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Abstract This paper concerns problem of the delay-dependent robust stability and stabilization
for uncertain neutral systems. Some new delay-dependent stability criteria are derived by taking
the relationship between the terms in the Leibniz-Newton formula into account. Free weighting
matrices are given to express the relationship between the terms in the Leibniz-Newton formula and
the new criteria are based on linear matrix inequalities such that the free weighting matrices can be
easily obtained. Moreover, the stability criteria are also used to design the state-feedback controller.
Numerical examples demonstrates that the proposed criteria are effective and are an improvement
over the previous papers.
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1 Introduction

During the last decade, considerable attention has been devoted to the problem of delay-dependent
stability analysis and controller design for retarded and neutral systems!!™~%. Before 1999, the main
methods on this topic were the standard bounding method and matrix measure and matrix norm,

1,3,5.6] ' Recently Park presented a new inequality to improve the

which led to considerable conservatism!
standard bounding method and obtained the delay-dependent criteria for systems with time-invariant
delays!?; and Moon et al. extended Park’s results to a more general form™. In addition, Fridman
and Shaked presented a descriptor model transformation method and some more efficient stability

¢[7~10]

criteria were derived by combining Park and Moon’s inequalities with i In the derivative of

Lyapunov functional they used the Leibniz-Newton formula and replaced the term x(t — h) with

fz , (s)ds in some places, but kept it in other places For example, in [4], (¢t — h) in the
expression 293 ( )PA1:c( ) is replaced with @( ft , £(s)ds; but not in 72" (t)Z&(t). In fact, both
z(t — h) and x( ft , &(s)ds affect the result and there must be some relationship between them.

However, the above papers 1gn0red this problem.

In this paper some new delay-dependent stability criteria that take the relationship between
z(t — h) and x( ft , (s)ds into account are presented for neutral systems with time-varying
delays. Some free Welghtlng matrices that express the influences of the terms in the Leibniz-Newton
formula are determined based on linear matrix inequalities (LMIs). Then, the stability criterion can
be extended to the systems with time-varying structured uncertainties. In addition, they are also
applied to the state-feedback controller design to solve the problem of stabilizing the systems. Finally,
some numerical examples demonstrate that the results obtained in this paper are effective and are a
significant improvement over the existing criteria.

2 Notation and preliminaries
Consider a time-delay system X

' { @(t) — Ca(t — 1) = (A+ AA®))z(t) + (Aa + AAa(t)z(t — d(t)) + Bu(t), t >0
z(t) = ¢(t),t € [-r,0]

where x(t) € R™ is the state vector, u(t) € R™ is the control input. The matrices A, Aq, B,C are
constant matrices with appropriate dimensions. The time-varying structured uncertainties are of the
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form

[AA(t) AAq(t)] = DF(t)[Ea Ead) (2)
where D, E,, E.q are appropriate dimensional constant matrices and F'(t) is an unknown real and
possibly time-varying matrix with Lsbesgue measurable elements satisfying

[F@I <1, vt ()
The time delay d(¢) is a time-varying continues function and satisfies
0<d(t)<h (4)

and

dty< p<1 (5)
where h,7 and p are constants and r=max(7,h). The initial condition ¢(t) denotes a continuous
vector-valued initial function of ¢ € [—r,0]. We are interested in designing a memoryless state-feedback
controller

u(t) = K(t) (6)
where K € R™*" is a constant gain matrix. To obtain results for the system with time-varying
structured uncertainties, the following lemma is needed.

Lemma 1M, Given matrices Q = Q*, H, E and R = R > 0 of appropriate dimensions,

Q+HFE+E"FTHT <0
for all F satisfying F*F < R, if and only if there exists some ¢ > 0 such that
Q+e 'HHT +¢ETRE <0
First, we consider the nominal system Yo of X, which is described as
. { z(t) — Ce(t —7) = Ax(t) + Aaz(t — d(t)) + Bu(t), t >0

(7)
x(t) = ¢(t), t € [-r,0]

3 Stability

In this section, for nominal system X with u(t) = 0, the relationship between the terms in the
Leibniz-Newton formula is taken into account. Specifically, the term 2[z™ (t)N1 + =™ (t — d(t)) N2 +
&T(t)N3 + &7 (t — 7)Na][z(t) — ftt_d(t) Z(s)ds — x(t — d(t))], which is equal to zero, is added into the
derivative of Lyapunov functional. The free weighting matrices N; (j = 1,---,4) are used to indicate
the relationship between the terms in the Leibniz-Newton formula. In addition, they can easily be
determined by solving linear matrix inequalities. Now, the following conclusion for nominal system Yo
with time-varying delay satisfying (4) and (5) can be derived.

Theorem 1. Given scalars h > 0 and g < 1, the nominal system Xg of ¥ with u(¢) = 0 and time-

varying delay satisfying (4) and (5) is asymptotically stable for any 7 > 0 if there exist P = PT > 0,
X1 X2 Xiz Xug
X1 X Xos X
=QT>0,R=R">20,Z2=2">0 X = 12 22 2 24 > 0, and any appropriate
Q Q ) I ) Xng XQT;‘S X33 X34 ) y approp
Xy Xoi Xsi Xu
dimensional matrices N; (j =1,---,4) and T (j =1,---,4) such that the following LMIs (8) and (9)
hold

511 :12 :13 E14

= = =l Y ®)

Sy Z53 E33 Ema
=T =T =T =
S1a S0y E3q B

and
X1 X2 X1z X N

X1y Xaz Xoz Xos Mo
U= X5 X3 Xz Xsa N3
XY Xoy Xdn Xu Na
Nt NI NI Nf Z

Y
o
&
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where
E1=Q+ N1+ N — AT —TWA+hX11, Eia=Ny — N — AT — T A+ hX1o
Ei3=P+ Ny +T1 — ATy + hX13, Swu=Nf — ATTF — T0C + hXu4
Spp = —(1 — p)Q — No — Ny —ToAg — AJTS + hXos, 5oz =—Ng +To — AsTy + hXos
oy = —Nj — ASTY —ToC + hXos, Sss=R+hZ+Ts+ Ty + hXas
By = Tf —T5C + hXss, Fu=-R—C'T{ —TiC + hXu

Proof. Choose the Lyapunov functional candidate as

t

t 0 t
V(@) = 2" (t) Pa(t) + / 2" (5)Qa(s)ds + / &7 () Ra(s)ds + / / 2" (s)Za(s)dsdd (10)
t—d(t) t—7 —nJt+o
where P = PT >0, Q=QT >0, R=R"T > 0and Z = Z" > 0 are to be determined. For any
),

appropriate dimensional matrices N;(j = 1,--,4), by using the Leibniz-Newton formula one has

t

202" ()N1 + 2 (t — d(t))Na + 3T (t) N3 + & (t — T)N4][m(t) - /t (s)ds — x(t — d(t))] =0 (11)

—d(t)

In addition, according to (7), for any appropriate dimensional matrices T; (j = 1,---,4), one has

22T ()T + 2" (t—dt)) T +a" ()T + 2" (t — T)T4] [&(t) — Ax(t) — Agz(t — d(t)) — Ci(t —7)] =0

(12)
On the other hand, for any appropriate dimensional semi-positive definite matrix X = 0, the following
holds

pTOXE0 ~ [ T OXE0s >0 (13)

where £(t) = [£T(t) «=T(t —d(t)) &T(t) 2T(t —7)]T. Then, for X = XT > 0, and any matrices
Nij(j=1,---,4)and T3(j = 1,---,4), using (11), (12) and (13) and calculating the derivative of V (z;)
along the solutions of system Yo yield

V(ze) =227 (1) Pi(t) + 2" ()Qz(t) — (1 — d(t)z” (t — d(1)Qa(t — d(1))+
&  (H)Re(t) — &  (t — T)Re(t —7) + ha" (t)Zx(t) — /tih &7 (s)Zx(s)ds <
22" (1) Pa(t) + 2" ()Qx(t) — (1 — pa’ (t — d(1)Qz(t — d(1))+
& (H)Re(t) — & (t — T)Re(t —7) + ha" (t) Zx(t) — /t t_dm &' (s)Zx(s)ds+

2 [mT(t)Nl + 2T (t— d(t))Na + & ()N + &7 (¢ — T)N4] :

[m(t)—/tt (s)ds — @t — d(1))| +

—d(t)

2 [mT(t)Tl F 2T (t—d(t) T+ & (O)Ts + & (¢ — T)n] :
[(t) — Ax(t) — Agx(t — d(t)) — Ca(t — 7))+

t

hE™ (1) XE(t) — / €T ()X E(t)ds =

t—d(t)
EWzen - [ 9w sas (14
t—d(t)
where ¢(t,s) = [ (t) = (t —d(t)) &7 (t) = (¢ —7) " (s)]", and 5, ¥ are defined in (8) and (9),

and £(t) is defined in (13). If & <0 and ¥ > 0, V(a:) < 0 for any &£(t) # 0. So o is asymptotically
stable if LMIs (8) and (9) are true. This completes the proof. O
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Remark 1. Some simple transforms show that the condition in Theorem 1 includes the condition
in Lemma 1 in [8] for a single time-delay. In addition, Theorem 1 gives a delay-dependent stability
criterion through quite simple and nature form. In [8], the approach that Park and Moon’s inequalities
were combined with descriptor model transformation was more complicated than ours.

The above result can be extended to the system with time-varying structured uncertainties. Now,
based on Theorem 1, the following theorem provides robust stability analysis of the unforced system %
with u(t) = 0.

Theorem. Given scalars h > 0 and p < 1, the uncertain system ¥ with u(¢) = 0 and time-varying
delay satisfying (4) and (5) is robustly stable for any 7 > 0 if there exist P = PT >0, Q = Q™ > 0,
R=R">0,Z=2" >0, X = X" >0, and any appropriate dimensional matrices N;(j = 1,---,4)
and T;(j = 1,---,4) and a scalar A > 0 such that the following LMIs (15) and (9) hold,

Zn +AEL.EY  E1 4+ \E.EL, S = —T.D

51’I2‘ + AEadEEd 522 + AECLdEEd 523 324 —TQD
Sis S5 Z3 Ziz4 -T3D | <0 (15)

=0 5 =5 PP 14D

-D'TF -DTTF -D'T¥ —DTTE I

where (i =1,---,4;1 < j < 4) are defined in (8).
Proof. Replacing A and Ay in (8) are replaced with A+DF(t)E, and Ag+DF (t) Eqq, respectively,
then (8) for the uncertain system ¥ with u(¢) = 0 is equivalent to the following condition

E4+ T FW)+ I FT' () <0 (16)

where
Ly=[-D'Tn —-D'Ty —D'Ts —D'Ty], Ie=[Ea Eu 0 0

By Lemma 1, a necessary and sufficient condition for (16) for the uncertain system ¥ is that there
exists a A > 0 such that
E4NI i+ AT <0 (17)

Applying Schur complements, (17) is equivalent to (15). O

4 Stabilization

The results of Theorem 1 can also be used to verify the stability of the closed loop obtained by
applying (6) to system Yo(with w(t) # 0).

Theorem 3. Given scalars » > 0 and g < 1, the nominal system ¥y of ¥ with time-varying
delay satisfying (4) and (5) is stabilizable by the control law (6) for any 7 > 0 if there exist symmetric

positive definite matrix L = LT > 0, symmetric semi-positive definite matrices M = MT > 0, J =
Yiin Yi2 Yz Yuu
Y5 Yo Ya3 Y
Jr'zow=w">0Y = 2 21% P >0, and any appropriate dimensional matrices
Yiz Yoz Yz Yau
Vi Yoy Yii Ya
Uj(j=1,---,4) and S, V and any scalars sz, s3, s4 such that the following matrix inequalities (18) and
(19) hold
D11 P12 P13 Dus
b Do Doz Dou
Pls Py D3z Da
bfy By D3y Pus

<0 (18)

and

Yii Yi2 Yiz Yiu Uh
Y5 Yoo Yoz You Us
R=|Y5 Yoy Ysz Yas Us
Yis Yoy Yy Y Us

WV
o
=
L
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where

Gy =M+U, +UF — AST — BV — SAT —vTBT + hy1y

1o =Uy —Us — 52(SAT + VTBT) — 4,87 + hYio

B3 =L+Us +5" —s3(SAT + VIBT) + hYi3, &4 =U) — s4(SAT + VTBT) — CST + hyiy
Boy = —(1 — )M — Uz — Uy — s9(SAY + AgST) + hYas, Poz = —Us + 5257 — 53S A + hYas
Poy = —U; — 54SAG — 5208 + hYas, P33 = J +hW + s3(S + ST) + hYss

B3q = 545 — 5308T + hYss, Paa=—J —s4(CST +SCT) + hYus

Moreover, a stabilizing control law is given by w(t) = V[S™! ().
Proof. With the memoryless state-feedback control law w(t) = Kz(t), where the matrix K €
R™*™ is to be found, the system ¥y becomes

&(t) — Ce(t—7) = (A+ BK)xz(t) + Aqx(t — d(t)) (20)

Now, we replace A in (8) with A+ BK and set 71 = T and T> = s2T, T3 = s3T, Ty = s4T. From the fact
that in (8) T5+T% must be negative definite it is obvious that 7% is nonsingular and 7 is also nonsingular.
Then, pre- and postmultiply (8) by diag(T~', 7', 7", T~") and diag([T ", [T |%, [T~ 1", [T~ 1")
and pre- and postmultiply (9) by diag(T~', 7', 7", 77", T7') and diag([T" 1", [T, [T 1",
[T~Y", [T~Y7), respectively and change variables such that S = 77!, L = SPS™, M = SQS™,U; =
SN;ST(i=1,---,4),Y; = SX;;8T(i=1,--,4;i<j<4),W=52Z5",J = SRST and K = V[S~!|T.
Then we obtain (18) and (19). This completes the proof. O

Similar to Theorem 3, the stabilizing memoryless controller (6) for uncertain system 3 can also
be designed in the following from Theorem 2.

Theorem 4. Given scalars h > 0 and p < 1, the uncertain system 3 with time-varying delay
satisfying (4) and (5) is robustly stabilizable by the control law (6) for any 7 > 0 if there exist symmetric
positive definite matrix I = LT > 0, symmetric semi-positive definite matrices M = MT > 0, J =
JT>0,W=WT2>0,Y =YT >0, and any appropriate dimensional matrices U;(j = 1,---,4) and
S, V and any scalars sz, s3,s4 and a scalar A > 0 such that the following matrix inequalities (21) and
(19) hold

&1 + \DDT b15 + soADDT 13 + ssADDT 14 + s4aA\DDT  —SET
@1’1‘2 —|— SQ)\DDT @22 —|— S%)\DDT @23 + SQSg)\DDT @24 —|— SQS4>\DDT —SE;Fd
Pl + ssADDT  ®g3 + s253ADDT B33+ s3ADDT By + s3s4ADDT 0 <0 (21
OL + suADDT %, + s0saADDT L, + s3s4ADDT B4y + sIADDT 0
—E.ST —Eq.qST 0 0 -\

where @;;(i = 1,---,4;i < j < 4) are defined in (18). Moreover, a stabilizing control law is given by
u(t) = VIS z(¢).

Remark 2. If matrices @ in Theorems 1 and 2, and M in Theorems 3 and 4 are set to 0, then
the Theorems do not include p, which is the bound of the derivative of the delay d(¢). Thus, the
rate-independent and delay-dependent criteria for system ¥ with time-varying delay satisfying (4) can
be derived by following Theorems 1,2,3.4.

5 Examples

In this section, two numerical examples are presented to compare with the proposed stabilization
methods with previous results.

Example 1. Consider the uncertain system ¥ with

0 0 -2 —0.5 0
A= {0 1} Ay = { . } . B= L} D=1, C=0, By =02, Eaq=al
In [4] and [8], a is 0.2 and 0, respectively. For the case of 1 = 0, the maximum bound of h for
which the system is stabilized by a state-feedback was found to be 0.45 and 0.5865 in [4] and [§],
respectively (¢ = 0 in [8]). When « = 0.2, applying the result of Theorem 4, a maximum bound
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of h = 0.7226 is obtained using sz = 0.35, s3 = 0.95 and s4 = 0, the corresponding feedback gain
matrix K = —[3.3854 2.2804] x 10*. When a = 0, the corresponding results are h = 0.9169 and
K = —[2.0679 0.9166] x 10* using s2 = 0.3, s3 = 1 and s4 = 0.

Moreover, when a = 0.2, applying the result of Theorem 4, the maximum bound of h for varying
p is listed in Table 1 using s2 = 0.35, s3 = 0.95 and s4 = 0.

Table 1 Upper bounds h of time-delay for varying p (o = 0.2)

" 0 0.1 0.3 0.5 0.7 0.9 0.95 0.98 0.99 0.999
Theorem 4 0.722 0.713 0.695 0.683 0.681 0.647 0.553 0.491 0.471 0.453

Example 2. Consider the problem of finding a state-feedback stabilizing controller for nominal

system Yo with
0 0 -1 -1 0
A‘{o 1}’Ad_{o —0.9}’3_{1}’(}_0

When p = 0, the upper bound of h obtained in [9], [8] and [10] were 1.408, 1.51 and 3.2, respectively.
Applying Theorem 3, the upper bound of h is 50.03 for sz = 0, s3 = 1.0 and s4 = 0 and K =
—[7.7843 7.7898] x 10°.

6 Conclusion

In this paper, new techniques for delay-dependent stability and stabilization of an uncertain
neutral system have been developed, in which the relationships between the terms in the Leibniz-
Newton formula are taken into account. Then some free-weighting matrices that express the influence
of these terms are determined based on linear matrix inequalities. Finally, some numerical examples
show that the results obtained in this paper are very effective and are a significant improvement over
the existing results.
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