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Abstract The problem of optimal guaranteed cost control for discrete-time singular large-scale
systems with a quadratic cost function is considered in this paper. The system under discussion is
subject to norm bounded time-invariant parameter uncertainty in all the matrices of model. The
problem we address is to design a state feedback controller such that the closed-loop system not
only is robustly stable but also guarantees an adequate level of performance for all admissible uncer-
tainties. A sufficient condition for the existence of guaranteed cost controllers is presented in terms
of linear matrix inequalities (LMIs), and a desired state feedback controller is obtained wvia con-
vex optimization. An illustrative example is given to demonstrate the effectiveness of the proposed
approach.
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1 Introduction
For the past years, the problems of robust stability and robust stabilization for state-space systems
with parameter uncertainties have attracted a lot of attention and significant advances have been made

[1~41 However, in practical application, it is also very interesting to construct a control

on these topics
system, which not only is stable but also ensures an adequate level of performance. To this end, a
design approach called guaranteed cost control has been presented, in which an upper bound on the
closed-loop value of quadratic cost function is guaranteed by using fixed Lyapunov function. Based
on this, many researchers work on the guaranteed cost control problem for uncertain systems. For
example, in [5], a guaranteed cost controller was designed for uncertain continuous-time systems by
using Riccati equation approach; the corresponding results for uncertain discrete-time systems were
reported in [6]. Furthermore, results in [5] were extended to continuous delay systems!”™~
matrix inequality (LMI) approach and Riccati equation approach, respectively. Also, the results in [6]
were generalized for discrete delay systems[lo’“] by an LMI approach and algebraic matrix inequalities
approach.

On the other hand, the control theory based on singular systems has extensively studied for many
years since singular system models have much more applications than state-space systems in physical
systems. Many notions and results in state-space systems have been extended to singular systems!'?.
Very recently, a lot of progress about robust stabilization and H control for singular systems has been
reported in [13]. It should be pointed out that the robust stability problem for singular systems is much
complicated than that for state-space systems because it requires considering not only stability and
robustness, but also regularity and impulse immunity (for continuous singular systems) and causality
(for discrete-time singular systems) simultaneously. The H control problem and robust stabilization

via a linear

for singular systems were investigated in [14,15]. Similar to the case for state-space systems, in practical
applications, parameter uncertainty in discrete-time singular systems is unavoidable. However, for
discrete-time singular large-scale systems with parameter uncertainty, seldom results on the problem of
guaranteed cost control have been reported so far. Obviously, such problems are very complicated.

In this paper, we investigate the problem of guaranteed cost control for uncertain discrete-time
singular large-scale systems. The parameter uncertainties are time invariant and unknown but norm-
bounded. For the guaranteed cost control problem, the objective is the design of memoryless state

1) Supported by National Natural Science Foundation of P. R. China (60474078)
Received February 24, 2004; in revised form June 27, 2005

Copyright © 2005 by Editorial Office of Acta Automatica Sinica. All rights reserved.



No.5 WO Song-Lin et al.: Guaranteed Cost Control for Discrete-time Singular - - - 809

feedback controllers so that, for all admissible uncertainties, the close-loop system is regular, causal,
stable as well as guaranteed cost. Sufficient conditions for the existence of guaranteed cost controllers
are obtained in terms of strict LMIs. Then, the parameterization of the required state feedback gains
is also given.

Notation. Throughout this paper, for symmetric matrices X and Y, the notation X > Y
(respectively, X > Y) means that the matrix X — Y is positive semi-definite (respectively, positive
definite). I is the identity matrix with appropriate dimension. The superscript “I” represent the
transpose. Matrices, if not explicitly stated, are assumed to have compatible dimensions. @} €
R *(i=7i) denotes a matrix with the properties of Ef #f = 0 and rank®] = n; — ry. ((M)45)
denotes an n X n dimensional matrix, which has the form of

0 0 O 0
0 0 O 01, xn
N

Here M € R"i*"i, ( are zero matrixes with appropriate dimension and Z n; = n.
i=1
2 Definitions and problem formulation

Consider linear discrete-time singular large-scale systems with parameter uncertainties described

by
N

Eiwi(k+1) = [Au + Aulzi(k) + Y [Ay + AAylz;(k) + [Bi + ABiJui(k) (1)
j=1,3#i

(i = 1,2,---,N), where z;(k) € R™ is the state, u;(k) € R™ is the control input. The matrix

N N
E; € R"*™ may be singular, we shall assume that rankE; = r; < n; - Zni = n, Z ri=1r <n,
i=1 i=1

Aii, Aij, Bi are known real constant matrices with appropriate dimensions. AA;;, AA;;, AB; are time-
invariant matrices representing norm-bounded parameter uncertainties, and are assumed to be of the
form:

|AA;j| < Dyj, |AB;| < H;, 4,j=1,2,--- N (2)
Here |F| < F means |f;j| < fij for every element of F' = (f;;), F = (fij) and D;;, H; are known real
constant non-negative matrices with the same dimensions as AA;;, AB;. AA;; and AB; are said to be
admissible if (2) holds.

Associated with system (1) is the following cost function

T =33 [l () Qi (k) + u (k) Rowi (k)] (3)

i=1 k=0
where Q; > 0, R; > 0.
Now consider the following memoryless linear state feedback controller

ui(k) = Kiwi(k) (4)

Then the resulting closed-loop system form (1) and (4) can be written as

Eixi(k+1) = [(Au + B:K;) + (AAs + AB; K;)|xi (k) + Z [Aij + AAijlx; (k) (5)

J=1.5i

Definition 1. Consider the uncertain discrete-time singular large-scale system (1) and cost func-
tion (3). A state feedback controller in the form (4) is said to be a guaranteed cost controller, if
there exists a positive scalar J* so that the resulting closed-loop system (5) is robustly stable and cost
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function (3) J < J* for all admissible uncertainties AA;; and AB;. In this case, J* is said to be a
guaranteed cost.

In this paper we study guaranteed cost control problem for uncertain discrete-time singular large-
scale system (1). First, we study the applicable sufficient conditions for the guaranteed cost controller of
the discrete-time singular large-scale systems in the sense of Definition 1 for all admissible uncertainties.
Then we further investigate the optimal guaranteed cost control problem to find a memoryless state
feedback controller for the given discrete-time singular large-scale system so that the resulting closed-
loop is robustly stable and the upper bound on the closed-loop cost function (3) is minimized for all
admissible uncertainties. In this case, for simplicity, system (1) is said to be optimal guaranteed cost
control.

We conclude this section by presenting three preliminary results, which will be used in the proof
of our main results in the following sections.

Proposition 1. Let matrix A4 € R™*™ satisfy |AA| < D. Then AATAA < I'(D).

Here

D) = { DT DI, | DT D||I < mdiag(D" D)
| mdiag(DTD), else

Proposition 2", Ez(k + 1) = Az (k) is admissible if and only if there exists a positive definite
matrix P and a symmetric matrix S € R™®™*(=") guch that

(6)

AT(P—-3"S®)A-ETPE <0 (7)

where @7 € R"* (") denotes a matrix with the properties of ET#" = 0 and rank ™ = n —r.
Proposition 3. Suppose that a symmetric matrix W is invertible, A and AA are matrices with
appropriate dimensions and there exists a constant € > 0 such that el — W > 0. Then

(A+AA)TW(A+AA) < ATW + W (el — W) 'W]A+cAATAA

Proof. The proof is very similar to the proof of Lemma 5 in [15].

3 Design of guaranteed cost controller

In this section, we shall give a sufficient condition for the guaranteed cost controller. Then a
solution to guaranteed cost control problem for uncertain discrete-time singular large-scale system (1)
is proposed, where an LMI approach will be developed.

Theorem 1. The uncertain discrete-time singular large-scale system (1) with B; = 0 and AB; =0
is robustly stable if there exist positive definite matrices P;, symmetric matrices S; and a scalar ¢ > 0
such that

TP — ¢TS. VA, — EXP.E, +0O. AT(P. — TS, &,
{Aii(PZ D; Si0i)Aii — E; BE; + Qi Aj(P — & Si P;) <0 )

(Pi — @?Sl @Z)A” PZ' — ¢?SZ @i — 6I

N
where Qi = (2N — 1)e[['(Dis) + Y (I'(Dji) + AJ;Au)l, i=1,2,---,N.
J=1,j#i

Proof. Define

X = diag(Xl,Xg,-n,XN), E= diag(El,E2,~--,EN), Xi=PF, — @Z’TSI@,
® = diag(@l, @2,---,@]\/), S = diag(S’l,Sg,---,SN), P = diag(P17P27"'7PN) >0

N N
AQi = (2N = De[AAFAA; + > (AAGAA; + AJ AL, (eI — X) 7' =) (eI = Xi) ™ )ai)
J=1j#i =1
B N N B N
A+AA=A+) ((AA)a)+ D ((Aiy+AAy)iy), A= ((Au)a)
i=1 i,j=1,j#i i=1

Then X = P — $T5¢ ET T = 0,rankd™ =n —r.
By Schur complements, it is easy to show that (8) is equivalent to
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with
el — X; >0 (10)
Note that (9) and Proposition 3. We have

el -X >0 (11)
(A+AATX(A+AA) —E"PE S AT[X + X(el — X) ' X]A - E"PE+

E[Z((AAM)M)+ > ((A,-]-+AA1-]-)1-]-)]T[Z((AA“)“)+ > (A + AAy)y)] <

i,j=1,j#i 4,j=1,j#1
N
Z((A;E-XiA“' — E'PE; + A;E-Xi(ef — Xi)ilXiAii + AQ:)i) (12)
i=1
This inequality together with (9) implies
(A+AA)T(P - 3"SP)(A+AA)—E"PE <0 (13)

Finally, by Proposition 2, the desired result follows immediately.

Remark 1. In the case that N =1, i.e., when (1) reduces to a discrete-time singular system, it is
easy to show that Theorem 1 coincides with Theorem 1 in [9]. Therefore, Theorem 1 can be regarded
as an extension of existing results in discrete-time singular system.

Now we are in a position to present a solution to the guaranteed cost control problem for uncertain
discrete-time singular large-scale systems.

Theorem 2. For the uncertain discrete-time singular large-scale system (1), if there exist positive
definite matrices P;, symmetric matrices S; and scalars € > 0,3 > 0 such that

ALXiAi —EFPE + Qi ALX; 0
XAy X; —¢€l X;B; <0 (14)
0 BX; —pBI—202N —1)el'(H;) — Bf X;Bi — R;

where

Qi= (2N = De2I'(Dis) + Y (I'(Dji) + AjiAji)] + Qs

j=1,j#1

X, =(P—&1Si#), i=1,2,--- N

Then a guaranteed cost state feedback controller can be chosen by

wi(k) = Kixi(k) (15)
K; = —[BI +2(2N — 1)el'(H;) + B X;B; + R;] " 'BI X, Ai; (16)
N
In this case, the corresponding guaranteed cost is J* = Z wZT(O)EZTPZEsz(O)
i=1

Proof. Under the conditions of the theorem, we apply controller (15) to (1) and obtain the
close-loop system as follows:

Eixi(k+1) = [Ax, + Ay Jzi(k) + D [Ay + Ay, (k) (17)

j=1,j7i

Here Ax, = Aii + BiK;, AAk, = AA;; + AB;K;. Define

Ax = diag(Ax,, Ary, -, Ary), AAx = diag(AAk,, AAx,, -+, AAky)
N
AQx, = (2N — 1)e[AAR, AAk, + Y (AATAA; + AJA;)]

j=1,j7i
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N
A-FAA:A]C-FAAK-F Z ((AIJ-FAA”)IJ), K:diag(Kl,Kg,-n,KN)
i,j=1,j7#1

Q = diag(Q17Q27 e 7QN)7 R= diag(R17R27 Y RN)
Similar to the proof of Theorem 1, we have

(A+AA)T(P - 0"SP)(A+AA)—E"PE+Q+ K'RK <
N
> Ak, XiAw, — EFPE; + A, Xi(el — Xi) ' XiAw, + AQx, + Qi+ Kl RiKi)is)  (18)

i=1
Note

(A%, XiAk, — EfP.Ei + AQk, + K RiK; A, Xi] _

L XIA}Q Xl —el o

(A%, XiAk, + 2N — 1)eAAR, AAk, + KT RiK:  Af, X

L XiAKi Xi

[ 7E;I‘P~LEZ + (2N - 1)6 Z;V:LJ#I(AAJTZAAW + A]T,LA]»L) + Qs 0 :|

0 —el (19)

and

Ak, XiAk, + (2N — 1)eAA} Ak, + K'RiK; AR, Xi]
XiAK.L- Xi h

N

{A%"}Xi(f‘m [)+(2N71)5{A‘31Tﬁ}

(A, 0)+Vf; }Ri(m 0)

KT AL X;B; 1 KT ALX:B; 417"
s [ )+ (52 v [ ()= (5 )] @0

J = ATX; A+ 22N — 1)el(Dy;)  ALX;
L X Aii X;
Vi = BI +2(2N — 1)eI'(Hi) + B (Pi — ¢ Si®:)B; + R;

where

Substituting (20) into (19) and considering (15), we have

AITQXZ'AK% - E,:FP,LE,L + AQK% + Qi + KZTR»LKZ A}F(le <
XiAx, Xi—el| ™

0 Jyuf 0 T+ ALX; Ay —EXPE+Q ALX;
X»;Bi g XiBi XZA” Xi —el

Considering the inequalities (14), (18), and (21), and by Schur complements, we have
(A+AA)T(P—0"S®)(A+AA) —E"PE < —(Q+ K"RK) <0

From this inequality and Proposition 2,we have that system (17) is robustly stable.
We define the following Lyapunov functional candidate:

V(x(k) =z(k)"ET(P - " S®)Ex(k) = x(k)"ET PEx(k) >0 (22)
V(x(k)) along the solution of system (17) satisfies

AV (x(k)) = x(k)T[(A+ AA)T(P - ¢TSP)(A+ AA) — ETPEx(k) <

—2(k)'[Q+ K" RK]x(k) = = Y @:i(k)"[Qi + K RiKi]ai(k) (23)
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Summing both sides of inequality (23) from zero to infinity gives

V(z(c0)) — <=0 @k [Qi + KT R (k)

i=1 k=0

Note that V(z(o0)) = 0. Hence, it follows from the above inequality that

J=>3 " xi(k)"[Qi + K RiK,]zi(k) < V(2(0)) = Z; z; (0)ET PEx;(0) (24)

i=1 k=0

Therefore, the proof follows immediately from this inequality and Definition 1.

Remark 2. Theorem 2 presents a sufficient condition for the existence of guaranteed cost state
feedback controller for uncertain discrete-time singular large-scale system (1). It is worth noting that
the condition for solvability is expressed by using the system matrices of (1); the design procedure
involves no decomposition of the system, which may around certain numerical problems arising from
decomposition of matrices, and thus makes the design procedure relatively simple and reliable.

It is worth noting that Theorem 2 gives a set of guaranteed cost controller characterized in terms
of the solutions to LMIs (14). Each guaranteed cost controller ensures the resulting closed-loop system
(5) is robustly stable and an upper bound on the closed-loop cost function given by (24). In view of
this, it is desirable to find an optimal guaranteed cost controller, which minimizes the upper bound
(24). The problem is dealt with in the following theorem.

Theorem 3. Consider the uncertain discrete-time singular large-scale system (1) and cost function
(3). Suppose the following optimization problem

N
. T
. fin 271 tr(E; P,E;) (25)
s.t. 1) LMIs (14)

2) P>0

has a solution for €, 8, P;, S;. Then, the corresponding guaranteed cost controller in the form of (15) and
(16) is an optimal guaranteed cost controller in the sense that under this controller the upper bound
on the closed-loop cost function (3) is minimized.

Proof. The proof can be carried out by noting the proof of Theorem 2 and using the same
argument as in the proof of Theorem 1 in [17].

4 Numerical example
In this section, we give an example to illustrate the effectiveness of the proposed method.
Consider the uncertain discrete-time singular large-scale system (1) with parameters as follows:

1 04 02 05 02 0.1 0.002 0.001 0.001
Ev={05 02 01|, Aii=[025 —0.1 0.25|, Diy = |0.001 0002 0.001
05 04 0.3 05 02 027 0.001 0.001 0.002
0.01 —0.01 0.001 0.001 0.1 0.05 0.001 0.001
Aiz=| 001 —001|, Diz=[0001 0.001|, Bi=|01 0 |, H = |0001 0.001
—0.01  0.01 0 0.001 0.05 0.1 0 0.001
10 05 05 0.002 0.001 0.1
B2 = [0 0}’ Az = [70.5 1 } » D2 = {0.001 0.002} » B2 = {0.05}

A21={

100
Q=10 1 0 ,ng{l 0},&:{1 0},1%2:1
00 1

0.01 —0.01 0.01 ~ [0.001 0.001 0.001 ~ [0.001
0 001 —0.01 ! 0  0.001 0.001 27~ 10.001

0 1 0 1
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Now we try to find a memoryless optimal guaranteed cost state feedback controller for it such that,
for all admissible uncertainties, the resulting closed-loop system is admissible. Choose @1 =[1 -2 (]
and @2 =0 1].

Therefore, by Theorem 3 the corresponding optimal guaranteed cost state feedback controller can
be obtained as

| —0.3074 —0.1407 —0.0856

wil) =1 51804 —0.0000 —0.1237|%®)

us(t) = [—0.0494  — 0.1977]a(t)

Furthermore, the corresponding closed-loop cost function is J* = 10.

5 Conclusion

In this paper we have considered the problems of robust stability and guaranteed cost control for
uncertain discrete-time singular large-scale system with parameter uncertainties. Attention has been
focused on the design of memoryless state feedback optimal guaranteed cost controllers. An LMI design
approach has been developed. An example has been presented to demonstrate the proposed method.
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