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1 Introduction

It is well known that the maximum principle, the necessary condition of the optimal control,
which is a milestone-like result in the optimal control theory was established for the deterministic control
system by Pontryakin’s groupm in the 1950’s and 1960’s. Since then, a lot of work has been done on the
forward stochastic control system such as Bensoussan A[z], Bismut J MB], Kushner H J [4], Peng SP! ete.
Peng[G] firstly studied one kind of forward-backward stochastic control system which had the economic
background and could be used to study the recursive utility problem in the mathematical finance. He
obtained the maximum principle for this kind of control system with the control domain being convex.
And then Xul™ studied the non-convex control domain case and obtained the corresponding maximum
principle. But he assumed that the diffusion coefficient in the forward control system does not contain
the control variable.

However, the forward-backward control system they studied is not fully coupled, that is, their
forward system does not contain the backward state variables. As for the fully coupled forward-backward
stochastic control systems, it is difficult to ensure the existence and uniqueness of the solution with
an arbitrarily fixed long time duration for a given admissible control. To overcome this difficulty,
we need the result of the fully coupled forward-backward stochastic differential equations (FBSDE in
short). Using partial differential equations method, Ma J, Protter and Yong J 8] obtained the existence
and uniqueness of FBSDE. But they required the forward stochastic differential equations to be non-
degenerate and the coefficients not to be randomly disturbed. Hu Y and Peng S proved the existence
and uniqueness of solution to FBSDE when the forward and backward variables had the same dimensions
under some monotonic assumptions. Peng and Wul'” extended their result to different dimensional
FBSDE and weakened the monotonic assumptions so that the results could be used widely. In this
paper we use the result in [10] to overcome the above difficulty we mentioned.

Another difficulty to get the maximum principle for the fully coupled forward-backward stochastic
control system with non-convex control domain is how to use the spike variational method for the
variational equations with enough higher estimate order and use the duality technique for the adjoint
equations. In our paper we use the result of FBSDE to ensure the existence and uniqueness of the
solution to the adjoint forward-backward stochastic differential equations which are obtained by using
duality technique to the variational equation. And also we use the technique of FBSDE to obtain the
estimate for the solution of the variational equations and then for the difference between the solution
of the perturbed state equations with the sum of the solution of the optimal state equations and the
variational equations with enough higher order.
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Under the assumption that the forward diffusion coefficient does not contain the control variable
we obtain in our paper the maximum principle for the fully coupled forward-backward stochastic control
system with non-convex control domain. We hope our results can have some applications in practice
such as in mathematical finance.

This paper is organized as follows. In section 2, we state the problem and our main assumptions.
In section 3, we study the variational equations and the variational inequality. In section 4, we obtain
the maximum principle in the global form for the fully coupled forward-backward stochastic control
system.

2 Statement of the problem

Let (2, F, P) be a probability space with filtration {#;} and (B:),>¢ be a R%valued standard
Brownian motion. We assume F; = o{(Bs),0 < s <t} and consider the following fully coupled
forward-backward stochastic control system:

da(t) = b(t, 2 (1), y (), 2(0), v(0)dt + o(t, (1), y(1), z(1) }dB,
—dy(t) = F(t,(t),y(t), 2(0),0())dt — 2(1)dBy, 0< t <T (1)
2(0) = w0, y(T) = h(x(T))

where (z(-),y(-),2(-)) € R*x R™ x R™** xo € R*, T >0,b:[0,T] x R" x R™ x R™**x R* — R",
:[0,T] x R® x R™ x R™*% — R™*? f.[0,T] x R" x R™ x R™** x R* — R™ h: R™ — R™.
Let U be a nonempty subset of R*. We define the admissible control set Uyq = {v(-) € M*(0,T; R*);
v(t) eU,0<t < T,ae.,a.s.}.
Our optimal control problem is to minimize the cost function:

J(w() = E[/O Ut (1), y(t), 2(t), v(t))dt + &(2(T)) +~(y(0))] )

over Uyq, where 1 : [0,7] x R* x R™ x R™**x R* — R, ®: R" — R,v: R™ — R.
That is to say, we want to find a u(-), such that
J(u()) = inf J(v()) ()
v(-)EUaq
An admissible control u(-) is called an optimal control if it attains the minimum. (1) is called the state

equation, the solution (z(-),y(-), z(-)) corresponding to u(-) is called the optimal trajectory.
We are given an m X n full-rank matrix G and the notations:

T -G f
A= Yy ) A(t7 )‘) = Gb (t7 A)
z Go
where GA = (Go1,Go2,...,Gog). We use the usual inner product (-,-) and Euclidean norm | - | in
R™ R™, and R™*%¢. We assume that
Hi: i) A(t,A) is uniformly Lipschitz with repect to A

ii) for each A € R™T™F™>d - At ) € M?(0,T; R™T™T™*%) ¢ € [0, 7]
iii) h(x) is uniformly Lipschitz with repect to * € R™
iv) for x € R", h(x) € L*(2,Fr,P;R")
The following monotonic conditions were firstly introduced in [10], and is the necessary assumption in

this paper.

Hy: (A(LX) = AMLALA = A) < —Bi] G * = Ba| G791+ G72 )

(h(z) — h(@),C(z — 7)) > | G |
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or
Hp: (AX) = AN, X=X) = 51| G [P+ (1 Gy |+ G2 )

(h(z) — h(z),G(z — 7)) < —u| G |”
VA= (z,y,2),A\=(2,9,2), s =x—2,§=y—Y,2=2—Z

where (1, B2, 41 are nonnegative constants with 81 + B2 > 0,82 + 1 > 0. Moreover, we have 3 >
0,1 > 0 (resp. B2 > 0), when m > n (resp. m < n).

Lemma 1. For any given admissible control u(-), we assume H; and Hs (or Hj) hold. Then
equation (1) has the unique adapted solution (z(-),y(-), z(-)) € M*(0,T; R*T™+mxd),

The proof under assumptions H; and Hy was given in [10]. The proof under assumptions H; and
H) is similar. We also assume:

Hs: i) b, A, f,h,l, &,y are continuously differentiable
ii) the derivatives of b, A, f, h are bounded
iii) the derivatives of [ are bounded by C(1+ |z |+ |y |+ |z |+ |v])
iv) the derivatives of ¢ and  are bounded by C'(1+ | « |) and C(1+ | y |), respectively

3 Variational equations and variational inequality
Suppose (u(-),z(-),y(-), z(-)) is the solution to our optimal control problem. We introduce the
spike variation with respect to u(-) as follows:

us(t);{”’ fr<t<r+e @

u(t), otherwise

where £ > 0 is sufficiently small, v € I is an F,— measurable random variable, and sup | v(w) |< +o0,
wen
0<t<T.
Suppose (z°(-),y°(:),2°()) is the trajectory of (1) corresponding to u°(-). We introduce the
following variational equations:

da' (t)=[bex" (t)+byy' (t) + bz (t) + b(u® () — b(w(t))]dt+[Ae' (t) + Ayy' (t) + A2 (t)]dB:
—dy'(t) = [f22 () + fuy' () + 221 () + f(u(1) — f(u(t)]dt — 2 (t)dBy, 0<t<T
21(0) =0, y'(T) = ho((T))a"(T)
(5)
For convenience, we use the following notations g = g« (¢, (t), y(t), z(t), u(t)), g(u(t)) = g(t, x(t), y(t),
z(t),us(t)), g(u(t)) = gt, z(t),y(t), z(t),u(t)), g =b,0, f,1, respectively.
It is easy to know that there exists a unique adapted solution (z'(t),y"(t),z'(t)) € R™ x R™ x
R™*4 0 <t < T, satisfying the variational (5).
We want to give the estimate for the solution of the variational (5). For this we give one result.
Lemma 2. For the following stochastic differential equations

{ A& = (Avdy + ar)dt + (Cidy + b)dBy, 0 <t < T
&0 =0

A.,C. € L>*(0,T;R™™"), a.,b. € L*(0,T; R"), there exists a constant K1, such that the unique solution
satisfies

T T
B[ sup | % 2] < Kl(E/ la. |? ds+E/ | b, |? ds) 6)
0<t<T Jo Jo

For the following backward stochastic differential equation:
{ —dij, = (D + Biz + Fo)dt — 2:dBy, 0<t< T
Yyr=¢
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where D., E. € L*°(0,T; R™*™), F. € L*(0,T; R™), its adapted solution (4., Z.) exists uniquely. And
also there exists a constant K2, such that

E[ sup |7, )] < E/ | Z5 | ds—|—E/ ds+E | &%) (7)
0<t<T
Proof. It can be easily proved by B-D-G inequality and the Gronwall’s inequality. (]

Then we first have
Lemma 3. We assume Hi, H2, and Hs hold. Then

T
swp Byl <0z E [ 20 < ce (8)
0<t<T 0
Bl sup |2'() ] < Ce, Bl sup |y'(t) "] < Ce (9)
o<t<T ot<T

Proof. Using It6 formula to (Gz'(t),y' (1)), we get

Bl (1)e" (1), (1) = B [ (66, () + by’ ()-+0.2 (). ()~
<GT(fxw1(t)+fyy )+ fo21(t ())Avl(t )+ (G (0w () + oy (1) + 0221 (8)), 2 (1))t -
E / (G (F(u) = f(u),a* (B)dt + E / ~b(w), y (6)dt

From the monotonic conditions Ho, we get
T T
B |G (T) | +ﬂ1E/ |G (1) | dt+62E/ (| Gyl () P + | G=2 () P)dt <
0 0

B [ () —b).y' ) - B [ (6w = )2 o) (10)

Using similar technique in [7], we can get the conclusion for the cases m > n and m < n, respectively.
d
However, the order of the estimate for ('(-),y"(-), 2'(-)) is too low to get the variational inequal-
ity. We need to give a more elaborate estimate using the technique of FBSDE again.
Lemma 4. We assume Hi, Ho2, and Hs hold. Then we have

E/ () |? dt < Ce? (11)
T 3
E/ < Ce? (12)
Jo
T 3
E/ <ced (13)
0

Proof. By (10), we have
mE | Ge'(T) | +ﬂ1E/O | Ga*(t) |2 dt+ﬂ2E/0 (| Gy @) >+ | G2 (¢) |P)dt <
B [ (G -~ bw).y' (@)dt ~ B / (67 (f(w) = f(u)), @ () <
J0o 0
E[ sup |2'(t) | / Fw) | de] + B sup | 5'(0) | / | Gb(u®) — b(w) | di] <

0<t<T 0<t<T

=

[E( sup |z (t) [*)]
ot<T

[E(./o |G = f(w) | de)*))
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[E( sup |y1<t>|2>1%[E(/0 | G(b(u) — b(u)) | dt)?)]? < Ce?

o<t<T

In the case of m > n, $1 > 0,82 = 0 and p1 > 0, we have
T 3
wmE | Ge'(T) |? +61E/ | Gz (t) |? dt < Ce2
0

Thus (11) is obtained. Using the method in Lemma 3, we can prove (12) and (13).
In the case of m <n, 61 = 0,02 >0 and p1 = 0,

Wl

wr | 16Ty P+ 67 ) P < Ce
0 (12) and (13) are obtained. From (5), we have
B a0 =5 Dha (5) + by (5) + b2 (5) + b(u"(5)) — bluu(s))]ds+
[l )+ o' 6) + 02 (1B <

7[E(/O bzx (s)ds) —|—E(/O byy (s)ds) —|—E(/O bz (s)ds) +E(/O oex (s)ds)"+

T

B[ o (s + (| azz1<>ds>2+E(/ (b(u*(5)) = bu(s)))ds)"] <

E/ | ' (t dt+E/ dt+E/ 2 dt) 4+ Ce® <

7CE/ | 2'(t) | dt + Ce®

By Gronwall’s inequality, we have F | ' (t) |*< OE%, and thus (11) is obtained.

O

Now we can give the estimate of the difference between the perturbed state equation solution with

the sum of the optimal state and the variational equation solution.
Lemma 5. We assume Hi, Hz, and Hs hold. Then we have

sup E|z°(t) —x(t) — ' (t) P Ce?
0<t<T

3
sup E|y°(t) —y(t) —y'(t) [P< Ce2
0<t<T

T
E/ | 2°(t) — 2(t) — 2" (t) |* dt < Ce?
0
Proof. We have

T

S—

T T
ba+a'y+y', +z1,u5>ds+/ o+ y+y' z+ 2 )dB. = / (e, y, 2 u)+
0 0
1

ba:(a:+)\a:1,y+)\y1,z+)\zl,ug)d)\a:1—|—/by(a:+)\asl,y+)\y1,z+)\zl,u€)d)\y1+
)

1

S—

1

1 1
oy(x + Az1,y+ Ay, z + Azl)d)\yl + / oz(x+ Az1,y + Ay1, 2 + )\zl)d)\zl]st =
0

T

b(xz,y,z,u)ds + /0 o(x,y,z)dBs + /(; [bxwl(s) + byyl(s) + bzzl(s) +b(u®) — b(u)]ds+

(15)

(16)

T 1
bz(x+Az1, y+ Ay, z—i—)\zhus)d)\zl]ds—&—/ [o(x,y, z)+/ ox(x+ Az, y+ Ay, z + Az1)d)\:v1+
Jo Jo
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/ (022" (5) + oyy'(s) + 02" (s)]dBs + / A%( ds—s—/OTBE(s)st =

z(t) —xo+ ' (¢ /As ds—|—/ Be(
where

1 1
As(s):/o [bm(a:+)\a:1,y—|—)\y1,z—|—)\zl,u5)—bz]d)\asl—k/o [by(z +Az",y + Ay', 2+

1
Az u®) — byldAy' + / [bz(x+ Az y+ Ay', z + Az u®) — b.)dAz!
Jo
1 1
Bs(s):/ [ox(a:+)\a:1,y+)\y1,z+)\zl)—Jz]d)\asl—F/ [0y(33+)\a:1,y+)\y1,z—|—)\z1)—
0 0

1
oyldAy' + / [o2(x + Az’ y + Ay, z 4+ Az') — o.)dAz!
Jo
By Lemma 4 we have

sw B{( | As(s)ds)Q—&—(/o B(s)dB,)?} < Ce?

(17)
ot<T

x°(t)—x(t)—z'(t) = /O.T C’E(s)(ms—m—ml)ds—k/oT Ds(s)(asg—a:—a:l)ds%-/olT As(s)ds%-/olT B*(s)dBs

(18)
where

1
C%(s) = /0 be(@+a' +A@" —z—2'),y+y + AW —y—y'),z+ 2" +A(z" —z—2'),u)+

byx+a' + Az —z—z")y+y AW —y—y')z+z + A" -z —2"),u)+
bz +a' +A@ —z—a')y+y' + AW —y—y'),z+ 2 + A" -z —2"),u)]dA

1
De(s) :/ [oe(@4+a' + Az —x—x"),y+y' + AW —y—y'),z+ 2" + A (z° —z —2"))+
0

oy@ta’ + Az —z—x') y+y + AW —y—y') 2+ 2 + AT -z —2"))+
otz + Az —x—a'),y+y' + AW —y—y'),z+ 2" + A(z" -z —z"))dA

Using Gronwall’s inequality, we attain the estimate (14). Noticing that
T T
- [ ety b yta e 2 uds [ (a6)+ 2 (5)dB. =
Ji Jt

h(@(T)) + ha (2(T)2" (T) = y(t) —y' (1) - /t G*(s)ds

where
1 1
G*(s) :/ [f,c(:v+)\:v17y+)\y17z—&—)\zlﬂf)—f,c]d)\:vl+/ [fy(x 4+ Az' y + Ay’ z + Az u®)—
J0 J0

1
flaxg' + [ 1o+ ety + Ag 2+ A2 u) - LJiAs!
0

we have
[y (t) —y(t) —y' (1) + /t [2°(s) — 2(s) — 2" (5)]dBs = h(x"(T) — h(z(T)) — ha((T))z" (T)+

T T
/ [f(s,2%, 9%, 2% u®) = fle + 'y +y' 2 + 2" u’)lds + / G*(s)ds (19)
Jt Jt
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And then

E |y () —y(t) —y' (1) +E/t | 2°(s) = 2(s) = 2 (s) [* ds = E{h(z"(T)) — h(x(t))~

T
ha((t))a" (T) + [f(symiyizs,us)—f(m+m17y+y172+21,u5)]d8+/ G (s)ds}* =

Jt

E{h(z"(T)) - h(x(T) + =" (T)) + | [ho (@(T) + &' (1)) — ha(2(T))]dAa’ (T)+

T T
/ [F(s,2%, 9%, 25 u) — fla +ayy +yb 2 + 21 u)ds +/ G* (s)ds}?
t t

From Lemma 4 and (14), we obtain

Wl

sup E([ G°(s)ds)® < 05%7 E[h(x(T) — h(z(T) + 2" (T))]* < Ce
ot<T Jt

Using the same method in Lemma 3 and Lemma 4, we can get (15) and (16). a
Lemma 6. (variational inequality) We assume H;, Hz, and Hs hold; then

B [t 0+ 1" 0 +1:21 0+ 1w 0) = )t + [0, (D)’ (7)) + By (5(0)y' 0] > o)
(20)
Proof. From J(u®(-)) = J(u(-)), we have

E/O (1t 2°(1), y= (1), 27 (1), u™ (1)) — U(u(t))]dt + E[2(z"(T)) — ¢(x(T))] + E[v(y°(0) — v(y(0))] = 0
and
0<E /O [i(t, @(t),y" (), 2° (1), u* (1)) = U(t, @ + ',y + y', 2 + 2", u’)|di+
E/o [tz +z' y+ y' 2z + 2t u®) — l(u(t))]dt + E[®(x(T)) — ¢(x=(T) + a:l(T))H-
E[®(x(T) + '(T)) — &(z(T))] + E[y(y°(0)) — v(y(0) + y*(0))] + E[y(y(0) + y*(0)) — 7(y(0))]
By Hsz and Lemma 5, we have
E/ (¢, x° 25(t),u () —lt, e +x', y+y',z+ 2", u)]dt+

E[®(x*(T)) — ®(x(T) + =" (T))] + Bly(y"(0)) — ¥(y(0) + y' (0))] < Ce?

and
0< B / (e +a'y+y' oz + 2" ud) = ult))dt + Bld@(t) + (1)) — ba(t)+
Ely(y°(0) — (y(0) +y'(0))] + Ce? = E/O it + 'y +y' 2+ 2" u) — (u(t))dt+

E/T[l(u:v+:c17y+y17z—|—z17u5)—l(t7:c+:v17y—|—y17z+z17u)]dt+
E[¢(x(T) + z'(T)) — ¢(=(T))] + E[y(y"(0)) — v(y(0) + y' (0))]+

Cet — E/ o >+zyy<>+1z<>dt+E/ [ () — ()] i+

B[l ) — e 0 0) — "+ ) — L1t + Bl (1) (D)
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Elyy (y(0)y" (0)] + Ce? = E/O [loa’ (8) + Ly (1) + Loz (1) + U(u® (1)) — Uu(t))]dt+
B[ (x(t))a" (T)] + Elvy (y(0)y' (0)] + o(e)
The desired variational inequality (20) can be obtained. a

4 The maximum principle in global form
We first introduce the following adjoint equation with respect to the variational (5) using the dual
technique:

dp(t) = [fyp(t) — byq(t) — oyk(t) — ly)dt + [fIp(t) — bIq(t) — oZk(t) — l:]dB:
—dq(t) = [=fip(t) + bzq(t) + ozk(t) + l]dt —k(t)dB:, 0<t<T (21)
p(0) = = (¥(0)),  q(T) = —ha(x()p(T) + @ (2(T))
where (p(-),q(-), k(-)) € R™ x R™ x R™*%. From Hj and the fact that (5) satisfies H; and Hz, we can
easily verify that the adjoint (21) satisfies H; and Hj. From Lemma 1, we know that (21) has a unique
solution (p(t),q(t),k(t)),0 < t < T. We define the Hamilton function as
H(t,z,y,2,0,p,q,k) = (q,b(t, 2, y,2,v)) — (p, f(t, 2,9, 2,0)) + (k, A(t, 2, y,2)) + Ut z,y,2,0)  (22)

where H : [0,T] x R™ x R™ x R™** x R* x R™ x R™ x R™*¢ — R. Then we can get the following.
Theorem. (Stochastic Maximum Principle)
We assume Hip, Ha, and Hs hold. If (u(-),z(),y(-),z(:)) is the solution to our optimal control
problem and (p(+), q(-), k() is the solution to the corresponding adjoint equation (21), then we have

H(t,2(t),y(t), 2(t), v, p(t), q(t), k(1)) = H(t, (1), y(t), (1), u(t), p(), q(t), k(1)) Vv € Usa, a.c., a.s.

(23)
and (21) can be written as the following stochastic Hamilton system:
dp(t) = —Hydt — H.dB,
—dq(t) = Hpodt — k(t)dB;, 0<t<T (24)

p(0) = —7,(y(0))
q(T) = —ha(2(T)p(T) + @2(x(T))

Proof. Using Ito’s formula to (p(t),y(t)) + (q(t),z*(t)) and noticing the variational equation
(5), the adjoint equation (21) and the variational inequality (20), we obtain

o(e) <E/ [loa” (8)+Lyy" (8) =2 () +U(u (1) — Wu(t))]dt + B[P (@(T))a" (T)] + Ely (y(0)y' (0)] =

0
E/O [H (¢, (1), y(1), z(1), u" (1), p(t), g (1), k(1)) — H(t,2(t), y(t), (1), w(t), p(t), q(t), k(t))]dt

The maximum principle (23) follows immediately. The Hamilton system (24) is obvious. O

Remark. When there are initial state constraint for the backward state variable and the final
state constraint for the forward state variable, we can also obtain a global maximum principle by using
Ekeland’s variational principle. However, if the diffusion coefficients of the forward system contains
control variable and the control domain is not necessarily convex, we cannot get the maximum principle
for fully coupled forward-backward stochastic control system in the global form. It is still an open
problem.
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