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Abstract A new sliding mode controller design method is proposed for a class of system with mis-
matched uncertainties such that the dynamic function restricted on the sliding surface is completely
insensitive to the uncertainties. A sufficient and necessary condition which the system possessing
this sliding mode controller should satisfy is explicitly presented. The issue of chattering free is also
explored. It is concluded that this class of mismatched term does not bring any chattering problem.
Finally, a numerical example illustrates the developed method.
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1 Introduction

In recent years, sliding mode control (SMC) as a powerful control strategy has been widely studied
and applied to the linear system with matched uncertainties(!!. But for the system with mismatched
uncertainties only a few contributions have been madel?~¢l,

In this paper the method presented in [2] is explored further and then extended to a class of more
general systems. A new sufficient and necessary condition is proposed for the existence of such a sliding
surface on which the sliding motion is immune to the mismatched uncertainties. The new condition
explicitly indicates the property the mismatched uncertainties should possess. At last, a numerical
example demonstrates the efficacy of the presented results.

The notations throughout the paper are standard. A* and AT denote the conjugate transpose and
transpose matrix of matrix A, respectively. ||A|| denotes the spectral norm of matrix A. M > 0 means
that M is a symmetric positive-definite matrix. M~ represents the orthogonal complement matrix of
full column rank of matrix M.

2 Problem statement
Consider the following uncertain system

@(t) = Az(t) + Bu(t) + f(t) + &(t)z(t), =2(t) = Cx(t) (1

where x(t) € R" is state vector, u(t) € R™ is input vector, f(¢) € R™ denotes the lumped matched
uncertain terms, z(¢) € R? is a middle-vector which represents the relation between the mismatched
uncertainties and system state vector. A, B, and C are known constant matrices with appropriate
dimensions. The following assumptions underlie this paper.

Al. Matrices B and C are of full rank with m > q.

A2. Matrix pair (A, B) is controllable, (A, C) is observable.

A3. There exists an unknown but bounded function F'(t) € R™ such that f(¢t) = BF(t), where
|F(t)]] < k1 with a known scalar k1 > 0.

A4. @(t)z(t) represents the mismatched uncertainties, where &(t) € R£"*? is an unknown but
bounded function satisfying ||@(¢)|| < k2 with a known scalar ks > 0.

Define the sliding surface as!”

s=B"X 'z =0 (2)
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where s € R™ is the sliding surface function, X € R"*"™ > 0 is a design parameter to be determined
later. The generality of (2) will be proved in the next section. Introduce a coordinates transformation
1T

{”} = T, with T = {

s } . Then in new coordinates, the dynamic function of system (1)is

BTx!

v o A11 A12 v 0 BJ'T
where A;y = B*TAXBH(B*TXBY)™!, A1 = B*TAB(BTX'B)™*,
A1 = BT X 'AXBH(B*TXBY)™!, Ass = BT X 'AB(BTX'B)™'. Note that

z(t) = C[XBH(B*"xBY)™'  B(B'X 'B)7Y {Z}

Then by s = 0, one can get the dynamic function of the sliding motion as
©=B"TAXB*(B*"XB") w4+ BT o(t)CXBH(BTX'BY) (4)

Since &(t) is unknown time-varying function and dissatisfies the matched condition, i.e., BT &(t) # 0,

[4’5’7], the robust con-

the dynamics of sliding motion is usually influenced by it. In the previous reports
trol theory was utilized to design the corresponding sliding surface such that system (4) is asymptotically
stable. It is well-known that the robust design method will unavoidably induce some conservation in

the result. However, if the sliding surface (2) satisfies
CXB* =0 (5)
then the dynamic function of sliding motion can be simplified as
©=B"TAXBT(B*"XB") v (6)

It is obvious that in case of (5), the dynamics of the closed-loop is immune to the mismatched uncertainty
&(t)z(t). Now the objectives can be formulated as:

1) design a sliding surface (2) satisfying equation (5) such that the system (6) is asymptotically
stable;

2) design a control law such that the sliding surface (2) can be reached in a finite time.

3 Main results
3.1 Sliding surface design

First we prove the generality of the sliding surface definition (2).

Lemma 1. Given any sliding surface Sz = 0 where S € R™*" is a sliding matrix, there exists
a matrix X € R™*" > 0 such that sliding motion on the sliding surface BTX '« = 0 has the same
dynamics with that on the sliding surface Sx = 0.

Proof. Note that in sliding mode control matrix SB is non-singular!!, or elseT the equivalent

control will be not unique. From this, it is known that matrix multiplication { BT } [BX ST] =

I BLTgT
{ 0 BTST } is non-singular. Further it follows that matrix [B> ST] is non-singular. So the matrix
X > 0 can be chosen as X = (BTX;B*T + STX,9)7! with X; € RO=™*=m) 5 0 and X, €

FmX™ > 0. Select N = BTST X, such that BT X! = NS. This completes the proof. a

Theorem 2. For system (1) with the assumptions (Al~A4), the following propositions are
equivalent:

(P1) there exists a sliding surface such that the sliding motion is asymptotically stable and is
completely immune to the mismatched uncertainty.

(P2) the triple {A, B, C} satisfy the following conditions

rank(C'B) = rank(C) (7
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AM—-A B
C 0

rank { } =n+gq, VRe(A) >0 (8)
(P3) there are symmetric matrices Wi € %("_Q)X("_Q), Wao € R™>X™ and scalar €> 0 such that
the following LMIs hold

AC WL CHT + et Wi ctTAT —eBBT >0 (9)
ctwictT + BWLBT >0 (10)

Proof. By Lemma 1, (P1) implies that there exists X > 0 such that the second term of (4) is
zero and system (6) is asymptotically stable. Since @(t) is any time-varying function, it can be derived
that equation (5) holds. The equivalence between (P1) and (P3) can be proved alone the similar line
in [2] and hence omitted here. In the sequel, we only prove (P1)<=(P2).

(P1)=(P2): It follows from (5) that there is a matrix M € R?*™ satisfying CX = MBT. So
matrix MBTCT = CXCT is of full rank. This implies the equation (7) holds.

On the other hand, since system (6) is asymptotically stable, there exists a Qo > 0 such that

B*TAXBT(B*"XBH)'Qo + Qo(B*TXBH)'BYTXATBT <0 (11)
Define a matrix @ > 0 as

(12)

[

It can be verified that the inequality (11) is equivalent to B*T(AQ 4+ QAT)B* < 0. From Finsler
Lemmal!®, it follows that

AQ+ QAT —eBTB <0 (13)
where ¢ > 0. Assume that equation (8) is not true, i.e., there are a complex A and a non-zero vector
{Zl} such that Re(\) > 0 and

2
M—AT CT] [vn
= 14

et G 00
which means that ATv, = A1 + C" vz and BTv; = 0. Thus, multiplying both sides of (13) by v} and
v1 respectively yields v* AQui + viQATv: — evi BBTv1 < 0. Note that QCT = BBTCT:; then

A+ A)viQu1 <0 (15)

Since v*Qu1 > 0, it follows from (15) that Re(A) > 0, which yields a contradiction. So equation (13)
must hold.
(P2)==-(P1): Without loss of generality, we assume that the input matrix has the form of B =

. Partition matrix C as C' = [C1 C3] with Cy € R?*™. From (7), Cs is of full row rank. Define

I,
. T T 1 csT . . A A .
matrices L1 = Cj (C2C5 )~ 'Cs and Lo = . Also partition matrix A as A = with
Co Az Az
A1y € RP=™IXn=m  Then a simple manipulation yields
r T T T
)\In _ AT OT AI'n,f'm ; All 7A21 - CIT
BT 0 ~ —Aip M — Az | Co
L 0 Inm 0
AL o - A%, | cF
Mp—m — ATy + L1 AT
~ CJ_TAT 0 ~ A[n—m - Arlrl + LlArlI‘Q
2 T12 _ C4TAT,
L C2 A, C2C5
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By the condition (8), (16) means that the matrix pair (AT, — L1 A, C3TAT) is detectable. So
there exist X; € R~™*(=7) 5 g and K € RO—™*("=9 gych that

(A1 — Ao LT — A12C3 KXy + X (AT — LiAT, — KC3TAT,) <0 (17)
The symmetric positive definite matrix X of sliding surface definition (2) is chosen as

X, Xi(=L1 — KC3™)

X= (-LT = C3 K™)X1  Xo+ (—LT — C-K™) X1 (—L, — KC5T)

(18)
where X € R™X™ > 0. Without loss of generality, set BT = [In—m 0]. Then it can be easily
testified that equation (5) holds. By substituting (18) into system (6), one obtains

1') = (A11 — A12L’1T — AlgcQJ'KT)U (19)
Form (17), it follows that system (19) is asymptotically stable. This completes the proof. a

3.2 Synthesis of control law
Theorem 3. The sliding surface (2) of system (1) comes from LMIs (9) and (10). Then under
the following control law

PR _ _ _ s
w=(B"X"'B)"(B"X Az + bt | B*X M| |CBWalls + (k|| BYX B + n)w) (20)
the trajectories of the system can in a finite time enter into and subsequently remain on the sliding
surface, where 7 is a positive scalar to adjust the convergent rate.

Proof. The derivative of sliding surface respect to time is

5=B"X '"Ax 4+ B"X 'Bu+ B"X 'BF(t)+ B"X ' ®(t)Cx (21)

Note that
®(t)Cx = (t)CXX 'z = ¢(t)CBWhas (22)
Substituting the control law (20) into (21) yields sT4 < —n||s||, which implies that the system will in
a finite time enter into and then remain on the sliding surface. This completes the proof. O

Remark. It can be found from (22) that the mismatched uncertainty ¢(¢)z(t) does not bring the
chattering for the system. If system (1) only owns the uncertain term @(t)z(t) and if the condition that
the sliding surface is reached in a finite time is approximately replaced by one that the reaching rate
of sliding surface is larger than the convergent rate of sliding motion, then the control law (20) can be
replaced by

w=—(B"X""B)"(BYX "' Aw + (k| B*X | CBWal| + )s) (23)
In that case, one has s¥5 < —p|s||?, which implies the decay rate of the sliding surface is larger than
e M. Tt is obvious that control law (23) is a continuous function and does not result in any chattering
problem.

4 Numerical example
Consider the following uncertain system

T1 sin o 1 0 T 1 0 v
To | = sin 3 0 1 z2|+]0 1 [ul } (24)
s 2+sinz: 3 4] |as 1 oft™

The initial state is assumed to be o = [10, —10, 1O]T. By Theorem 2, one can get

38.8056  —20.0158 } { 57.2142  7.3831 }
) Wa =

Wi = {—20.0158 5.9298 7.3831 121.6529

and the sliding surface is

s — 0.0l x { 2.2397  —0.1404 70.4737} =

—-3.8116  1.0876 3.6712
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Chose k1 = 2 and k2 = 0. Note that system (24) only owns mismatched uncertain term, two control
laws (20) and (23) are used here for comparing. Set n = 0.1, and the control law (20) is

X1
57214 7.383 ] ( [—0.009 0.008 —0.020 s
= [ 7.383 92.896} ({ 0.073  0.072 0.158 } v 00388 HMM) (26)
3
Set u = 100, and the control (23) is
X1
57.214  7.383 ] ( [—0.009 0.008 —0.020
w=- { 7.383 92.896} ({ 0.073  0.072  0.158 } o - 6.638s “005) 27
3

The simulation results are shown in Fig. 1 which demonstrates the efficacy of the proposed method.
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Fig. 1 The histories of system states (a) and control laws (b). (-) solid line: the trajectories under the control
law (26); (:) dotted line: the trajectories under the control law (27)

-15

References

[y

Gao W. Variable structure control theory and design method. Beijing: Science Press, 1998

2 Choi H H. An LMI-based switching surface design method for a class of mismatched uncertain systems. IEEE
Transactions on Automatic Control, 2003, 48(9): 1643~1638

3 Kwan C. Sliding mode control of linear systems with mismatched uncertainties, Automatica, 1995, 31(2):
303~307

4 Choi H H. Variable structure control of dynamical systems with mismatched norm-bounded uncertainties:
An LMI approach. Internation Journal of Control, 2001, 74(13): 1324~1334

5 Kim K S, Park Y, Oh S H. Designing robust sliding hyapperplanes for parametric uncertain systems: A
Riccati approach. Automatica, 2000, 36(7): 1041~1048

6 Takahashi R H C, Peres P L. Hy guaranteed cost-switching surface design for sliding modes with nonmatching
disturbances. IEEE Transactions on Automatic Control, 1999, 44(11): 2214~2218

7 Choi H H. A new method for variable structure control system design: A linear matrix inequality approach.
Automatica, 1997, 33(11): 2089~2092

8 Boyd S, Ghaoui L El, Feron E, Balakrishnan V. Linear Matrix Inequalities in System and Control Theory.

Philadelphia, PA: SIAM, 1994

XTIANG Ji Received his bachelor degree from North China University of Technology in 1996 and master
degree in control theory and application from Zhejiang University in 1999. From 1999 to 2002, he was employed
by several companies in Shenzhen. At 2002, he turned back Zhejiang University and received the Ph.D degree
in 2005. Now he was a postdoctoral lecture in the college of electrical engineering at Zhejiang University. His
research interests include variable structure control, nonlinear systems, and maglev systems.

SU Hong-Ye Received his bachelor degree from Nanjin University of Chemical Technology in 1990, and
received master and Ph. D. degrees from Zhejiang University in 1993 and 1995, respectively. Now he is a professor
in Institute of Advanced Process Control at Zhejiang University. His research interests include robust control,
time-delay systems, nonlinear systems, DEDS, and advanced process control theory and application.

CHU Jian Received his bachelor degree in chemical engineering from Zhejiang University in 1982 and
Ph.D degree from Kyoto University in 1989. Since 1993, he has been as a professor in industrial Process
Control. His research interests include time-delay system, nonlinear control, and robust control and application.



