robot can move successfully from the start point
(S) to the goal point ( G ). Since each planning is inside the local window, rolling path
planning is fast and efficient.

Fig.4 Mobile robot rolling path planning in the unknown environment with convex obstacles

6 Conclusions

The problem of mobile robot path planning in an unknown environment is a key issue
in robotics., Off-line global planning methods are prone to fail due to lack of priori environ-
mental information. Furthermore, the robots are always constrained by finite sensorial
scope in real applications. Only locally detected information could be used during the plan-
ning procedure. The path planning method based on rolling windows uses the principles of
predictive control and combines the mechanisms of optimization and feedback. It performs
in a rolling style and could solve the planning problem in an uncertain environment etfi-
ciently with low calculation burden. The accessibility of the algorithm 1s also guaranteed
during the rolling planning process.
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