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Abstract In this article, we study the locally distributed feedback stabilization problem of a

nonuniform Euler-Bernoulli beam. Firstly, using the semi-group theory, we establish the well-

posedness of the associated closed loop system. Then by proving the uniqueness of the solution

to a related ordinary differential equation, we derive the asymptotic stability of the closed loop sys-

tem. Finally, by means of the piecewise multiplier method, we prove that, by either one distributed

force feedback or a distributed moment feedback control, the closed loop system can be exponentially

stabilized.

Key words Nonuniform Euler-Bernoulli beam, linear locally distributed feedback control, linear

semigroup, exponential stability, piecewise multiplier method.

1 Introduction

Consider the locally distributed feedback stabilization problem of the elastic system governed by

the nonuniform Euler-Bernoulli beam










ρÿ(x, t) + (EIy′′)′′(x, t) + u1(x, t) + u2(x, t) = 0, 0 < x < `, t > 0

y(0, t) = y′(0, t) = y(`, t) = y′(`, t) = 0, t > 0

y(x, 0) = y0(x), ẏ(x, 0) = y1(x), x ∈ (0, `)

(1)

where and henceforth, the prime and the dot always denote the derivatives with respect to space variable

x and time variable t, respectively. u1(x, t) and u2(x, t) are the locally distributed feedback controls.

All the other notations, symbols, variables, functions etc. are the same as those appeared in [1,2].

Recently, the feedback stabilization problem of elastic beam has attracted many researchers′ at-

tention and a lot of interesting results have been obtained[1∼8]. With the rapid advances of the new

materials such as the piezoceramic patches and piezoelectric ones, some researchers′ interests have been

converted from the the boundary feedback stabilization problem of the elastic system to the locally or

globally distributed feedback control problem of the elastic system. In [1, 2], the authors investigated

the asymptotic behavior of Euler-Bernoulli beam and, via Huang′s stability criterion[9], proved that

the energy of the Euler-Bernoulli beam with Kelvin-Voigt damping is exponentially stable. Shi et al

obtained the exponential decay of Timoshenko beam with locally distributed feedbacks by using the

technique of frequency domain multiplier method[6∼7]. In [8], it was pointed out that with only one

linear distributed feedback control of low order, one cannot generally achieve the exponential stability

of the Timoshenko beam. Thus, it is natural to ask whether one linear locally distributed force feed-

back or moment control is enough for the Euler-Bernoulli beam to decay exponentially. This question

stimulates us to study the asymptotic behavior of the nonuniform Euler-Bernoulli beam (1) with locally

distributed feedback controls
{

u1(x, t) = αb(x)ẏ(x, t)

u2(x, t) = −β (c(x)ẏ′(x, t))
′

(2)
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where α, β > 0, and α + β > 0. It should be noted that the locally distributed feedback control used in

this paper is of lower order of the state variables compared with the feedback control type appeared in

[1,2]. Therefore, from the point of view of the engineering, the feedback form discussed in this paper

can be easily applied to the practical system.

This paper is arranged as follows. In Section 2, by virtue of semigroup theory of linear operators[11] ,

we prove the well-posedness of the corresponding closed loop system (1) and (2). In Section 3, by

proving the uniqueness of the solution to a certain related ordinary differential equation, we derive

the asymptotic stability of the closed loop system. Finally, in Section 4, by applying the piecewise

exponential frequency–domain multiplier method used by Liu et al
[1,5], we show that the closed loop

system is exponentially stable when α + β > 0.

2 The well-posedness of the closed loop system

In this section, we prove the well–posedness of the closed loop system (1) and (2). Obviously, we

can rewrite (1) and (2) as











ρÿ(x, t) + (EIy′′)′′(x, t) + αb(x)ẏ − β (c(x)ẏ′)
′
= 0, 0 < x < `, t > 0

y(0, t) = y′(0, t) = y(`, t) = y′(`, t) = 0, t > 0

y(x, 0) = y0(x), ẏ(x, 0) = y1(x), x ∈ (0, `)

(3)

In this paper, we shall always assume that the coefficients of the system and the feedback gain

coefficients b(x), and c(x) satisfy the following assumption

Assumption S:

0 < ρ(x), EI(x) ∈ C
2[0, `]]

b(x), c(x) ∈ L
∞(0, `), b(x), c(x) > 0, x ∈ [0, `]

b(x), c(x) > δ, x ∈ [c, d]

where δ is positive number, and 0 6 c < d 6 `.

Now we incorporate the closed loop system (1)∼(2) into a certain function space. To this end, we

define a product Hilbert space H as

H = V
2 × L

2(0, `)

where V n = {ϕ ∈ Hn(0, `)|ϕ(0) = ϕ′(0) = 0}, ∀n > 1. The inner product in H is defined as

(Y1, Y2)H =

∫ `

0

(

EIy
′′

1 ȳ
′′

2 + ρz1z̄2

)

dx

for Yk = [yk, zk]τ ∈ H, k = 1, 2.

We then define a linear operator A on H by

A

[

y

z

]

=

[

z

−1
ρ (EIy′′)′′ − 1

ρ (αb(x)z − β(c(x)z′)′)

]

,

[

y

z

]

∈ D(A)

D(A) =

{

[y, z]τ ∈ H

∣

∣

∣

∣

y ∈ V
4
, z ∈ V

2
, y(`) = y

′(`) = 0

}

Thus the closed loop system (3) can be written as the following linear evolution equation in H:

dY (t)

dt
= AY (t) (4)

where Y (t) = [y(·, t), ẏ(·, t)]τ .

Lemma 1. Assume α, β > 0. Then A generates a C0 semigroup T (t) of contractions in H.

Moreover, A has compact resolvent and 0 ∈ ρ(A).

Proof. For any Y = [y, z]τ ∈ D(A), integrating by parts and referring to the boundary conditions

of Y ∈ D(A), we have

Re(AY, Y )H = −α

∫ `

0

b|z|2dx − β

∫ `

0

c|z′|2dx 6 0
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which implies the dissipativity of A.

In order to prove the maximal dissipativity of A and 0 ∈ ρ(A), it suffices to show that ∀Ỹ =

[ỹ, z̃]τ ∈ H, there exists a unique Y = [y, z]τ ∈ D(A) satisfying AY = Ỹ , i.e., z = ỹ, and

{

(EIy′′)′′ = β(cỹ′)′ − αbỹ − ρz̃ , f, x ∈ (0, `)

y(0) = y′(0) = y(`) = y′(`) = 0
(5)

In fact, we can easily derive that (5) admits the general solution































y′(x) =

∫ x

0

dt

EI(t)

∫ t

0

ds

∫ s

0

f(τ )dτ +

∫ x

0

s

EI(s)
ds

(

EIy
′′(0)

)′
+ EI(0)y′′(0)

∫ x

0

1

EI(s)
ds

y(x) =

∫ x

0

dt

∫ t

0

ds

EI(s)

∫ s

0

dτ

∫ τ

0

f(σ)dσ +

∫ x

0

dt

∫ t

0

s

EI(s)
ds

(

EIy
′′(0)

)′
+

∫ x

0

dt

∫ t

0

1

EI(s)
dsEI(0)y′′(0)

(6)

Since y(`) = y′(`) = 0, we have



































∫ `

0

s

EI(s)
ds

(

EIy
′′(0)

)′
+

∫ `

0

1

EI(s)
dsEI(0)y′′(0) = −

∫ `

0

dt

EI(t)

∫ t

0

ds

∫ s

0

f(τ )dτ

∫ `

0

dt

∫ t

0

s

EI(s)
ds

(

EIy
′′(0)

)′
+

∫ `

0

dt

∫ t

0

1

EI(s)
dsEI(0)y′′(0) =

−

∫ `

0

dt

∫ t

0

ds

EI(s)

∫ s

0

dτ

∫ τ

0

f(σ)dσ

(7)

Taking both (EIy′′(0))
′
and EI(0)y′′(0) as unknowns in (7)and using Cauchy-Schwartz inequality, we can

easily check that the coefficient determinant of (7) is not zero and therefore, (EIy′′(0))
′
, EI(0)y′′(0) and

hence y′′(0), y′′′(0) are uniquely determined by Ỹ . Thus, referring to y(0) = y′(0) = 0 and the general

theory of ordinary differential equations, we deduce that y(x) and hence Y is uniquely determined by

Ỹ . Thus we have shown the maximality of A and that 0 ∈ ρ(A).

The compactness of the resolvent of A is easily derived by using the Sobolev embedding theorem.

Hence, the proof is completed by virtue of Lummer-Phillips theorem[11]. �

According to the C0 semigroup theory[11], we get

Theorem 1. Assume α, β > 0. Then for any Y0 ∈ H, (4) admits a unique weak solution

Y (t) = T (t)Y0, where T (t) is the C0 semigroup of contractions generated by A. Moreover, if Y0 ∈ D(A),

then Y (t) = T (t)Y0 is a strong solution to (4).

3 Asymptotic decay of the closed loop system

We now discuss the asymptotic stability of the closed loop system (4) under the assumption S.

The energy corresponding to the solution of the closed loop system (4) is

E(t) =
1

2

[

∫ `

0

EI |y′′|2dx +

∫ `

0

ρ|z|2dx

]

(8)

where Y (t) = [y(·, t), ẏ(·, t)]τ is the solution to (4). It is easy to check that

Ė(t) = −α

∫ `

0

b(x)|z|2dx − β

∫ `

0

c(x)|z′|2dx (9)

Let i IR denote the imaginary axis.

Lemma 2. Suppose that assumption S holds true and α+β > 0. Then i IR ⊂ ρ(A), the resolvent

set of A.

Proof. Since A has compact resolvent, it suffices to prove that i IR ∩ σp(A) = ∅, where σp(A)

is the set of the point spectrum of A. Assuming the contrary, then there should exist an eigenvalue
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iλ ∈ i IR of A. Obviously λ 6= 0. Let Ψ = [y, z]τ ∈ D(A) be an eigenfunction of A corresponding to

iλ. From

0 = Re((A− iλ)Ψ,Ψ)H = Re(AΨ,Ψ)H = −α

∫ `

0

b(x)|z|2dx − β

∫ `

0

c(x)|z′|2dx

the assumption α + β > 0, the property of b(x), c(x) and (A − iλ)Ψ = 0, it follows that y satisfies

either










(EIy′′)′′ − ρλ2y = 0

y(0) = y′(0) = y(`) = y′(`) = 0

y(x) ≡ 0, ∀x ∈ [c, d]

(10)

or










(EIy′′)′′ − ρλ2y = 0

y(0) = y′(0) = y(`) = y′(`) = 0

y′(x) ≡ 0, ∀x ∈ [c, d]

(11)

corresponding to α > 0, β = 0 and α = 0, β > 0 respectively. If y satisfies (10), we can easily deduce

that y(c) = y′(c) = y′′(c) = y′′′(c) = y(d) = y′(d) = y′′(d) = y′′′(d) = 0. Therefore, (10) admits a

unique solution y ≡ 0 on [0, `] and thus, Ψ = [y, z]τ = [y, iλy]τ ≡ [0, 0]τ on [0, `], a contradiction to

that Ψ is an eigenfunction.

In the case that y is the solution to system (11), by means of Feng et al.
[12], we can still derive

the contradiction Ψ ≡ 0. �

Based on the results of Huang[10], we get the main result in this section:

Theorem 2. Suppose that assumption S holds true and α + β > 0. Then for any initial state

Y0 ∈ H, the energy E(t) given by (8) decays asymptotically, i.e.,

lim
t→+∞

E(t) = 0

4 Exponential decay of the closed loop system

In this section, we demonstrate the exponential stability of the closed loop system (4) under the

condition that α + β > 0. The main result in this section is the following:

Theorem 3. Suppose that assumption S is verified and one of the following conditions holds

true:

1) α > 0, β > 0

2) α = 0, β > 0 and c = 0 (or d = `)

Then the energy E(t) of the closed loop system (4) decays exponentially, i.e., for every Y0 ∈ H,

there exist positive constants C and ω, independent of Y0, such that

E(t) 6 Ce
−ωt‖Y0‖

2

Proof. We prove here only the case α > 0, and β = 0, as the proofs for the other cases are similar.

According to Huang[9], it follows from Theorems 1 and Lemma 2 that we need only to prove that

sup
λ∈i IR

‖(λ −A)−1‖ < +∞ (12)

Let us proceed by contradiction. Suppose that (12) does not hold true. Then there are λn ∈ i IR

and Zn = [yn, zn]τ ∈ D(A), n = 1, 2, · · · , such that











‖Zn‖H = 1

|λn| → +∞, (as n → ∞)

‖(λn −A)Zn‖H , ‖Z̃n‖H = o(1)

(13)

where Z̃n = (λn − A)Zn = [ỹn, z̃n]τ , the notation an = o(1) means that the sequence an → 0 as

n → ∞.
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From (13) we have

Re(Z̃n, Zn)H = α

∫ `

0

b(x)|zn|
2 dx = o(1) (14)

We also have

−iIm(Z̃n, Zn)H = λn

[

∫ `

0

EI |y′′

n|
2dx −

∫ `

0

ρ|zn|
2dx

]

= o(1) (15)

It follows from (13) ∼ (15), the definition of D(A) and the condition of Theorem 3 that

yn(0) = y
′

n(0) = zn(0) = z
′(0) = yn(`) = y

′

n(`) = zn(`) = z
′

n(`) = 0
∫ `

0

b|zn|
2dx = o(1),

∫ d

c

|zn|
2dx = o(1),

∫ d

c

|λnyn|
2dx = o(1)

∫ `

0

ρ|zn|
2dx −

1

2
= o(1),

∫ `

0

EI |y′′

n|
2dx −

1

2
= o(1)

∫ `

0

ρ|λnyn|
2dx −

1

2
= o(1) (16)

Since λnZn −AZn = Z̃n, we have

ρλ
2
nyn + (EIy

′′

n)′′ + αbzn = ρ(z̃n + λnỹn) (17)

Now we proceed the proof by the technique of the piecewise multiplier method used in Liu et al.
[1,5].

Define a real function q0(·) ∈ C3[0, `] by










0 6 q0(x) 6 1, ∀x ∈ [0, `]

q0(x) = 0, ∀x ∈ [0, c] ∪ [d, `]

q0(x) = 1, ∀x ∈ [c0, d0]

where ` > d > d0 > c0 > c > 0. Using (16) and integrating by parts, we obtain

o(1) =

∫ d

c

yn

(

q0ȳ
′

n

)′
dx = −

∫ d

c

q0|y
′

n|
2dx

Thus, it follows from the definition of q0(x) that

∫ d0

c0

|y′

n|
2dx = o(1) (18)

Define another real function q(·) ∈ C3[0, `] by










0 6 q(x) 6 1, ∀x ∈ [0, `],

q(x) = 0, ∀x ∈ [0, c0] ∪ [d0, `],

q(x) = 1, ∀x ∈ [c1, d1]

where ` > d0 > d1 > c1 > c0 > 0.

Multiplying both sides of (17) by qȳn, integrating from 0 to `, referring to (16), (18), and inte-

grating by parts if necessary, we get

∫ `

0

λ
2
nρq|yn|

2dx +

∫ `

0

(EIy
′′

n)′′qȳndx =

∫ d0

c0

λ
2
nρq|yn|

2 +

∫ d0

c0

EIq|y′′

n|
2dx + o(1) =

∫ `

0

(ρz̃n + ρλnỹn − αbzn) qȳndx = o(1)

By virtue of (16) and referring to the definition of q, we have

∫ d1

c1

|y′′

n|
2dx = o(1) (19)
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Set q1(x) = γ1(x)(eM1x − 1) with γ1(x) ∈ C4[0, `] satisfying

0 6 γ1(x) 6 1, ∀x ∈ [0, `]

γ1(x) = 1, ∀x ∈ [0, c1] ∪ [d1, `]

γ1(x) = 0, ∀x ∈ [c2, d2]

where c1 < c2 < d2 < d1.

Multiplying both sides of (17) by q1ȳ
′
n, integrating from 0 to c2, referring to (16) and (18), and

integrating by parts if necessary, we obtain
∫ c2

0

λ
2
nρynq1ȳ

′

ndx +

∫ c2

0

(EIy
′′

n)′′q1ȳ
′

ndx =
1

2

∫ c2

0

(ρq1)
′|λnyn|

2dx+

1

2

∫ c2

0

(3q
′

1EI − q1EI
′)|y′′

n|
2dx + o(1) =

∫ c2

0

(ρz̃n + ρλnỹn − αbzn) q1ȳ
′

ndx = o(1) (20)

Here we used the estimate
∫ c2

0
|y′

n(x)|2dx = o(1) in proving estimate (20). In fact, we can prove estimate
∫ c2

0
|y′

n(x)|2dx = o(1) as follows:

Define q̄(·) ∈ C3[0, `] by










0 6 q̄(x) 6 1, ∀x ∈ [0, `]

q̄(x) = 0, ∀x ∈ [c3, `]

q̄(x) = 1, ∀x ∈ [0, c2]

where ` > c3 > c2 > 0. Using (16) and integrating by parts, we obtain

o(1) =

∫ c3

0

yn

(

q̄ȳ
′

n

)′
dx = −

∫ c3

0

q̄|y′

n|
2dx

Thus, it follows from the definition of q̄(x) that
∫ c2

0
|y′

n(x)|2dx = o(1).

It follows from (16), (18) and (19) that
∫ c1

0

(ρq1)
′|λnyn|

2dx +

∫ c1

0

(3q
′

1EI − q1EI
′)|y′′

n|
2dx = o(1) (21)

Set q2(x) = γ1(x)(eM1(`−x) − 1). Multiplying both sides of (17) by q2ȳ
′
n, integrating from d2 to `

and repeating what we have just done as above, we get
∫ `

d1

(ρq2)
′|λnyn|

2dx +

∫ `

d1

(q′2EI − q2EI
′)|y′′

n|
2dx = o(1) (22)

It follows from (21), (22) and the definition of q1 and q2 that
∫ c1

0

(

M1e
M1x

ρ+(eM1x − 1)ρ′

)

|λnyn|
2dx +

∫ c1

0

(

M1e
M1x

EI − (eM1x − 1)EI
′

)

|y′′

n|
2dx+

∫ `

d1

(

M1e
M1(`−x)

ρ − (eM1(`−x) − 1))ρ′

)

|λnyn|
2dx+

∫ `

d1

(

M1e
M1(`−x)

EI + (eM1(`−x) − 1)EI
′

)

|y′′

n|
2dx = o(1) (23)

Hence when M1 is large enough, we get
∫ c1

0

|λnyn|
2dx,

∫ c1

0

|y′′

n|
2dx,

∫ `

d1

|λnyn|
2dx,

∫ `

d1

|y′′

n|
2dx = o(1) (24)

It follows from (16) and (19) that

∫ `

0

|λnyn|
2dx 6

∫ c1

0

|λnyn|
2dx +

∫ d

c

|λnyn|
2dx +

∫ `

d1

|λnyn|
2dx = o(1) (25)

which is an obvious contraction to
∫ `

0
ρ|λnyn|

2dx − 1
2 = o(1) listed in (16) and thus we complete the

proof of the theorem. �
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