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Abstract The coherent control modeling problem is studied for quantum computers ex-

posed to open environments. Originated from the mathematical model of multi-qubit open

quantum systems, the matrix basis of geometric algebra is used to convert the dynamical

equation of complex matrices into one of real vectors, and the corresponding structural co-

efficients are calculated. This work provides a basis for further research on designing control

laws.
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��¬��ý����
���º��½�����²����
�¸®�ö

N
������¶·¬����¯�ý¶·��ø��ìé���� Ù�[5∼7]

. !"#��¨©¶·Ö×$ë
N
����¶·�#%&' N = 2n, n

º��"#�(¸)® N
���"

#( n *+(,-¬.×¨©¶·��Üä¶(�/0¨©�î1¬¹ó234567�é���� ×Ô�Üä¶(�¨©¬8º9µ���¸ûü
��!"#��¶·:®§ NMR

���;ñ<=>ì�?3@(
(geometric

algebra)
:�Üä� ¸ßA�¬§B�C¬DEì�ø��� �:® MarkovFG��

���¶·é���
�HBIC��!"#��¨©¶·é���	
��öÀ¯H
BJC¬:®?3@(ØÙ¨©Üä¶(�©¯HBKC¬ØÙßA�¼½
�	
�L�HBMC¬NÜO��´µP�QRS���¸
2 TUVWXYZ Markov [\]^_`�öa¬��b£¶·�cdì�eàfgh#�� H

��i�
|ψ > jk¸4l

H
�:

|ψi >, i = 1, · · · , n m¬|ψ >
Ö×$ë�eà(n��¸o2

|ψ >
�cd��pºqd¸7¶·æçè�réêëìm¬)®¶·cdé��sñtu¬¶·vw�8ºxyd¬z×

p1

�{|}®
|ψ1 >

d¬
· · · · · ·,

×
pn

�{|}®
|ψn

d¬¦� pi ~�
∑

i

pi = 1, pi > 0.
xyd´µì�ø©�

ρ =
∑

i

pi|ψi >< ψi|
�jk¬¦� < ψi|

�
|ψi >�����¸��§4l H

�:m¬ρ Ö×� 8º�e n ���l�����¬�pº�ø��¸
§��¨©�¬ì×²³��©¯�¼½¶·²���)�������¶·ä8���âã¸ßA�¬�e

n "#��¨©¶·�) n
e�����¶·×¾�À��y�

8�
2n ���¶·¸ó/cd��ì2��fgh#��jk

H = C2 ⊗ · · · ⊗ C2

¦��e 2 �à(�� C2 jk�e��"#�cd¬H ��e 2n ��à��¸��æçè�éêëì¬´µì�ø��� ��¶·�cd¸�ö��çèé®¶·Ö×$ë�eî1���¬2Ý���çè®¶·�ëì¬���¶·çècd���¬íÖ×� 
Markov FG[1] ¶·
�P¡Ô�¸¢£¤;ñ¥®

n "#��¶·�ø��w��¦À§[1]
(master equation):

ρ̇ = −i/h[H, ρ] +
∑

j

ΓjD[Lj ]ρ (1)

¦� H,Lj

�
H
��©�¬¨©@�¶·�ª�«�¬æçè�réêëì��¸

[A,B] = AB − BA
º������

Lie ®¯°©H∑

j

ΓjD[Lj ]ρ ±��+� j
�²Ö��
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�¶·�¸¹º»¬
Γj ∈ R

@�éêëì¼ø¬
D[Lj ]
í�ëì§ ρ

��½©�¾
D[Li]ρ =

1

2
{[Lj, ρL

+
j ] + [Ljρ, L

+
j ]} (2)º¿ÀÀ��¬�Á����ÂÃ5

~ = 1.
��¶·����ö��ÄÅÆÇÈÉÊ

ËÈæ¶·�ÌÍb£��réêëì�Æ �¸§�ÎÏFG�¬¢é7®Ð�Íª�«�
Hi

Æ ¶·Ñ��ª�«��×ÒÓ¶·���¸)®¢Ô��À�Õ��¶·Ö
d�×w�Ä§¬ØÙÚÛ¶·�é��¸Ó¬¹ópºé���¸.×§é����¶·ª�«�

H
� º

H = H0 +
∑

i

uiHi, ¦�H0

� ¶·Ü)ª�«�¬
Hi

ºB i
e�

�ª�«�¬
ui(t) ∈ R

@�é>���¼ø
(
2Æ �ÝÇÞßàø

),
¢e�z�ÂÃ´µá¨���¸âÜ��¬:®

Markov FG�é���
�2�
ρ̇ = −i~[H0 +

∑

i

uiHi, ρ] +
∑

j

ΓjD[Lj ]ρ (3)

3 n ãäåæçè[\]^é_
ρ
ß°¾¿�¼½êë¬Þ)®

ρ
�

2n × 2n
à��¬ì�¸À®¶·P¡¨í¬¹ó´µý�k
���º���²����
� �̧eîÜÓ�ò¯¤�4l��67���:

{I,Σi}, ¦� Σ = (Σ1,Σ2, · · · ,Σ4n−1)
T
º��:�îïÕð��

I2n ñ����.�8�����¸ý
ρ §¢�:���º ρ = 1

2n I + m ·Σ, ¦�m
º�e

4n − 1 ���
(
Õð��¶(5 1

2n

�º¿~��ø���?|òóôõ Trρ = 1).º¿Úö
~m
º²��¬ÂÃ45:º���¬O÷§��ø�¾

< A,B >= Tr(A+B) (4)

���ùâ��¸¢£)®��@(�úû�¬�öÖ×;ñ2��¥¶
ΣiΣj =

∑

k

(cijkΣk + idijkΣk) + δijI (5)

¦� cijk

¥®Ieü�p¬zá θ
º¥®ü�

i, j, k
��ýþë¬í°

cijk = cθ(ijk); dijk¥®Ieü�ÿp¬z° dijk = (−1)τ(θ)dθ(ijk). τ(θ)
��ý��(¬z�ý� 8ý���/.êý�e(¸#©�¬° cijk = cjik, dijk = −djik.�Á� �e��lë¸®Øl�

4n − 1 ��� a, �
(Sa)ij =

∑

k

ckijak, (Ta)ij =
∑

k

dkijak (6)

)
Sa, Ta

�lë���
cijk

¥®ü��p��¬
dijk

¥®ü��ÿp�¾�Ö;�
�

Sa, Ta

°2���
1) Sa

ºp��¬
Ta

ºÿp��H
2) Sλa + µb = λSa + µSb, Tλa + µb = λTa + µTb.��

1.
á��

A = a0I + a ·Σ
í

AB = (a0b0 + a · b)I + (a0b + b0a + Sab + iTab) · Σ (7)
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[A,B] = (2iTab) · Σ (8)

��
(5) ������� �¢£����������� (3) � !"#$%&'()*+,-./()01�

2. �"#$ {I,Σi} �23456 (3) 789"#+:
H = h0I + h ·Σ, Hi = h0

i I + hi ·Σ, Lj = l0j + Ij ·Σ, L
+
j = (l0j )

∗I + (Ij)
∗ ·Σ

;
l0j = l0

R

j + il0
l

j , Ij = IR
j + iII

j , <23456 (3) ��+,-
ṁ =2Thm +

∑

i

ui2Thi
m +

∑

j

Γi[2l
0l
j TI

R
j
− 2l0R

j T
I

I
j

+ (T
I

R
j
S

I
I
j

+ S
I

I
j
T

I
R
j
)−

(T
I

I
j
S

I
R
j

+ S
I

R
j
T

I
I
j
)]m +

∑

j

Γj [(TI
R
j
S

I
I
j
− S

I
I
j
T

I
R
j
) + (S

I
R
j
T

I
I
j
− T

I
I
j
S

I
R
j
)+

2T 2
I

R
j

+ 2T 2
I

I
j

]m +
1

2n

∑

j

Γj(TI
R
j
II

j − T
I

I
j
IR

j ) (9)

=>?%@A2BCDEFGH? 1 % (7),(8) )�IJKL934%�MNO*PQ�RST34U)VW% 2Thm +
∑

i

ui2Thi
m X

PY+Z[!\�]^_/`abcG*%de��f Th ` Thi gDKh"#�iJC
4n − 1 jklmno SO(4n − 1) %pYq so(4n − 1) 7%rs�t=iJ%cGCuZ[
%vw./ m(t) ! 4n − 1 jx)yz%{|}mn�~���vw�����

34 (9) V���XP���- Nm +Am + g %()�+,��KfZ[de%���
N CDKh"#�iKZ[%�������Z[%vw��Kh"# A

KZ[d
e%��H�vw./.{|�X%���~����Z[%vw��

4 ������� ¡¢£¤¥
Kf

n ¦§/¨��Z[��©ªO«¬%®¯Yq$ {σi1 ⊗· · ·⊗σin
} = {I,Σi}

[8], 7 Σi = I, σx, σy, σz ,

σx =

(

1

1

)

, σy =

(

−i

i

)

, σz =

(

1

−1

)

(10)

g Pauli "#�©ª}°"#$ {I,Σ} ±®9²³%´µ0¶·�(� σi1 ⊗ · · ·σin
%"#

��¸°��¦§¹z%º»cG�±¼²%½?S¾� ¿�iJÀÀÁÂcgZ[%]^_/Ã!�t=L�+,:Ä%"#ÅÀ���§ÆC!jqÇÈ%ÉÊ*��f5
67%"#Ë±ÇÌ%ÍÎ��±ÏfqÐ���ÑÒ�*|��ÓT�!L«$*�MZqÅÀÔÕ���Ö×�$fL«§Ø%$ÙÚ (5) 7%�MZq cijk ` dijk %ËÛ���; ΣiΣj =
∑

k

eijkΣk,
³ÜKfÝ>Þ' i, j, ß±àO% k u eijk �g 0,

IJßáÝ:�� k âv
ã% eijk %3äå��ËÛ�P-�*æç�
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����K"#$ {σi1 ⊗ · · · ⊗ σin
} ���; ik = 0, 1, 2, 3 PÆKã σ0, σx, σy, σz

;
(i1, · · · , in)

Kãvã%"#$7%rs����T��bq./�� (00 · · · 0)4, · · · , (3 · · · 3)4.�iJ%	
��cg"#$%\����D¹�KfÝ>Þ' i � 4 gt¨��nv����Tvã%�����Þ' i = i1 + · · · + in4n−1
Kã�� (i1, · · · , in).����Kf��7%�O��å�¦§É(��� ip, jp, σip

, σjp
, ��vã% kp â

ep
ipjpkp

,  7 kp â ep
ipjpkp �� σip

σjp
= ep

ipjpkp
σkp

. ��������� ep
ipjpkp

�:�+ 1¬,�
�

1 �óô��ú����
Table 1 Structure coefficient of one-qubit systems

(k, eijk) j = 0 j = 1 j = 2 j = 3

i = 0 (0, e000 = 1) (1, e011 = 1) (2, e022 = 1) (3, e033 = 1)

i = 1 (1, e101 = 1) (0, e110 = 1) (3, e123 = i) (2, e132 = −i)

i = 2 (2, e202 = 1) (3, e213 = −i) (0, e220 = 1) (1, e231 = i)

i = 3 (3, e303 = 1) (2, e312 = i) (1, e321 = −i) (0, e330 = 1)

� ���
k = k1+· · ·+kn4n−1 ���T k,!� eijk =

∏

p

ep
ipjpkp

���T eijk. eijk �
�g"q ±1,

=#
cijk = eijk, dijk = 0; eijk $��g%&q πi,

=#
cijk = 0, dijk = −ieijk.���:% cijk ` dijk ���: (9) %ËÛ()��Ü�!L«Yq$*%+,Cv'��%� (�: S,T %ËÛ+,())

5 ()
*+�¦§/¨Z[%,-.vw56[9]

, G234¸°�*
ρ̇ = −i[H, ρ] + ΓD[σ−]ρ (11)

 7 σ− = σx − iσy, H = ω 1
2σz + ux

1
2σx + uy

1
2σy, σx, σy, σz g (10) 7>¾% Pauli "#�L956GÄ¸°/012¨\3456¨%�4�iCH�.vw7ã%O82B9b�2¨\:;<]^_/g H0 = ω 1

2σz, +,=901z%,>�4�K2¨?@ σx3.` σy 3.%Ò@AB�@CAB%D� ux ` uy gIJ��\�©ª%ab/� σ−Kã%vEcGFY+�f2¨GHyB3IvEcG�JI%.Ò \3356¨%�
4�LO�4KH�2¨��a%01LM�t�Kf/¨��9%½?"N��Ç	O©ª"#$ Σ = {σx, σy, σz} ��� (11) n<g"#P/ m = (x, y, z)T %34

ṁ = (−ΓA+ ωOz)m + uxOxm + uyOym + Γg (12)

 7 A =







1
2

1
2

1






, g =







0

0

−1






, Ox =







0 0 0

0 0 −1

0 1 0






, Oy =







0 0 1

0 0 0

−1 0 0






, Oz =







0 −1 0

1 0 0

0 0 0






.
RS

Ox, Oy, Oz C 3jmnoKã%pYq so(3)%I-r���Ó:Z[
\P]^_/�âvwab! (12) 7"QCHC�!{|3.%mnFdO�−ΓAm+Γg
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KH�X.f z Y3.%��FdZPf x, y

Kãf^�"#%ÅK[rZLO�4u\
ÅK[r]^Zåg½?7¬_%.vw�4O
6 `a

ÖbÙÚ�c¦§/¨deZ[vwab56%f5ghZ�2i%Eq"#de34n<g"./yz}%de56Zj$f®¯Yq$Ý:�ËÛeäZ\TvKkl%O8+,3äZ~�g�OçK/¨abZ[�mPQ;dn>�$oOPf�Oç;dabp%#qZZ[34jqrs/¨¦§q%t�uvqt�Z�IJÝ:%3äKfÀÜ%Z[ Z["#Ë±ÇÌ%ÍÎ�Zt=wfPQ`abp;dO�Oçxy�*zc¦§56%{jghO
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