
k 32 � k 2 K _ t D q � Vol. 32, No. 2

2006 J 3 + ACTA AUTOMATICA SINICA March, 2006x
kn��Ækp|�~i�mz���w1)��� � �
(?�%|UpmR�^sCp( '{ 300130)

(E-mail: dingbc@jsmail.hebut.edu.cn, yangp@hebut.edu.cn)� � �R1�"8�Kb>���Req~��K4k,�{�~dG���/R"�[U[ d?Ho1U�d�K4����KQ/R^�'�?[���
e<f�e�O�b>��U�O}Osz:~^�:O�1�#AeGC#�,� “fGY� ” eGC#��~�Rb>��d�
e<f�e��~d�KQ�G)%��KQdCqe�Z�K4-�J/[ d#me�
5w3�?)1�#AeGC#d�*e�uyo 1�"8�K��R���#AeGC#�Cqe��t{v TP273

Synthesizing Off-line Robust Model Predictive Controller Based on

Nominal Performance Cost

DING Bao-Cang YANG Peng

(School of Electricity and Automation, Hebei University of Technology, Tianjin 300130)

(E-mail: dingbc@jsmail.hebut.edu.cn, yangp@hebut.edu.cn)

Abstract The off-line synthesis algorithm of robust model predictive control off-line deter-

mines a control-law-sequence with corresponding domains of attraction, and the control law

is chosen on-line according to the location of the current state. This controller has very low

on-line computational burden, but its feasibility and optimality aspects are, more or less,

worse than other synthesizing approaches. For this reason, a nominal, instead of “worst-

case”, performance cost is adopted in this paper to improve the feasibility and optimality.

Simulation result illustrates the advantages of nominal performance cost.
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R�#AeGC#d�R1�"8�KQb> 305d�9+f� (LMI) 	�[y( “eFX� ” FZz��P`dFB"Lb�BD#�nMhB8-:�z�[y}�+pbPdY����I3���x-P[y LMI �BD#���}Æ\�&�T�D�|ÆB�- [2] PLp�� [3,4] }}-"J(�P���[�Pdp}H*bPdY����I3XMS
b3&`W=�-P2n0ZSY��MbeZb}�3&Wy
b�I3�}}-�ZY�=�%�S-3&W>fb\�z�|`�I30Æ%�S
b�P�I3bPd9���P��Eh�Zb-P\�&��>�=�$D|`�0� 6�Ia=��{�0ÆM�a�dFB"b�0ÆtrW 2- ��dFB"b	�[5] �	 iM��m�:`)� — M�M�a�b)�2�s�	�0Æ"�dFB"zBpdJ9�_\�8by
�4��+dpH-b�M!l
pb�l [1] 0Æ!z�	�/_\Bpdv2�� [6] 2�>M	�E�Z|`H-H�t�"��`z/��Bpd�;�Y��� [1,6] =^�0Æ"�dFB"���}�IH-b�bd:e�d�*��n0Æ"�dFB"�+*� [6] 0Æ-P	��{+*� [1] 0Æ�-P��Pbg����0Æ�P	��s�%>�y�P	��0Æ"�dFB"zBpdnk�_\�;��9�ℜn %� n ;|�f�yX& x ::p�9 W , ‖x‖2
W = x

TWx. x(k + i|k) 8-
k z�y<� k + i z�b!& x b 6��I %�S
;�bX=9��9 ∗  Jy�v(%���l�n H : R 8y��9�2 [

H ∗

T R

]

=

[

H TT

T R

]

.

2 E$e=Æ�2lLz!+dpH-
x(k + 1) = A(k)x(k) +B(k)u(k), k > 0 (1)MN u ∈ ℜm : x ∈ ℜn �'8�m:�6Y��H-)�8

−ū 6 u(k + i) 6 ū, −ψ̄ 6 Ψx(k + i+ 1) 6 ψ̄, ∀i > 0 (2)MN ū := [ū1, ū2, · · · , ūm]T, ūj > 0, j = 1 · · ·m, ψ̄ := [ψ̄1, ψ̄2, · · · , ψ̄q]
T, ψ̄s > 0, s = 1, 2, · · · , q,

Ψ ∈ ℜq×n. 
u�9y� [A(k)|B(k)] ∈ Ω = Co{A1|B1, A2|B2, · · · , AL|BL}, ∀k > 0, [R-
L ���H� ωl(k), l = 1 · · ·L, }_

L
∑

l=1

ωl(k) = 1, [A(k)|B(k)] =

L
∑

l=1

ωl(k)[Al|Bl] (3)_ [Â|B̂] ∈ Ω 8 “et� ” |`H-b"��` (l [Â|B̂] =

L
∑

l=1

[Al|Bl]/L). B"�7yp
H-u\0� 6�IP�nH- (1) ^r\B� (xss,uss) = (0, 0), )}_B"
Jtrue,∞ =

∞
∑

i=0

[‖x(i)‖2
Q + ‖u(i)‖2

R] eZB�MN Q > 0 : R > 0 8ba�9��B� J∗
true,∞bTZ%O�I��be�d���s�bH-8+dpH-�D�?teZB Jtrue,∞.� [2] -:�z� k [ylL�BD#

min
u(k+i|k)=F (k)x(k+i|k),i>0

max
[A(k+i)|B(k+i)]∈Ω ,i>0

J∞(k) =

∞
∑

i=0

[‖x(k + i|k)‖2
Q + ‖u(k + i|k)‖2

R]

(4a)
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s.t. − ū 6 u(k + i|k) 6 ū, −ψ̄ 6 Ψx(k + i+ 1|k) 6 ψ̄ (4b)

x(k + i+ 1|k) = A(k + i)x(k + i|k) +B(k + i)u(k + i|k), x(k|k) = x(k) (4c)MNPdY���3� F (k) 8�BD#b
5!&�8[y F (k), �Mp��P`6�
V (i, k) = x(k + i|k)TP (k)x(k + i|k), P (k) > 0, ∀k > 0, )VI8
lLb0�Bpd)�
V (i+ 1, k)− V (i, k) 6 −‖x(k + i|k)‖2

Q − ‖u(k+ i|k)‖2
R, ∀[A(k+ i)|B(k+ i)] ∈ Ω , i > 0 (5)-H-BpbX�L�x(∞|k) = 0, V (∞, k) = 0. p�"& γ > 0 ��9 Q = γP (k)−1 :�9 Y, Z,Γ 8 LMI !&�n (5) Q i = 0 \ i = ∞ }bnb�_

max
[A(k+i)|B(k+i)]∈Ω ,i>0

J∞(k) 6 V (0, k) 6 γ (6)/ F (k) = Y Q−1, 2 (5) : (6) ��XB8lLb LMI:











Q ∗ ∗ ∗

AlQ+BlY Q ∗ ∗

Q1/2Q 0 γI ∗

R1/2Y 0 0 γI











> 0, l = 1 · · ·L (7)

[

1 ∗

x(k) Q

]

> 0 (8)�ZlLb LMI 8
z�)� (4b) {8
 (*z3� [7]):

[

Z Y

Y T Q

]

> 0, Z = ZT, Zjj 6 ū2
j , j = 1 · · ·m (9)

[

Q ∗

Ψ(AlQ+BlY ) Γ

]

> 0, Γ = Γ
T, Γss 6 ψ̄2

s , l = 1, 2, · · · , L; s = 1, 2, · · · , q (10)MN Zjj(Γss) 8 Z(Γ ) bj j(s) �yq#�Q���BD# (4) XB8�
min

γ,Q,Y,Z,Γ
γ, s.t. (7) ∼ (10) (11)-P[y (11)\�&sT�-� [2] PLp�� [4]"JlL�P0� 6�I���[n[y (11) XB8�P\���� 1

[4]
. a) �Pi�dp}H*Y�l xi, i = 1 · · ·N , 4℄Y�lQ'�$lbi	Rl
�$l�Æ xi &K (8) Nb x(k), [y (11) _\S
b {Qi, Yi}, Q�{_\3&W εi = {x ∈ ℜn|xTQ−1

i x 6 1} :�I3 Fi = YiQ
−1
i . V� xi bn0
�}_ εj ⊂ εj−1,

∀j = 2 · · ·N ; b) -Pi�l2y:}� xi, i 6= N , L�C!�
Q−1

i − (Al +BlFi+1)
TQ−1

i (Al +BlFi+1) > 0, l = 1 · · ·L (12)2:�z� k 0ÆlL�I3
F (k) =

{

F (αi(k)), x(k) ∈ εi,x(k) 6∈ εi+1, i 6= N

FN , x(k) ∈ εN

(13)
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R�#AeGC#d�R1�"8�KQb> 307MN F (αi(k)) = αi(k)Fi + (1 − αi(k))Fi+1, 0 6 αi(k) 6 1 W
x(k)T[αi(k)Q

−1
i + (1 − αi(k))Q

−1
i+1]x(k) = 1.r} 1. �� 1 N�|ObY����I3 (13) �Y� x b"l6�� pI~Y�

x(0) ∈ ε1, 2�� 1 B�8p�HH-���0Æ “eFX� ”dFB"�}_Bp�)�M�:�Bvm!- (7)bPLp�y
(7) b�}�"��IPb�bd:e�db,j�4 �y-P����bd�B} (11)�yb x(k) b�7�y�P����bd�B ε1 bTZ�� [8] ��0Æ3� Lyapunov	�y (7) }b(�}�Y\2sZ�L�Nn0Æ"�dFB"��S\�\i�} (7)bBb�
3 2�$BfHD$e�L�
+*�� [4], ��n0Æ"�dFB"�F-:�z� k [ylL�BD#

min
u(k+i|k)=F (k)x(k+i|k),i>0

Jn,∞(k) =
∞
∑

i=0

[‖x̂(k + i|k)‖2
Q + ‖u(k + i|k)‖2

R]

(14a)

s.t. x̂(k + i+ 1|k) = Âx̂(k + i|k) + B̂u(k + i|k), x̂(k|k) = x(k) (14b)

− ū 6 u(k + i|k) 6 ū, −ψ̄ 6 Ψx(k + i+ 1|k) 6 ψ̄ (14c)

x(k+i+1|k)=A(k+i)x(k+i|k)+B(k+i)u(k + i|k), x(k|k) = x(k) (14d)MN x̂ 80Æ"��`\�bY��p��P`6� V̂ (i, k) = x̂(k + i|k)TP (k)x̂(k + i|k),)VI8
lL)�
V̂ (i+ 1, k) − V̂ (i, k) 6 −‖x̂(k + i|k)‖2

Q − ‖u(k + i|k)‖2
R, ∀k, i > 0 (15)-H-BpbX�L x̂(∞|k) = 0, V̂ (∞, k) = 0. p�"& γ > 0 ��9 Q = γP (k)−1 :�9 Y,G,Z,Γ 8 LMI !&�n (15) Q i = 0 \ i = ∞ }bnb�_

max
[A(k+i)|B(k+i)]∈Ω ,i>0

Jn,∞(k) 6 V̂ (0, k) 6 γ (16)	} 1. )� (15) �L�fd�
(Â+ B̂F (k))TP (k)(Â+ B̂F (k)) − P (k) 6 −Q− F (k)TRF (k) (17);>5�)� (15) N (17) +
��;Bpd�8�;Bpd�bmlLb)��

x(k + i+ 1|k)TP (k)x(k + i+ 1|k) − x(k + i|k)TP (k)x(k + i|k) < 0 (18)��|�<
b0d�)� (18) fd�
(Al +BlF (k))TP (k)(Al +BlF (k)) − P (k) < 0, ∀l = 1 · · ·L (19)/ F (k) = Y G−1, 2 (17) : (19) ��XB8lLb LMI











G+GT −Q ∗ ∗ ∗

ÂG+ B̂Y Q ∗ ∗

Q1/2G 0 γI ∗

R1/2Y 0 0 γI











> 0 (20)
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[

G+GT −Q ∗

AlG+BlY Q

]

> 0, l = 1 · · ·L (21)

(16) ��XB8 (8), �ZlLb LMI 8
z�)� (14c) {8
 (*z3� [7]):

[

Z Y

Y T G+GT −Q

]

, Z = ZT, Zjj 6 ū2
j , j = 1 · · ·m (22)

[

G+GT −Q ∗

Ψ(AlG+BlY ) Γ

]

> 0, Γ = Γ
T, Γss 6 ψ̄2

s , l = 1, 2, · · · , L; s = 1, 2, · · · , q (23)4w�[y�BD# (14) XB8[y
min

γ,Q,Y,G,Z,Γ
γ, s.t. (8), (20) ∼ (23) (24)� 1. � [9,10] =��m!& G +�!�BD#b�bd�[�l2- (24) N/

G = GT = Q, 2�bd+Loh�Y�����m~4b!& G, }_�Bb℄�w3b�}Æ��3Vy F (k) be�d�KN�4��� (24) �P�"�dFB"b�GrZ|`H- “�st� ” "��`z�(24) F)�} (11) be�d�� 2. �2 G = GT = Q, Nf (21) � (7) b}.�� (20) � (7) b�x(k�*� (24)� (11) #k��y�[0Æ (24) ��}�bd�P�p
v6� JlLb�P0� 6�I��XMy
bBpdv2��s 2. a) �Pi�dp}H*Y�l xi, i = 1 · · ·N , 4℄Y�lQ'�$lbi	Rl
�$l�[y (24)_\S
b {Qi, Gi, Yi}, 4w�_\W= εi :�I3 Fi = YiG
−1
i ,

i = 1 · · ·N . V� xi bn0
�}_ εj ⊂ εj−1, ∀j = 2 · · ·N ; b) -Pi�l2y:}� xi,

i 6= N , (12) C!�2:�z� k 0Æ�I3 (13). ��9%�i�� 1, Y|O��+*�r} 2. �� 2 N�|ObY����I3�Y� x b"l6�� pI~Y�
x(0) ∈ ε1, 2�� 2 l�8p�HH-�
���I3b"ld3�� [4]. � [1] =^�Z x(k) ∈ εi z�Fi ��bWBpb�I3�MN (21) �;(Bpd�� (21)∼(23) '*�;(�m:Y�)�y<�h�z�8
�ZY�=� εi : εi+1 >fz�_ Q(αi(k))

−1 = αi(k)Q
−1
i + (1 − αi(k))Q

−1
i+1,

X(αi(k)) = αi(k)Xi + (1 − αi(k))Xi+1, X ∈ {Z,Γ}. �2 xi �X G +
V�bd� (12) :
(21) *z8
z�n�

[

Q−1
i ∗

Al +BlF (αi(k)) Qi

]

> 0, ∀l = 1 · · ·L (25)� (22) � (23) *zy i : i+ 1 8
z���_\
[

Z(αi(k)) ∗

F (αi(k))
T Q(αi(k))

−1

]

> 0,

[

Q(αi(k))
−1 ∗

Ψ(Al +BlF (αi(k))) Γ (αi(k))

]

> 0 (26)!� [2], (25)∼(26) %�Y����I3 u(k) = F (αi(k))x(k) n}<�bY��F- εi E.)X εi+1 �$�*z8
)��M�Ku�*� [4]. �
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4 Æ6v<0ÆH- [

x(1)(k + 1)

x(2)(k + 1)

]

=

[

1 0

K(k) 1

] [

x(1)(k)

x(2)(k)

]

+

[

1

0

]

u(k),MN K(k)8+dp3��_ba�98 Q = I, R = 1, )_�m)�8 |u| 6 1, I~Y�8 x(0) = [7, 80]T. �2lL%PX��
CASE 1: _ K(k) ∈ [1,KM ], !B KM . Z KM > 49.4 z�� 1 +,�b�Y��� 2Z KM = 56.9 zif�b�4�>�� 2 �}(�bd�
CASE 2: K(k) ∈ [0.1, 2.9]. _ x

(1)
i = x

(2)
i = ξi, ξ1 = 10, ξ2 = 8, ξ3 = 7, ξ4 = 6, ξ5 = 5,

ξ6 = 4, ξ7 = 3, ξ8 = 2.5, ξ9 = 2, ξ10 = 1.5. ZY�0Æ+*b;v	�z��'0Æ��
1 ��� 2 :� [2] b-P	��_\bVd6�� J∗

true,∞ i% 1. 4℄v2�>�[}�7y}℄ “Vx ” X���� 2 {v���}e�d�ZY�� K(k) = 1.5 + 1.4 sin(k) ;vz�0Æ�� 1 :�� 2 _\b�HY�/Tl1 1 ���MNiP%��� 1, |P%��� 2. & 1 1�,,d[ =x��<,,��{a℄dWe7�A J∗

true,∞

Table 1 The cost value J∗

true,∞
under different state generation methods and different algorithmsZ�<w&� �� 1 �� 2 A [2] .Q
�

K(k) = 1.5 + 1.4 sin(k) 353123 290041 342556

K(k) = 1.5 + (−1)k1.4 331336 272086 321960

K(k) = 0.1 653110 527367 526830

K(k) = 2.9 454295 364132 453740

K(k) = 0.1 + 2.8rand(0, 1) 330616 268903 319876W	rand(0, 1) 9 [0, 1] ℄g�S��zoQ���`�S�j+6
T+�

2 1 �IJ/[ 0U2
Fig. 1 State trajectories of the closed-loop system

5 x70Æ"�dFB"s�(�P0� 6�Ia=���4w�_\b�IP�Æ�7#.�}℄�)W}Æ� J#�b�IhÆ�N4�_\b�IP�;(�HBpd��X�I3Sy�H-Y�b"ld�-T|�-Pa=��:�-P��Pa=��
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���s�v2%>��P	�+|���hb-P\�& (5b��: PID �;), �WMBpd#k�_\�;�*
���=�$D|`b 6�Ib_a��
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