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Abstract In this article, we study the locally distributed feedback stabilization problem of a
nonuniform Euler-Bernoulli beam. Firstly, using the semi-group theory, we establish the well-
posedness of the associated closed loop system. Then by proving the uniqueness of the solution
to a related ordinary differential equation, we derive the asymptotic stability of the closed loop sys-
tem. Finally, by means of the piecewise multiplier method, we prove that, by either one distributed
force feedback or a distributed moment feedback control, the closed loop system can be exponentially
stabilized.
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1 Introduction
Consider the locally distributed feedback stabilization problem of the elastic system governed by
the nonuniform Euler-Bernoulli beam
pij(z,t) + (EIy")' (z,t) + ui(z,t) + uz(z,t) =0, 0<z <l t>0
y(0,t) =y'(0,1) =y(L,t) =y'(6,t) =0, t=>0 (1)
y(l’,O) :yo(l'), y(:ﬂ,O) =y1(x), T € (Ove)
where and henceforth, the prime and the dot always denote the derivatives with respect to space variable
x and time variable t, respectively. wi(z,t) and uz(x,t) are the locally distributed feedback controls.
All the other notations, symbols, variables, functions etc. are the same as those appeared in [1,2].
Recently, the feedback stabilization problem of elastic beam has attracted many researchers’ at-

1~8] " With the rapid advances of the new

tention and a lot of interesting results have been obtained!
materials such as the piezoceramic patches and piezoelectric ones, some researchers’ interests have been
converted from the the boundary feedback stabilization problem of the elastic system to the locally or
globally distributed feedback control problem of the elastic system. In [1, 2], the authors investigated

Ol proved that

the asymptotic behavior of Euler-Bernoulli beam and, via Huang’s stability criterion
the energy of the Euler-Bernoulli beam with Kelvin-Voigt damping is exponentially stable. Shi et al
obtained the exponential decay of Timoshenko beam with locally distributed feedbacks by using the
technique of frequency domain multiplier method®~". In [8], it was pointed out that with only one
linear distributed feedback control of low order, one cannot generally achieve the exponential stability
of the Timoshenko beam. Thus, it is natural to ask whether one linear locally distributed force feed-
back or moment control is enough for the Euler-Bernoulli beam to decay exponentially. This question
stimulates us to study the asymptotic behavior of the nonuniform Euler-Bernoulli beam (1) with locally

distributed feedback controls
{ ui(z,t) = ab(z)y(z,t)

uz(z,t) = =B (c(2)y'(2,1))’
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where a, 8 = 0, and a+ 3 > 0. It should be noted that the locally distributed feedback control used in
this paper is of lower order of the state variables compared with the feedback control type appeared in
[1,2]. Therefore, from the point of view of the engineering, the feedback form discussed in this paper
can be easily applied to the practical system.

This paper is arranged as follows. In Section 2, by virtue of semigroup theory of linear operators!|
we prove the well-posedness of the corresponding closed loop system (1) and (2). In Section 3, by
proving the uniqueness of the solution to a certain related ordinary differential equation, we derive
the asymptotic stability of the closed loop system. Finally, in Section 4, by applying the piecewise
exponential frequency—domain multiplier method used by Liu et al™® . we show that the closed loop

system is exponentially stable when a + § > 0.

2 The well-posedness of the closed loop system
In this section, we prove the well-posedness of the closed loop system (1) and (2). Obviously, we
can rewrite (1) and (2) as
pii(z,t) + (ETy") (z,t) + ab(z)y — B (c(z)y) =0, 0<z <l t>0
y(0,4) =y'(0,8) = y(£,t) =y'(6,¢) =0, t=>0 ®3)
y(z,0) = yo(z), ¢(z,0) =wyi(z), z€(0,0)
In this paper, we shall always assume that the coefficients of the system and the feedback gain
coefficients b(x), and c¢(z) satisfy the following assumption
Assumption S:
0<p(x), Elx)eC?0,4]
b(x), c(x) € L7(0,€), b(z), c(x) =0, =z€l0,{]
b(z), c(x) =46, z¢€led
where ¢ is positive number, and 0 < ¢ < d < /.
Now we incorporate the closed loop system (1)~(2) into a certain function space. To this end, we
define a product Hilbert space H as
H=V?xL*0,0)
where V" = {¢ € H"(0,£)|¢(0) = ¢'(0) = 0}, Vn > 1. The inner product in H is defined as

L
(Yoo = [ (BIGT + pirz2) da
0

for Yi = [yw, 2x]” € H, k=1,2.
We then define a linear operator A on H by

AL = s s sewen ] (2 eme

D(A) = {[y,zr €H ‘ yeVizeViyl)=y'(¢) = 0}
Thus the closed loop system (3) can be written as the following linear evolution equation in H:

vy (t)

= =AY () (4)

where Y/(£) = [y(- ), 3, )]
Lemma 1. Assume «,8 > 0. Then A generates a Co semigroup 7T'(t) of contractions in H.
Moreover, A has compact resolvent and 0 € p(A).
Proof. For any Y = [y, 2]” € D(A), integrating by parts and referring to the boundary conditions
of Y € D(A), we have

¢ ¢
Re(AY,Y )y = fa/ blz[*dz — ﬁ/ clZ'|Pdz <0
0 0
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which implies the dissipativity of A.
In order to prove the maximal dissipativity of A and 0 € p(A), it suffices to show that VY =
[, 2] € H, there exists a unique Y = [y, 2] € D(A) satisfying AY =Y, i.e., z =g, and

()

{ (EIY")" = B(cq) — abj— pz 2 f, w € (0,0)
y(0) =y'(0) =y(£) =y’ () =0

In fact, we can easily derive that (5) admits the general solution

/ * S " ’ " “ 1
y'(z) = | / ds/ f(r d7'+/ FI(s) ———ds (EIY"(0))" + EI(0)y (O)/0 EI(s)ds
x) = / dt o)do + / dt / ds (EIy"(0))" + (6)
0 0 0 EI(s)
dt/ L asEr(0)y" (0
| at [ ggasErow'o
Since y(¢) = y'(¢) = 0, we have
. , L 1 " ) dt t s
/ () s (EIy"(0)) +/O —EI(S)dsEI(O)y (0)=-— ; —El(t)/o ds/o f(r)dr
¢ t
1
" " — 7
/ dt/ () s (Ely (0)) /0 dt/O —EI(S)dsEI(O)y (0) (7
ds
B /O d o EI(s
Taking both (EIy"(0))" and EI(0)y” (0) as unknowns in (7)and using Cauchy-Schwartz inequality, we can

easily check that the coefficient determinant of (7) is not zero and therefore, (EIy”(0))’, EI(0)y”(0) and
hence " (0), y"’(0) are uniquely determined by Y. Thus, referring to y(0) = %’(0) = 0 and the general

dr

theory of ordinary differential equations, we deduce that y(z) and hence Y is uniquely determined by
Y. Thus we have shown the maximality of A and that 0 € p(A).

The compactness of the resolvent of A is easily derived by using the Sobolev embedding theorem.
Hence, the proof is completed by virtue of Lummer-Phillips theorem!. O

According to the Cy semigroup theory*!l, we get

Theorem 1. Assume «,3 > 0. Then for any Yy € H, (4) admits a unique weak solution
Y (t) = T(t)Yo, where T'(t) is the Co semigroup of contractions generated by .A. Moreover, if Yy € D(A),
then Y (t) = T'(t)Yo is a strong solution to (4).

3 Asymptotic decay of the closed loop system
We now discuss the asymptotic stability of the closed loop system (4) under the assumption S.
The energy corresponding to the solution of the closed loop system (4) is

A 14
/EMWM+/M%M] (8)
0 0

where Y (¢) = [y(-,t),y(-,t)]” is the solution to (4). It is easy to check that

= —a/ b(z)|z| dm—ﬂ/ (z)|2')?dz 9)

Let ¢ IR denote the imaginary axis.

Lemma 2. Suppose that assumption S holds true and a+ 3 > 0. Then i IR C p(.A), the resolvent
set of A.

Proof. Since A has compact resolvent, it suffices to prove that ¢ IR N o,(A) = 0, where o,,(A)
is the set of the point spectrum of A. Assuming the contrary, then there should exist an eigenvalue

E(t) =
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i\ € i IR of A. Obviously A # 0. Let ¥ = [y, 2]” € D(A) be an eigenfunction of A corresponding to
iA. From

) L
0 = Re((A — iA) @, W), = Re(AW, )y — —a/ b(x)|[2dz ﬂ/ o(w)|2'Pda
0 0

the assumption « + 3 > 0, the property of b(z), ¢(z) and (A —i\) ¥ = 0, it follows that y satisfies
either
(EIy//)// _ p/\2y =0
y(0) =y (0) =y() =y'(() =0 (10)
y(z) =0, Vz € [ d]
or
(EIy")" — pA’y =0
y(0) =y (0) =y() =y'(() =0 (11)
Yy (z) =0, Vze€|cd]
corresponding to a > 0, 8 =0 and a = 0, 8 > 0 respectively. If y satisfies (10), we can easily deduce
that y(c) = y'(c) = y"(c) = y"'(c) = y(d) = ¥'(d) = y"’(d) = y"”'(d) = 0. Therefore, (10) admits a
unique solution y = 0 on [0, ¢] and thus, ¥ = [y, 2]” = [y,i\y]” = [0,0]” on [0,¢], a contradiction to
that ¥ is an eigenfunction.
In the case that y is the solution to system (11), by means of Feng et al. (12] " we can still derive
the contradiction ¥ = 0. O
Based on the results of Huang[lo]7 we get the main result in this section:
Theorem 2. Suppose that assumption S holds true and a + 8 > 0. Then for any initial state
Yo € H, the energy E(t) given by (8) decays asymptotically, i.e.,
lim E(t) =0

t——4o0

4 Exponential decay of the closed loop system

In this section, we demonstrate the exponential stability of the closed loop system (4) under the
condition that a4+ 8 > 0. The main result in this section is the following:

Theorem 3. Suppose that assumption S is verified and one of the following conditions holds
true:

1) a>0, 620

2) a=0, f>0andc=0 (or d=1¢)

Then the energy E(t) of the closed loop system (4) decays exponentially, i.e., for every Yo € H,
there exist positive constants C' and w, independent of Yy, such that

E(t) < Ce™'[|Yo)*

Proof. We prove here only the case a > 0, and 3 = 0, as the proofs for the other cases are similar.

(0]

According to Huang'™'| it follows from Theorems 1 and Lemma 2 that we need only to prove that

sup ||[(A—A) 7! < 400 (12)
A€i IR

Let us proceed by contradiction. Suppose that (12) does not hold true. Then there are A, € i IR
and Zp, = [Yn,2n]” € D(A), n=1,2,---, such that
1Znlln =1
[An] = 400, (as n — o) (13)
A=
[(An = A)Znllr = [|Znlln = o1)

where Z,, = (An — A)Zn = [in, Z]", the notation a, = o(1) means that the sequence a, — 0 as
n — oo.
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From (13) we have

£
Re(Zn, Zn)r = a/o b(@)|2n|? do = o(1) (14)

We also have

)
iT(Zns Zo)re = A [/ Elly! |2dm—/0 p|zn|2dw] — o1) (15)

It follows from (13) ~ (15), the definition of D(.A) and the condition of Theorem 3 that

= (0) = 2n(0) = 2'(0) = yn () = yp(£) = 20 (€) = 2,(€) = 0
/ blzn|*dz = o(1), / |20 |?dz = o(1) / [Anyn|*dz = o(1)

/ plenlds — 2 = o / Il Pde — 1 = o(1)
1
/0 PPz — L = o(1) (16)

Since MZn — AZy = Z,, we have

pAnyn + (EIyp)" + abzn = p(Zn + Aniin) (17)

Now we proceed the proof by the technique of the piecewise multiplier method used in Liu et al.[Lo]
Define a real function go(-) € C®[0,4] by

0< golx) <1, Vzelo,/
q(z) =0, Vzel0,dUld,?
qo(x) =1, Vzx € [co,do]
where £ > d > do > ¢o > ¢ > 0. Using (16) and integrating by parts, we obtain

d d
o(1) = / yn (a03,)' da = — / wly*da

Thus, it follows from the definition of go(z) that

do
[ s = o) (18)

Define another real function ¢(-) € C3[0, £] by

0<q(z) <1, Vzel04],

q(x) =0, Vz€0,co]U [do,4],
1, Vaz € c1,di]

where £ > do > d1 > ¢c1 > co > 0.

Multiplying both sides of (17) by ¢¥n, integrating from 0 to ¢, referring to (16), (18), and inte-
grating by parts if necessary, we get

/ A2 pqlyn| dw+/ (Efyii)”qyndx—/ A palyn|® +/ Elqly,*dz + o(1) =

4
/ (PZn + pAniin — abzn) qijndz = o(1)
0

By virtue of (16) and referring to the definition of g, we have

/ v Pdz = o(1) (19)
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Set ¢1(z) = v1(x)(eM® — 1) with v1(z) € C*[0, £] satisfying
0< n(z) <1, Vz €0,
m(z) =1, Vz € [0,c1] U [d1, 7]
yi(z) =0, Vz € [c2,d2]
where ¢; < c2 < d2 < di.

Multiplying both sides of (17) by qi1%,,, integrating from 0 to ca, referring to (16) and (18), and
integrating by parts if necessary, we obtain

€2 2 ! €2 1\ 11 ! 1
/ /\npynQ1§ndm+/ (Elyn)" q1¥ndz = —/
0 0 2 0

co c2
% / (31 EI — q EI')|yn |*dz + o(1) = / (PZn + PAnin — abzy) iy da = o(1) (20)
0 0

c

2
(pq1)' | Anyn|*da+

Here we used the estimate [;? [y, (z)|*dz = o(1) in proving estimate (20). In fact, we can prove estimate
132 lyn(2)[?dz = o(1) as follows:
Define 4(-) € C?[0,] by
0<q(z) <1, Vzel0,/

g(z) =0, Vz€ e,
g(x) =1, Vz €l0,ca]
where ¢ > ¢3 > ¢z > 0. Using (16) and integrating by parts, we obtain

c3 c3
of1) = / v (@) de = — / alyi[Pdz
0 0

Thus, it follows from the definition of g(z) that [ |y, (z)|*dz = o(1).
It follows from (16), (18) and (19) that

Cc1 Cc1
/ (1) Antn 2de + / (3¢ ET — qu L)y dz = o(1) (21)
0 0

Set g2(z) = y1(x) (M=) —1). Multiplying both sides of (17) by ¢ai,, integrating from da to ¢
and repeating what we have just done as above, we get

¥4 Y4
/ (pa2) P[Pz + / (BT — )y |2 = o(1) (22)
d dy

1

It follows from (21), (22) and the definition of g1 and g2 that
() c1
J T L A T R L g [
0 0

)
/ (MleMl("_")p — (M 1))#) Anyn|*dz+
d

1

¢
/ (MleMl“*z)E[ + (M=) _ 1)E[’> lyr2dz = o(1) (23)
dy
Hence when M is large enough, we get
c1 c1 L v
/ Angnl?dz, / 1y 2 de, / Ay 2de, / P de = o(1) (24)
0 0 dy dy
It follows from (16) and (19) that
¢ 1 d ¢
/ |/\nyn|2dx</ |/\nyn|2dx+/ |/\nyn|2dx+/ |/\nyn|2dx:o(1) (25)
0 0 c dq
1

which is an obvious contraction to fol Pl Anyn|2da — 5 = o(1) listed in (16) and thus we complete the
proof of the theorem. O
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