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Abstract State-space models for dual-rate sampled-data systems are derived using the
lifting technique. Furthermore, for cases where states are measurable, lifted system
parameter matrices are identified using the least squares principle; for cases where
states are unmeasurable, based on the hierarchical identification principle, a hierarchical
state-space identification method is presented for estimating the unknown system pa-

rameters and states using the lifted dual-rate input-output data.
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RATRABE] T — 0% £ 45 (dual-rate system) ; W # 7 %Ea%’é%"ﬁﬁﬁﬂzﬁ?% T 10
REFXR, BREEAEMUEAML T IBEERN FESR TR~ B e F Rt ERE T
— R R R E . Flin R RZEWREEREMEERIMES , EREZEWBRLERH . BRES
SRRV ZRZRZREHAENMER Y BREREHTIESTY R RGN
P Y E .

S ERMNEER,. UL CMPREHAEHRHBEEBEREZRZRANSHEC TN, |
BRIFEREZGEMNMEZRASHECHN . HEZERFAMNNWBERERMKNSHEC Y,
NEREZEWRECT TN, ARAED HRWSCERF , L1, Shah, Chen(2001) R R4 #y R &
M ARG EBERMGTNRRZENSHE . AWM. EhPEFENERZEN SRS IL
FRATGE. MBI, —BRRERES RIBER PR U RS R RGN F Ik
MR ILEFR RS H. AW HEZ st AT 8% 1999 418 th #9338 B 5 H e 35,
BT SR 5 AR B, B DR 2 0T A A w0 AR B AL AR G 1 B R Ja) &L

ZERLZEWPRG LB FHL 50 F48, 58— 1MEZE TEBD T Kranc 1957 41
IR Xt # ™ AN ERBERERELE T RS, BIE X0 # &
5% A5 B oA 1. J5 ok B Khargonekar 8 A1 A8 FHE AR, W1 — 4~ & B B B & &
GAHR— ARG ME BAFERCRIEHEEZEZRZGEN - ML R. BT R4 #E
. EEEAENEGZRE T EERRARNNATE TR RS (BMEX N N EEREE—
M ARG ZASBIN. SERNERRZAEH BT EAENE . RATE H AN REIL R
G5 B B R AT, BB T X — R AR,

AN BREREZGHIRBIER . HRFEINESEREZRZRAENFEARALRZ —FHEFE A
YHE - HEREMNARERABER EARESSHBEBEINICRERGEN —RERBL. BR
A TAERE M NRREHTH,.BHEHMFETUARETIRT -REBREZTRAR,
LT RAENENE AR D EERESECRHERBDAHENNEL.

2 IR G WUERGRESS BB A

Ab P8 42 £ R 5 AR HE S R TE 5 5 S48 P 8 FR b 3 £2 K (blocking technique) , £ 4 il
Wﬁ%@ﬂﬁ*(lif‘cing technique).
Blulk)V R— & NAEL0,1.2, ) LA R Bl E S F P, B LR A
= {uC0)ull) u(2),yulk),|
T =1, EX g ERABTL, Al BERAGESFIN w5 u() SRR AGFS
u(k) T B F ok &

Il

u= 1L u
A
([ u(O) T ulqg) - ulkg)
u(ly | | uCg+ 1 ulkg + 1)
U — < u(2) vl ulg+2) | sy | ulkqg+2) Lewe b

ulg—1 | |ug—1) w(kg +q—1)

- —
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MEPNEXLBRIMNATUER . #RAEBEHAEAETEGRRR . BAGSu(ONERERES
u(RO g & R w(OWAERYE L BZBFAESu(HONRNERALE qh. IR
FETF L "(BMHuHOB k) S5EFL, HREER.
L7L, =1, LL} =1

X, 1 NS SERE R RS

K1R—-ITREHERGE . HP P A 1TELESB. «OREBEHBA,. yORELSE
B v (OR—TFWEHAMKEI SR, HAFHRTFH Hr WA T, 5kES S, WA
T, HFEI T, =TON . BIAMEB T EAREBERA AR RRK . FEH M E
HGEBEBRD), UM RATEM(BENERRZRE VBB ITIERREAENI R S ES
B B A2 M HIEm A RRBIF A T, ff KRR T, A0, BIOMKBH T —1
WHR R G (dual-rate system)™™™, Rk —BE BIZ T.=ph, To=qh,p Fqg BRI HFE
20, h B # (base period). L, BT AL p Flg AR FEHE A B, Hm, mE T, =
3.09s, T, =4.12s, 4 p=3,g=4,h=1.03s. HTH AR FE B 58 £ RER A,
BN ulk * DB y(kx ) R—IRZRE. AW, A THETAE,BIIEE ¢ MEAF p 8
BE| — R MR —TRAMARNBuFREAGEMEy (HEXWE) . B2HEBEAN T &
H— TS ENAEZERRE, XE T=pgh F AHHELE B (frame period) , B} T, M T, )
RADNNER N TR #ERAR N ERERGE, . HEFHBEARS S RIER, 3T UEE A
i BB (w (kT , y(RT,) : k=0,1,2,- ) , N B BN, R X ENRREGRE S
6] 153 7Y ) 33 o B R O .

v(1)

BT | (kT ,)
<] Fm_‘ p L0 .J@L(t)_ S, 105

A1 NERBEUERL

Fig.1 Dual-rate system

MTFERINERGE .S vWO=0HEFL BAEWEAu FHETL, BA%Ey. #15

B—1TR_ARE Py
y=Pru (1)
HP ,\BARE Pr BHEAR Au=Lu BREFAREy=L,y . EHEXIT
Pr=L,S,P.H,L,

ARG Pr B— 1T EHLZTEIRE. TEHHESEAKRES R FEIX.
BRiXE 1% P 2— RN AT &SRB, HEE T IR A S (8] A
x(t) = Ax(t) + Bau(t)
P, < (2)
() = Cx(t) 4+ Du(t) +v(z)
AP, x(DER"BREMB u() ER EEHBAMNE  yOER EEGH LR v(O)ER L
— I FHEBIE% S E,A B ,.C, D ¥WWhELERNEN. XA L B8RS
(2)158| P, :=S,P.H,,XBHK P, BEMM,S, M H, RERYMN h B REEBANTH R
av. 8 H P BA IR IR
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(x(kh +h) = Ax(kh) + Bu(kh)
P,: (3)

y(kh) = Cx(kh) + Du(kh) + v(kh)

h
A P eﬂ;{_h . B ¢ J. eﬂrf dth

TR Wha NPT =ph vEHRFTAH, T,
pT,=qT, MEREY, BT RAZSMETFS G w()=u(kT))=ulkph) ,t E [ kph,(k+1)
ph) s y(DTERMES t=kT,=kgh WERN y(kT,). 2

p—1
F(I,p) . Ar—i—AﬁH +_ .en +Ar'+p——1 — ZAHL;', p

AFG,p)=FG+j3.,p), jJ =0
A, 1= exp(AT,) = A?, A, :=exp(AT,) = A"

" T, = ph

=qgh R LKA, T=pgh=

\Y

0,7 = 0

B, :— M dAtB, = (AP L AP 2 f e = A+ DB = F(0,p)B

O

u(kT) = Lu(kT) =

yeT) = L, y(kT) =

v(RT) = L, v(kT) =

} ulkT)

i v(kT)

__u(!eT + (q— l)Tl)_
] y(£T) |
vy(kT + 1,)

e R FHE A ) &

c R Tt 1) &

ey

'U(kT ‘1— Tg)

w(hT + (p— DTy

AR ABMERG Pr AF FIRESS MR A

Pr: <

c R HRTHIR  &

(x((k+1DT) = Arx(KT) -+ Bru(kT)
y(RT) = Cyr x(kT) + Drulkl) + v(kT)

= exp(A.T) = exp(A.,pgh) = A% = A, € R"”
B;=[AY'B,,AY*B,,,A,B,,B,]

— [A“DPF (0, p)B,A??F (0, p)B,+++ A?F (0, p)B,F(0,p)B]

= [F(pg — p+p)B.F(pg —2p,p) B, . F(p,p)B,F(O.p) BIR”" € R

- C - _ C ~
CA, CA“
Cr = CAE . (A% o R (P X
_CA;P—U_J _CA{p-l}q#

(4)



656 H 3] H 2 iz 30 %5

D 0 0
Dy, D, Dlﬁ 0
DT — DEO D21 vos *os szg O E 6 R(ﬁ?ﬂ))‘((qr}
_Dpﬁl.c- DP—I?I ‘os voe “os voo Dp—l,cp_l 0 )

D,‘j—_— CF(Iq __]p ""‘"p!p)Bp Dici — CF(Oad,)B_‘_D
T HRABEH p Mq, B .20 M 0<d.<<p iR igq=cipt+divi=1,2,,p—1.
ERA.  XFCOM t=kT Bt =(k+1)T K4 0] 15

"(k+10T

x((k+1DT) =e*"x(kT) + e IO By (r)dr

JET

kT 4qT

="' x (kT) —I—J AT By (1) de

BT

q kT+iT,
=A?x (ET) + EJ et Tt O B dru (BT + (i — 1) Ty)

= J ATHG-DT,

q = T, —
=Alx (kT) + > et N J e’“dtB, u(kT + (i —1Ty)
i=1 - -

0

=Alx (kT) + D AT BukT + GG — DT))

it TR

y(kT +iT,) =y(kT + igh)
=CA"“x (kT)—I—Z CA*“7Bu(kT+(j —1)h)+Du (kT +igh)+v(kT+iT,)

c —1

—CAx(T) + ZCM v~ Bu (kT + lph + (j — 1Dh) +

=0 j=

ECAd—fBu(kTJrcph + (j— 1h) + Du(kT +igh) + v(ET +iT,)

mﬂ:ﬂéﬁizﬁ/‘{%ﬁ%ﬁ iy u(t)%ElZIB_J[k’H—J T, kTH+GHDTH ERESLE u(t) =u(kT+

y(kT +iT,) =CAix(kT)+ D> ,CF(q—lp — p,p)Bu(kT + Iph) +
[=0

CFQO0,d;) Bu(kT + c;ph) + Du(kT + ¢, T,) + v(kT) + v(ET +iT,) =

Ax (ET) + ZDI_,u(kT + 3T +v(ET +1iT;),i = 0,1,2,,p—1
ik B2
KRITELBRA T URAEWEARE S RIER (4D, B R ARFHR T AT HIEA
BRENSEHEELAr,Br,Cry D JONAXE S THFER) . SRERGEHRAFNE, T
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WHERG BT HRBRAERN, S - AN R RIOESREREABSFH T, =
ph,T,=qh M h WRERGESHHEKLA,.B,.C.D |,[A,,B,,C.DJMLA,B,C,D]?7 Z%
REER, REEIT ARG R ] 09 A a] .

3 RAEMERITH

DESYERTA,,.B,,.C,D]FI[A,,B,,C.D | iTH
R B, Cr D WEX,B,,.CHID L s Er MEERIN(BIFG r 3D . Cr B
B HATEIRT m ) UL D MWEQ,DHRMIRI mfrr B FHOELR. R THFFELEITHE
WA, A, MB,. MACHMN Ay, Br I Cr W& BB
_[B,.A,B,,A%B,,,AYB,], N > n
F.(i) = [AB,, A B, AN B, ], i =0

T SCHE W00 14 e R
- C - T CAj T
CA, CA
r,= CA, , I = |CAS
CAY_ CANT
H . Ar, BAFBRNBANATEH . RBESITEL A, WA, RIREELWT € XF

HRE T (2. N+FDM LN CEMT I EMER T 8958 1 VA& EHRINGERR. Al LIF |
A BRSO NP T2 N+DOBE—DEH, ]
A, L (1:N) =T (2:N+1)
BREHEBRRERE L QN ERESRAOETHER &CA, TLUES KSR T IER T RS2
A, =A? =N+ DAL N (1:N)Y |7
b4 T RAHEEEEE. KXLH, FAH
A, = A" =[P NOLL,ANT'TINITL(2: N+ 1)
BT RPN EEITEIRE, %ﬁﬂ‘]‘fuﬂi K k8 ¥H

A, = , EF (OI''G—DIr.G—DriG—n1"

K
A, = "1162 PTG —DG— DT TTG— D)

Wl B, £ T —HKBHEHF A M B Fal#% TR

T,

B = | edtB. = (A" + A"+ -+ A+ DB = F0,¢pB
J 0

i

DRESHHEELA,B,.C,DHiTE

H p Mg EFRNBIR.FEBR M pWE pg +p'q=1,FTATRNTA
A = ArtP = A Al
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(I—-A)B, =(U—-AU+A+--+A"")B=U—-A")B=U—-A,)B

B
B=U—-A)>'(I—A)B,

MNEBERESS, RIMTECLTEEDR . HE pd +r¢=18 ¢, . P’ THER M, HIL,
EBIAMB,RER A, A, fIU—ADRATHR, BWHREN A EFRSARMAMNT LRAR
IEH. MR AZAZBREREAERBEN (BRERBRELEN WAZE RSB ITEESR
FAEE. I RS R RIEFT LGRS A B HE S, #18 A HEIRS R EHE. HE—1R
ﬁ %%Fﬁaﬁ —Wr. ERB T EREMALB,C,D)E , KB EEREABER (A, ,B.,C,D),

R CER29 .

4 FHHrHIRA

RNFEIE x(RTD)=: x(k) ,ukT)=: u(k) ,y(kRT)=: y(k) ,vw(kT)=: v(k) , HEREF 5

ABBRFE R Bwk) 5, MR RE (DA KRR A

(x(k4+1) = Arx (k) + Bru(k) + w(k) o
<
y(k) = Crx (k) + Dru(k) + v(k)

TR A BN RS RS2 BRI (5) W BER A, 7] 43 0 R 28 0] I F01 A 0] 30 B R 15 1.
4.1 RSBHWE

BRixEAMAMBuE) , EAGH By (OMAZEREME x(B)ER T A, I 2K
OOMBRSHIERE(Ar,Br,Cr, D) BRI RY , B

Z(k) = 0", (k) + E(k) (6)
H
"I(k-{-l)'" _AT-‘
Z k — ntpm . €T — (n+pm)X(ntgqr)
(k) Ly _GR _CT-GR
w =" err, B — |"F]e g
P T luw IS BT L | €

W m/D R E, R /MET 5 B R

Ji = E [(Z(i) — 0@, ()] [Z(G) — @, ()]

A8 ) RSB EEERE 6 Hﬂﬁ&ﬁu?
Bk +1) =0(k) + Lo (B)[ZT (k) — @T (B)O(E) (7)

P,(R)o, (k)
14+, (B)P, (R, (k)

Py (B)@, (B)@; (k) P, (k)
1+ @l (P, (B)e, (k)

Lo(k) =P, (k)@ (k) = (8)

Po(k+1) =P, (k)

Frh 0(k) %W 0 BIf It

= [ I — L, (k) @, (k) JP, (k) (9)

A+ () Bk

0" (k) = | )
LC+(k) Dr(k)J
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HEFARASEMGITHwR AviOBHh A ERE R, R, IEWFEBER,.. AJLE T4 E

L.
R,= "Ilfz (x(E+1) —Ax (D) — Bruk)[x(k +1) — Arx (k) — Bru(k) )" (10)

L
R,= %Z (k) — Crx (k) — Dru(k) JLy(k) — Crx (k) — Dy u(k) ] (11)

,..n.

L
R,.= -ILE [x(k+1) —Arx (k) — Bru(R) J[y(k) — Crx (k) —Dru(k)]" (12)

s LARERE[ArBrCr . D RBIBKE RN L B RR S b
EEEELFEERRN . BHAERAWP D B—1TFT=AE. B D; E=AF7TRENHN
T XHEEMENEARAR. BABEMORNEZRGESF KRN, TUERAR ERH
B.ARMERMNWBREE, TELHEINAR, BN D L=AFrFTLEEATEHN
. BRATE B Fr 2 A A 88 i A% R (u(R), y (), BEHAR T R AR A SRS,
RCER"HC, Wi fTH,D.€R"" N Dr W fTRPHIFEFIT, BuCk) KT L
Aocic Au, (k) , B

4|

6}: — I:ATgfg'T]& g;T — I:C:’Di:l'!

~x (k) S x(k)
Q. (k) ::-E(k)—’ Q. (k) = ;Ea(k)ﬁ,
(yl(k)"
'y, (k)
yby =~ €R"™, yk) E€R"
Y, (R)
X B F AR AT, Q)IF/TEQﬁ ZAB BN

[x(z + 1) - (D] xG+1) -6 e ()] +

Jo =3

1= ]

e

E [_}’J(Z) — erq’j(f):lT[zj(f) — 5}?;(1)]
j=1

MY T, AHEBBTHMEITSEO F0.G=1,2,,p B L.
O (k+1) =60.(B) +L.(D[xT(k+1)— @ ()I, (k)] (13)

P.(R)e, (k)
1+ @ ()P, (k) (k)

P.(R)o. (k)@ (k)P, (k)
1 + @l (AP, (k). (k)

6, (k+1) =0,(k) + L, (W[ yT (k) — @F ()8, (k)] (16)
P, (k)@ (k)
1 + @ (AP, (), (k)

P, (k)@ .(B)@I (B)P,(k)
1+ @I (BP,.(k)o, (k)

.6, (k) K 0, BatE it

L.(k) =P, (k). (k) = (14)

P.(k+1) =P,k = [I—L,(Bel (k)P (k) (15)

L, (k) =P, (), (k) = (17)

P.(k+1) =P, (k)

2eh.0. (k)W 0. Hf:

= [~ Lol (DIP.() (18

I
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4.2 WREXRAWE

REEATIA,BPRERKAN, LABEAEXRAH - BAmZ o.(OF 0. (OHDEET
ZGRE. H, AR EN PR T ERMAITRERNSE . 3B PR IRFR 4 f# B R B

FERIR. EHERFRHEE . EMAITRENSHEET AN REWNRES R AK, BPRAS HHAA
HEAR s MAEMATREANRER AN RENSHECHN, 2B HAEMETERE. X2
— AT SR, B— & AREGE N — MR BN S R FHK, BB IRNE 1
b R T W RAERTHE AR R (), y(D )RR B H x () (S 2 $HEH) , 3
#o. (M o (HAFHNRERXRIRE x(&) AHAMAHE xR, Xi 0. (B @, (k)45

iCfE @. ()M &) RS E 0, MO, , BEEEMYUFAD~A);BEAES 1 HEBEHES
MZ8 G158 2 P RAZXNTESEMITREBEREFBRBOIHN RO E . RAEHMHEAELUTFE
REBREFERMITRENRES. BRSBTS BXHER23,30]. TEHITEMGIT—B/NUER

AR RARSHRNSPRZEICRE S EAERBREE. B/METH EiRR .

k
Jo =D [xG+D - o, DI [xG+1)—0¢,()]+
;=1

j=1
J =tr{E[(x(k) —x(E))(x(k) — x(E))T]}

AR —MNERFZRETHERKEN B AEBET .
0.(E+1) =0.(B) + L, (BT (k+1) — ¢T (&0, (k)]

P.(ke, (k)
14+ @Y ()P (B)@, (k)

P.(B)o, (Bl (k)P (k)
1+ @T(B)P, (B (k)

0:(k+1) =0,(k) + L (B[ yT (k) — @F (B)6, (k)]

[y, — 676,() ][y, (i) — 67, ()]

P k
I=

=1

L.(8) =P (e, (k) =

P.(k+1) =P_ (k) = [I—L_(k)@l(k)]P, (k)

P.(R)e.(k)
14+ @ (B)P, (k). (k)

P.(R)@.(R)PI (B P,(k)
1 4+ @T (AP, (k)@. (k)
Fx (k) - x(R) "

D (k) = . D, =
@. (k) Lwyl? P w (b

L (k) =P, (R)o,(k) =

P, (k+1) =P,(k) = [I— L, (k)¢ (k)]P;(k)

6T (k) =[Ar () ,Br(k)], 6T(E) = [C.(B),sDi(B)], i=1,2,0,p
x(k+1) =Ar()x (W) + Br (k) u(k)+L(B) [ y(B)—Cr(B)x(B)—D1 (k) u(k)]
L(k) =Ar(B)P(R)CT(B) (R, (k) +Cr(B)P(E)CE(k))™!
Plk+1) =Ar(B)P(R)AL(E) + R, (k) — AL (R P(ECE(R)(R,(R) +
Cr(R)P(R)CYTR)'Cr () P(R)AL(R)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)
(29)

(30)

(31)



5 3 T 8% —BOUCRHIYLR SR A % 1 SR K L BHA 661
HETREMGTNSBAMATTRwO My T 2 R, R ATLLEE FTRME

4

iy

b
RJ&):%E [x(G+D—Ar(B)x(D) — Br (k) u(D][xG+1D—Ar(B)x()—Br (k) u(i)]”
r =]

aplin,

R
Ro(k) = 23 [y(D—Cr®x () —Dr (&) u(i) J[y(i) — Cr (XD —Dr (k) u(i> T’
. =1

(32)
Kb xAOBRE x(OBEIT . [Ar(B) B (B),Cr (k) ,Dr (&) ]R[A;,B;.Cr. D 1,
CHTRAGTHE 0, (D F 0,(k) (i=1.2,, p) 14+ B # L1
RCHD~GCDOHR T NERERGZNREMSEENMRE TR ER B IAE S, FRE

EH.ETFRREEREEMRESITEEZQCO~GD KEZ, Bz LG MRE
HREDMHTEE POTREHE TREHDAFERE, THXNBILENEME. I, o] IEB T
LB T A R, B CO~CGDATE— R E AT E .

x(k+1) = Ar(B)x (k) + Br (k) u(k) + p(B)CT(R[y(k) — Cr (k)X (k) — Dy (k) u(k)]

Hoeb ISR T3 2 p(R) 220, D p(k) =00, > o (k) <Tcc,

T DR B AR GE A SCH J8 1 ARSI AHUA o] ) PP 1R D0 o 2 T DR KA A i
MG R TAITRADNERRARS SRR B SRS PR T E. B8R, 0P
BRI b & B TIHHNERERGES BB BRI, 7T AT
AT R FREH BB ME DR RERGE, UL ARSTZE QRS T 3000 DF
ZGUHI PR R L. 12 18 ) DR R GL 3 br PR B IR B E o A /& 2EAT IR A BT
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