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Abstract A novel neural network model, named delayed standard neural network model

(DSNNM), is proposed, which is the interconnection of a linear dynamic system and a

bounded static delayed nonlinear operator. By combining a number of different Lyapunov

functionals with S-Procedure, some sufficient conditions for global asymptotic stability and

global exponential stability of the DSNNM are derived and formulated as linear matrix in-

equalities (LMIs). Most delayed (or non-delayed) dynamic artificial neural networks (DANNs)

or neuro-control systems can be transformed into DSNNMs so that stability analysis or sta-

bilization synthesis can be done in a unified way. In this paper, DSNNMs are applied to

analyzing the stability of the delayed bidirectional associative memory (BAM) neural net-

works and synthesizing the neuro-controllers for the PH neutralization process. The stability

criteria obtained turn out to be a generalization of some previous criteria. The analysis ap-

proach is further extended to the nonlinear control system.

Key words Delayed standard neural network model (DSNNM), linear matrix inequality

(LMI), stability, generalized eigenvalue problem (GEVP), bidirectional associative memory

(BAM)
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 /
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, �� DANN �� Õ!"ã#$�%&'(ÕÛÜ)*Î��%+ÙÚÕ,-./0éô12345

DANN(6 Hopfiled
ÓÔ�78ÑÒÓÔØ

BAM
ÓÔ
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Suykens
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DANN
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Õ��Îö\Ú
Lyapunov

�=����ì
LMI

Õ
SNNM ���È!"ã"ÖÎ�C î¡¢£¤=ÎX¥¦§¨éx©ª«

(RMLP) Y�Z SNNM
Þ[Î2Tn�\Ú/ê

SNNM
Õ%]L×Í�" RMLP

Õ!"ãÎö¬­®�~�I!"ãÕ¯°.±²³�Ï[9] \Ú
SNNM

Õ��ÎIðã´ØO�	WÕÙÚµ÷à¶·Õ¸¹Î� SNNM
4�Úì{º
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(DDANN)
è�Ëÿ�ûÌÏÍÎÖÅÏÕÐã.ÏçI

DDANN
ÓÔÕÑÒ�ÙÚØã�ÓàùÔÕÛÜÎqrà0é/ÕÖÕL?Î���]L?ùé�×ØÕÙ[��ÎTU��CDéÚÛÛÜ�ÜÝ#�D!"ãÕ�=ÎqrÞJßÕL×ÎOÐDÙÚ�Î/%"ÕVQ.àáâ�Ï[10,11] �ã\Ú

LMI
�=Í#$

DDANN
Õ�È!"Øäk!"Îå�à#$CDÎTURSãæpÎZµ%·ÛÜ DDANN

-çàèþ.
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[8]
Ø
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Õ£¤Î4í�Úì®{º
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�.\Ú
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�=Î���

DSNNM
Õ���È!"Ø��äk!"Õ_#`aÎ�]`aî��Z

LMI
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�(�)*+,��
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Q>�"#$,� Φ �:D�:;�� D R>CSTU�κ(t) /VW�1XBC�Y
κ(t) 6 h, h /VW�Z[BC�

\
1 ]^_`abcdefgh (DSNNM)

Fig. 1 Delayed standard neural network model(DSNNM)

ijk�
1 l<= N m(�n@)�op

N =

[
A B1 B2

C D1 D2

]

ql�A ∈ <n×n, B1 ∈ <n×L, B2 ∈ <n×L, C ∈ <L×n, D1 ∈ <L×L, D2 ∈ <L×L, x ∈ <n,

φ ∈ RL, L ∈ < /"#$%r&'�s' (tuvwxyz{�:;{�uv|s'}�).~�
DSNNM

1�Un�BC#$2@�z (LDI) >�p






ẋ(t) = Ax(t) + B1φ(ξ(t)) + B2φ(ξ(t − κ(t)))

ξ(t) = Cx(t) + D1φ(ξ(t)) + D2φ(ξ(t − κ(t)))

φ(ξ(t)) = Φ(ξ(t))

(1)

�
t < h B�φi(ξi(t − h)) = φi(ξi(0)). �VW���� xeq = 0, Y/�-������VW (1) l D1 = 0

0
D2 = 0, "#$%r&'������ φi(ξi(t))/ξi(t) ∈ [qi, ui], t

[φi(ξi(t)) − qiξi(t)] · [φi(ξi(t)) − uiξi(t)] 6 0, ui > qi > 0, Y φi(0) = 0, i = 1, · · · , L, YVW�����BC h, ��n-���$��(����
1. DSNNM(1) ����/��������@���p� *¡¢�<= P

0
Γ
�*+£¢�<= Λ

0
T ¤¥n� LMI

(�

G =





ATP + PA − 2CTTQUC ATCT
Λ + PB1 + CT(Q + U)T PB2

ΛCA + BT
1 P + T (Q + U)C BT

1 CT
Λ + ΛCB1 + Γ − 2T ΛCB2

BT
2 P BT

2 CT
Λ −Γ



 < 0 (2)

ql�Q = diag(q1, q2, · · · , qL), U = diag(u1, u2, · · · , uL).¦§�/¨©ªn«�¬­®¯�k x(t) ©°/ x, ξi(t) ©°/ ξi, φi(ξi(t)) ©°/ φi,

φ(ξ(t)) ©°/ φ, φ(ξ(t − h)) ©°/ φh. *± DSNNM(1), ²U�n Lyapunov-Krasovskii&'p
V (x) = xTPx +

∫ 0

−h

φT(ξ(t + θ))Γφ(ξ(t + θ))dθ + 2
L∑

i=1

λi

∫ ξi

0

φi(σ)dσ
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P > 0, Γ > 0, λi > 0, ¼½�∀x 6= 0, V (x) > 0,
�Y¾� x = 0 B�V (x) = 0.V (x) *BF t¿�À'p

dV (x)

dt
=2(xTP +

L∑

i=1

λiφiCi)(Ax + B1φ + B2φh) + φT
Γφ − φT

hΓφh =





x

φ

φh





T 



ATP + PA ATCT
Λ + PB1 PB2

ΛCA + BT
1 P BT

1 CT
Λ + ΛCB1 + Γ ΛCB2

BT
2 P BT

2 CT
Λ −Γ





︸ ︷︷ ︸

T0





x

φ

φh





ql�Λ = diag(λ1, λ2, · · · , λL), Y Λ > 0. Á¼/ (φi − qiξi)(φi − uiξi) 6 0, Â
(φi − qiCix)(φi − uiCix) 6 0 ⇔ 2φ2

i − 2φi(qi + ui)Cix + 2xTCT
i qiuiCix 6 0 (3)ql�Ci /<= C �Ã i Ä�ko (3) m(<=�op


















x

φ1
...

φi−1

φi

φi+1

...

φL


































0 0 · · · 0 −CT
i (qi + ui) 0 · · · 0

0 0 · · · 0 0 0 · · · 0
...

...
...

...
...

...
...

...

0 0 · · · 0 0 0 · · · 0

−(qi + ui)Ci 0 · · · 0 2 0 · · · 0

0 0 · · · 0 0 0 · · · 0
...

...
...

...
...

...
...

...

0 0 · · · 0 0 0 · · · 0

















︸ ︷︷ ︸

T 1
i


















x

φ1
...

φi−1

φi

φi+1

...

φL


















+

[
x

φ

]T [
2CT

i qiuiCi 0

0 0

]

︸ ︷︷ ︸

T 2
i

[
x

φ

]

6 0 (4)

ÅU S �Æ[7]
,
i

T0 −

L∑

i=1

τi

[
T 1

i + T 2
i 0

0 0

]

=





ATP + PA ATCT
Λ + PB1 PB2

ΛCA + BT
1 P BT

1 CT
Λ + ΛCB1 + Γ ΛCB2

BT
2 P BT

2 CT
Λ −Γ



−





2CTTQUC −CT(Q + U)T 0

−T (Q + U)C 2T 0

0 0 0



 = G < 0

Â T0 < 0,t dV (x)/dt < 0, ∀x 6= 0,
ql�T = diag(τ1, τ2, · · · , τL),Y T > 0. ¼½ DSNNM(1)����/������� ¬Ç���

2. DSNNM(1) ����/��È'����@���p� *¡¢�<= P
0

Γ
0

K1

0
K2, *+£¢�<= T

�ÉJ
α > 0 ¤¥n���(�

min α (5)

s.t.





ATP + PA + K1 − 2CTTQUC PB1 + CT(Q + U)T PB2

BT
1 P + T (Q + U)C Γ − 2T 0

BT
2 P 0 −K2



 < 0 (6)



754 K L M N O 31P
2P < αK1 (7)

2hK2 < α(Γ − K2) (8)ÊY�
‖x(t)‖ 6

√

λM (P ) + λM (CTUΓUC)1−e−2γh

2γ

λm(P )
‖M‖e−γt (9)

ql�α = 1/γ, Q = diag(q1, q2, · · · , qL), U = diag(u1, u2, · · · , uL), γ /È'��Ë�¦§�*± DSNNM(1), ²U�n Lyapunov-Krasovskii
&'p

V (x) = e2γtxTPx +

∫ 0

−h

e2γ(t+θ)φT(ξ(t + θ))Γφ(ξ(t + θ))dθ

P > 0, Γ > 0, γ > 0, ¼½�∀x 6= 0, V (x) > 0,
�Y¾� x = 0 B�V (x) = 0.V (x) *BF t¿�À'p

dV (x)

dt
= 2γe2γtxTPx + 2e2γtxTP (Ax + B1φ + B2φh) + e2γtφT

Γφ − e2γ(t−h)φT
hΓφh =

e2γt[xT(ATP + PA + 2γP )x + xTPB1φ + xTPB2φh + φTBT
1 Px + φT

Γφ + φT
h BT

2 Px−

e−2γhφT
h Γφh] < e2γt[xT(ATP + PA + K1)x + xTPB1φ + xTPB2φh + φTBT

1 Px+

φT
Γφ + φT

h BT
2 Px − φT

h K2φh] = e2γt





x

φ

φh





T 



ATP + PA + K1 PB1 PB2

BT
1 P Γ 0

BT
2 P 0 −K2





︸ ︷︷ ︸

T0





x

φ

φh





ql�K1 > 2γP > 0, 0 < K2 < e−2γh
Γ . ÌUo (4), ÍÅU S �Æ[7]

, ¥ÎÏo (6)
(��Â T0 < 0, t dV (x)/dt < 0, ∀x 6= 0, �� V (x(t)) 6 V (x(0)),

Ê
V (x(0)) = x(0)TPx(0) +

∫ 0

−h

e2γθφT(ξ(θ))Γφ(ξ(θ))dθ 6 x(0)TPx(0)+

∫ 0

−h

e2γθxT(θ)CTUΓUCx(θ)dθ 6 λM (P )‖M‖2 + λM (CTUΓUC)‖M‖2

∫ 0

−h

e2γθdθ =

[

λM (P ) + λM (CTUΓUC)
1 − e−2γh

2γ

]

‖M‖2

ql�‖M‖ = sup
−h6θ60

‖x(θ)‖,
Ê

V (x(t)) > e2γtx(t)TPx(t) > e2γtλm(P )‖x(t)‖2, ��1¥o
(9),
ql λM (P )

�
λm(P ) @Q/<= P �Z[�ZÐÑÒÓ�ÔÕÖ× [11] ��Ø 1,

1Ù
DSNNM(1)

���È'���! K1 > 2γP , ¥ 2P < 1
γ K1; ! K2 < e−2γh

Γ , ¥ (1 + 2γh)K2 6 e2γhK2 < Γ , ���
2hK2 < 1

γ (Γ − K2). Ú α = 1/γ,
1¥ÎÏo (7)

�
(8).

*±��È'��VW�}ÛÜ γ Ý[ÝÞ�t α ÝÐÝÞ�ßàá� DSNNM(1)�������È'��$âãª/¿äåØÑÒÓæç (GEVP) o (5)∼(8). ¬Ç���o (1) l� B2 = 0 è D2 = 0, Â DSNNM âãª/"BC� SNNM, t1U�n
LDI >�p







ẋ(t) = Ax(t) + B1φ(ξ(t))

ξ(t) = Cx(t) + D1φ(ξ(t))

φ(ξ(t)) = Φ(ξ(t))

(10)
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��
D1 = 0, Y"#$%r&'é������ φi(ξi(t))/ξi(t) ∈ [qi, ui], ui > qi > 0, ��nê�(��ëì

1.
��� *¡¢�<= P

�*+£¢�<= Λ
0

T ¤¥n� LMI
(�

[
ATP + PA − 2CTTQUC ATCT

Λ + PB1 + CT(Q + U)T

ΛCA + BT
1 P + T (Q + U)C BT

1 CT
Λ + ΛCB1 − 2T

]

< 0 (11)

Â SNNM(10) ����/�������ëì
2.
��� *¡¢�<= P

0
K1, *+£¢�<= T

�ÉJ
α > 0 ¤¥n���(�p

min α

s.t.

[
ATP + PA + K1 − 2CTTQUC PB1 + CT(Q + U)T

BT
1 P + T (Q + U)C −2T

]

< 0, 2P < αK1

Â SNNM(10) ����/��È'���ÊY�
‖x(t)‖ 6

√

λM (P )

λm(P )
‖x(0)‖e−γt

ê� 1
�ê� 2 �¬­í�� 1

��� 2 �¬­���ßîïð�*±¬­ê� 1,²U�n Lur′e-Postnikov Lyapunov
&'p

V (x) = xTPx + 2
L∑

i=1

λi

∫ ξi

0

φi(σ)dσ

*±¬­ê� 2, ²U�n Lyapunov
&'p

V (x) = e2γtxTPx

ñòê� 1 ���$��í [7] �Ã 120 ó���ôê� 1 lõö¨��9/÷ø�F�
��Î¾¾� [0,1], �� [7] ����ê� 1 �Ñù�� qi = 0, ui = 1, i = 1, · · · , LB�o (11) â� [7] �o (8.6).

3 DSNNM úûü
/¨ÌU�� 1

0�� 2 ýê� 1
0ê� 2 þÄ DANN ���$@ÿýuvwx��VW�����A������®�	�
ýq�X��k
�ª( DSNNM ��o�ÊY���/���n«@ÿBC�	uvwx�������$��è�*Uuvwx��� PH l�®¯����:;����A�

3.1 ����������� !"
[10]
�

[11] l#$�BCuvwx�%p
dµ(t)

dt
= −V µ(t) + W0g(µ(t)) + W1g(µ(t − τ)) + I (12)

ol&''�øØ( [10] ý [11],

�z¨[)@�BCuvwx�%�ù�BC*I+,°- (BAM) uvwx�BC Hopfield wx�BC./uvwx (DCNN) Ï� [10] @ÿ
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VW (12) �����$� [11] @ÿVW (12) �È'��$�¥$01�U����ôß���2��®3[ Lyapunov-Krasovskii

&'¥$��ßk45-��67$�ÊY [11] @ÿÈ'��$B��@��Î�m( LMI �o�Ê�"#$<=ÎÏo�o�Öl8#9qäÆ���VW (12) ����/ µ∗, Â µ∗
��nop

V µ∗ = (W0 + W1)g(µ∗) + I

*VW (12) T#$X� x(t) = µ(t) − µ∗, Â
ẋ(t) = −V x(t)+W0φ(ξ(t))+W1φ(ξ(t− τ)), φ(ξ(t)) = g(ξ(t)+µ∗)− g(u∗), ξ(t) = x(t) (13)

VW (13) íVW (12) ������o�ô�VW (13) ����/���q"#$%r&'
φ @J/ φi(ξi(t)) = gi(ξi(t) + µ∗

i ) − gi(µ
∗
i )(i = 1, · · · , n),

��
µ∗

i Î��φi :Î��ô� φi ;6<¨ gi �=�$>�VW (12) l�i? gi /*@¢A&' tanh(·), Â
φi(ξi(t)) = tanh(ξi(t) + µ∗

i ) − tanh(µ∗
i ).
����� µ∗ = 0, Âq��9/ [0,1];

�
µ∗ 6= 0B�q��9BÐ�1��CD�EF�� ϕi(s) = tanh(s + µ∗

i ) − tanh(µ∗
i ), *±VW (13) ���G91!�noE¿¥p

ui = max{ϕi(s)/s : s 6= 0}, U = diag{ui}

VW (13) ���n9 qi

1?/ 0, Â Q = 0. VW (12) l�i gi /q
%r&'��
arctan(·),

��9�¿?�� tanh(·).v®GHX��VW (13) â��¨ DSNNM(1) ��o�qlA = −V , B1 = W0, B2 =

W1, D1 = 0, D2 = 0, L = n, C / n×nI3J<=�ÍY������ φi(ξi(t))/ξi(t) ∈ [qi, ui],¼½1�ÌU�� 1
��� 2

5áQVW (13)(tVW (12)) �����������$���È'��$�n��-s�� 4 suv|�K�BC� BAM uvwxp






ẋ1(t) = −1.1x1(t) − 0.051tanh(y1(t − 1)) + 0.051tanh(y2(t − 1)) + 1.0

ẋ2(t) = −1.2x2(t) − 0.62tanh(y1(t − 1)) − 0.42tanh(y2(t − 1)) − 1.0

ẏ1(t) = −1.3y1(t) − 0.073tanh(x1(t − 1)) + 0.033tanh(x2(t − 1)) + 2.0

ẏ2(t) = −1.4y2(t) + 0.24tanh(x1(t − 1)) − 0.24tanh(x2(t − 1)) − 2.0

(14)

VW (14) �LMNÓ''�%r&'��Ö× [12] ��� 1, ��VW (14)
� �-����kVW (14) ª(VW (12) ��o�Â µ(t) = (x1(t), x2(t), y1(t), y2(t))

T, V =

diag(1.1, 1.2, 1.3, 1.4), W0 = 0, W1 =







0 0 −0.051 0.051

0 0 −0.62 −0.42

−0.073 0.033 0 0

0.24 −0.24 0 0







, I = (1.0,−1.0, 2.0,

−2.0)T, ��� µ∗ = (0.8289,−1.0095, 1.4809,−1.1808)T. �BC BAMuvwx�BC h =

1, �,;��9 U = diag{0.8625, 0.8136, 0.6915, 0.7675}, Q = 0. Ú A = −V , B1 = W0 = 0,

B2 = W1, D1 = 0, D2 = 0, L = 4, C / n × n I3J<=�ÌU MATLAB/LMI
��O�P[13] ¿äo (2),

1¥¢�<= P
�

Γ , *+¢�<= Λ
�

T , !�� 1
1ÙVW (14)

 
��� µ∗ /���������²U [10] ��� 1, QÆ¥$ÎÏo�1Ää�R­Ö×
[10] �¥$���$����-��67$�ÔÕ�� 2,

¿ä
GEVP o (5)∼(8),

1¥pα = 9.0580, ¢�<= P
0

Γ
0

K1

�
K2, *+¢�<= T , !�� 2

1ÙVW (14)
 ��� µ∗ :���È'���ñò [11] ���
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1�U5áQGHVW�È'��$�ô STÅUl�Î1Ä��¼/��ÎÏo2�U±XJ�"#$<=ÎÏo�VCéW�Þ�,Æ�X�¿ä [11] l�<=ÎÏo�¼½�YÖ��� 2 �SU$Z[�
/STáQuvwx�È'��$#9¨-s\]�
3.2 ����^_`a�b�^_cdeßîkÌU DSNNM

�è�U���$���� PH l�®¯���:;����A� PH l�®¯�'f�%/[14]
:

vẏ = −fy − u, PH = w2tanh(w1y)ql�v /�Åg��hi?�:D u /jklm�f /nklm�y /[n�J�:;/�Åg� PH Ó�²U:;����A�u = −KPH(K > 0). o��V����pq���6r K ¤stVW�����stVW1�U�n�	�¯>�p
ẏ = −

f

v
y +

Kw2

v
tanh(w1y), K > 0 (15)

VW (15) �� SNNM(10) ��o�ql A = −f/v, B = w2/v, B1 = BK, C = w1,

D1 = 0, L = 1, Q = 0, U = 1, ���/���!± K /u¿���V'�!ê� 2
1Ùv

Bw$¢Ó�ÉJ P
0

Λ
0

T
�

K
��o (11), â1�¤VW (15)

 ���������*VW (15), ÎÏo (11) xm/p
[

2AP ACΨ + PBK + CT

ACΨ + PBK + CT 2BKCΨ − 2T

]

< 0

ÎÏo (16) yzy{�|{ diag(P−1,Ψ−1), ÂÎÏo (16) Ï}±p
[

2AP−1 ACP−1 + BKΛ
−1 + CP−1TΛ

−1

ACP−1 + BKΛ
−1 + CP−1TΛ

−1 2CBKΛ
−1 − 2TΛ

−2

]

< 0 (17)

Ú X = P−1, Y = KΛ
−1, Σ1 = P−1TΛ

−1, Σ2 = TΛ
−2, ÂÎÏo (17)

1m/p
[

2AX ACX + BY + CΣ1

ACX + BY + CΣ1 2CBY − 2Σ2

]

< 0 (18)

¼½���� ¢Ó� X, Σ1, Σ2

�
Y
��o (18), ÂstVW (15)â���������ÊY��6r/ K = Y Σ−1

2 X−1Σ1.��
f = 5.8154, v = 1500.3732, w1 = 28.9860, w2 = −3.8500, Â A = −0.0039, B =

−0.0026, C = 28.9860. ÌU MATLAB/LMI
��O�P¿äo (18),

1¥pX = 1.0749,

Σ1 = 0.0053, Σ2 = 0.4993, Y = 0.9269. !½1¿¥¤VW (15)
 ���������:;��6r K = 0.0091.

4 ~��
��#$����l�É��%�#;¨-�BCÉ�uvwx�% (DSNNM),



!#$VW��9BC"#$,ELMÊ(��®�	X��1�k�[1' DANN(BCý"BC) ãª/ DSNNM �o�ÌU DSNNM �$>5@ÿ DANN �Ä/��-�«�01stuvwx��VW:1�ãª/ DSNNM �o�/q�p�@ÿ#9��\]��Bq�"#$VW��p�@ÿ:1����xB��� DSNNM

1�>�/#$2@�z (LDI) �o�
1����ÌUVC ��lå�ÅU� LMI ��5@ÿ
DSNNM �&�$j�YÖv�; DSNNM ���$���W���q
�$j (

�
L2

6r
), �U DSNNM �q
$>����85����I�
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