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Abstract An adaptive output feedback neural network tracking controller is designed for a class
of unknown output feedback nonlinear time-delay systems by using backstepping technique. Neural
networks are used to approximate unknown time-delay functions. Delay-dependent filters are intro-
duced for state estimation. The domination method is used to deal with the smooth time-delay basis
functions. The adaptive bounding technique is employed to estimate the upper bound of the neural
network reconstruction error. Based on Lyapunov-Krasoviskii functional, the semi-global uniform
ultimate boundedness (SGUUB) of all the signals in the closed-loop system is proved. The arbitrary
output tracking accuracy is achieved by tuning the design parameters and the neural node number.
The feasibility is investigated by an illustrative simulation example.
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1 Introduction

[1~6] ' Due to their inherent appro-

Recently, neural network (NN) control has made great progress
ximation capability, NN control has the special advantage in cases where system modeling is difficult. In
1~2 where the optimization theory was used to design the
3~6] is that the parameter adaptive

law is derived based on the Lyapunov synthesis and therefore the stability of the closed-loop systems

contrast to the early NN control approaches!
parameter adaptive laws, the main advantage of adaptive NN controll

is guaranteed. By using backstepping technique, several important adaptive NN controllers have been
(3~61, However, the nonlinear systems with
unknown time-delay functions were not considered in [3~6]. On the other hand, the study for time-
™91 In [9], an adaptive NN control scheme
was presented for a class of unknown strict feedback nonlinear time-delay systems. However, the NNs

proposed for some classes of uncertain nonlinear systems
delay systems has also obtained some important results!

were only used to approximate the delay-independent unknown functions and the time-delay unknown
functions were assumed to be bounded by the known upper bound functions. Due to the complexity
and uncertainty of the controlled systems, this assumption is difficult to be satisfied.

In this paper, we propose an adaptive NN tracking control scheme for a class of unknown nonlinear
time-delay systems. The NNs are employed to approximate the unknown time-delay functions and
therefore the requirement on time-delay terms of the systems is relaxed. Finally, we provide a simulation
example to illustrate the feasibility of the proposed approach.

2 Problem statement and preliminaries
Consider the following unknown output feedback nonlinear time-delay system

& = xip1 + fi(y) + hi(y(t— 7)), 1<i<n-1

En = u+ fu(y) + ha(y(t — 7)) (1)
y=elx
where € = [z1,---,2,]T € R", u € R, y € R represent the system state, control input and output,

respectively. fi(+), hi(-), (1 < ¢ < n) are unknown smooth functions. e; € R™ denotes the n dimensional
column vector whose elements are zero except that the i-th element is equal to one. Time delay 7 is
assumed known. The initial condition y(t) = Q(t) is assumed to be bounded in the interval [—7,0].
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Only the output is available for measurement. The objective of this paper is to design an adaptive NN
controller to track a given reference signal y,(¢).

On a compact set D C R, fi(y) and h;(y(t — 7)) can be approximated by the following linearly
parameterized NNs, respectively.

{ fl(y):pz(y)T0f1+€f1(y)7 Zl:lv"Wn
hl(y(t - T)) = &z(y(t - T))Tohi + Ehi(y(t - T))7 1= 17 e,

where p,(-) : D — RP? and &,(-) : D — R% are smooth basis functions. ey, (-) and ey, () are the

approximation errors. p; and g; are the NN node numbers. The optimal weights 8, and 85, are

defined as 0y, := arg min_ {sup |fi(y) — p; () 0y,|}, and 0, ;== arg min { sup |hi(y(t—7))—
efi € RPi yeD ] D

h; € B y(t—1)€

(2)

€,(y(t — 1)) 05, |}, respectively.
Defining the NN reconstruction errors as vi(y, y(t — 7)) := ey, (y) +en, (y(t —7)),i=1,---,n, and
substituting (2) into (1), we have

{ &= Az + ¢(y)01 + D(y(t — 7))02 + v (y,y(t — 7)) + enu )

y = e;Fw
where

0, =107,,--.07,, 02=104,,0,.1", v(y,ylt—7))=[v1, -, vn]"
0 pi() €1 ()
A=\ I, () = . O() = .
0 - 0. P in IFON

p=pi+---+pn,and g =q1 + --- + g». We make the following assumptions.

Assumption 1B, On the compact set D, the NN reconstruction errors are assumed bounded
with |vi(y,y(t —7))| < 0,79 =1,---,n, where ¥ is an unknown constant.

Assumption 201%. The reference signal y, (t), and its first n derivatives are known and bounded
uniformly in the interval [—7, 00). According to mean value theorem, we have

[9ii(y) — Pii(yr)l < |y —yrlsij(y—wr), 1<i<n1<j5<q (4)

where X; ; denotes the (4, j)-th element of matrix X. s; ;(-) are smooth functions.
Throughout this paper, % denotes the estimate of unknown parameter * with % := % — %.

3 Adaptive NN controller design
For the system given by (3), define the time-delay filters as follows

{é=A0e+ky, Z=A0E +¢(y)

. . 5
R=A024 oyt —7)), A= Ao +eu )

where, the vector k = [ki,-- -,kn]T is chosen so that matrix Ap = A — kel is stable. This is to
say that there exists a matrix P > 0 such that PAy + AP = —I. The observer is designed as
T =&+ 5601 + 202 + X\ and the observer error e = x — & would be governed by

e=Ae+v (6)

It can be shown from (6) that the error system with state € is input state stable with respect to

the NN reconstruction error v. From (5), the unavailable state x2 is rewritten as xo = & + 5(2)01 +

!2(2)02 + A2 + €2, where X(;y denotes the i-th row of matrix X. Substituting x> into the first equation
of system (3), we obtain

J =X+ & +wg 01 +wg, 0+ A1 +6 (7)

where wg, = Zo) + (1) (y), wo, = Ly + Py (yr(t — 7)), A = [Di(y(t — 7)) — Dy (yr(t — 7))]02,

d = £2 4+ v1. Similarly to [6], we conclude that § = . + 0., where ||6| < I(||e(0)]|,t) with I(z,t) strictly
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increasing in x € R, 1(0,t) = 0, and I(z,t) is a decreasing function of ¢ and tlim I(x,t) = 0,Vz € R,
|6u| < 1, where 1 is an unknown constant.
From (7) and the fourth equality of (5), system (3) can be rewritten as follows

J =X+ & +wg, 01+ wy,0: + A1 + 6.+ 6,
No=Aip1— ki, 2<i<n—1 (8)

>\n =Uu-— k‘n>\1
For system (8), we define a change of coordinates,
21 =Y — Yr, Z’L:/\ify?(niil)*aiflv 1=2,--,n (9)

Based on the backstepping technique, the stabilizing functions are given by

o] = —ai11z1 — fg — w;rlél — ’wEQég — ﬁﬁltanh (M)

S
i—1 (10)
davi— 0 0 0 ZiBi
o = —2i—1 — Qi 2 + %y 1 (’UJEIBI + 'w3202) — A; —pitanh ( gﬁ ) - ; 03j,i%j
where 2 <7 < n.
oy n
Br=-1, fi=—" o =u—y, zp1 =0, 6:= 6]
Oy
1. 1. (0ii1\° 1~ (O’
— = o . L i— = i— <i<
ail Cl+d1+W(Z1)+2@, i Cz+(dz+29)( oy ) +2;kZ_1(8Qj,k) , 21K n
Oaii—1 2. Daiy 5 Oa;—1 -

A =—kid — By (A2 +62) — kZZI PR Lo, (7o, , — t0k) — 26 ve(T6,i —10)—

Oai—1 - Jai—1 Jdai—1 — Oovi_1

= i — — A ky) — ApE - A2 + d(y-(t — -
St o) = T (Ao + k) — TG (A= 4 60) — T (A + 9yt~ )
i—1 i—1 i—1
Oai—1 a1 ) Oai—1 ) .
(ki1 + Aj1) — —y =)~y (t—=7), 2<i<n
O\ Jz;: oy~ ]Z::l Oy (t —1)
Oai—1 Oai—1 10a;_1 <8a¢71>2 Ooi—1 (Zj@') .
i = — I Wy, — = —— zj — — itanh | =—— |, 2<i<n
J 2 96, 78 Ay o T 5 Y Ye ay 3 99 Y3 < X

ci,di, 6,0 > 0, 1 < i < n, are the design parameters. Iy, lo,,Vy,Ye > 0 are the adaptive gains.

q n q
1 2 1 2
Wie) = gn sy + 500 =D 3 delen)
= =1 k=
The tuning functions Te, s, Te,,i, Ty,i, Te,: are design as

To,,1 = We, 21, Tel,i:Tel,i—l_a%leelzh 2<i<n
Toy1 = We,21, Teg,i = Teyi-1 — 6%’;1 Wae, 2, 2<i<n "
Ton = 523, Te,izTe,i_1+%(8%‘—Zl)2237 2<i<n
Ty,1 = z1f1tanh (@) , Tyi = Tyi—1 + zifitanh (Z’?’> , 2<i<n
The parameter adaptive laws are given by
{ él =Tlo,n(To,n — Lé1)., ég =To,(Toyn — Léz) (12)
0 =v6(to,n —10), & =yy(ryn — )

The control law is given by
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Substituting (10) into (9) and according ot (5) and (8), the derivative of z; is given by
Z1 = —anz1 + 22 + 0 + 0o + w§2él + w;FzéQ — 1/;ﬁ1tanh (5121) + A1

8041 1 Oi—1

Zi = —Zi—1 — Qii % + Zit1 — ZU],ZZ] + Z 04,j%25 — 0c — 3 Op— (14)
j=i+1 Y
808‘2—1103191 — 8%iy_lw92027wﬁitanh<zﬂz) +4;, 2<i<n

where A; = _3%;1A1 = 0% [a(y(t — 7)) — Byt - 7)), 2<i <,

4 The main results

Theorem 1. Under Assumptions 1 and 2, the closed-loop adaptive system consisting of plant
(1), filters (5), the adaptive laws (12) and the control law (13) has the following properties: All the
signals are SGUUB and the tracking error satisfies

Jim K/Ot|zl(a)|2da) /t} < 0o (15)

where ¢ = nrips + 5 (||91||2 +1|02]12 + 6% +4?), co = min{c1, -+, cn}
Proof. Deﬁne the error vector z = [z1, - - zn]T and select a Lyapunov functional as

1 . I L L t
= S["=+ 01 75,101+ 0, 5,05 + 75" 0%+, 9% + / S(z1(0))do (16)
t—T1

where a nonnegative function S(z1(c)) is chosen as S(z1(0)) = 2(0)W (21(c)). Along (12) and (14),
the derivative of V' is given by

Z a“zZ - i 283—2155 - i ziacg—zlév i zi3itanh (zlﬂz) P+ i zili—
i=1

i=1 i=1 i=1

1~ (90(1'_1 2
2 {Z( dy z)

i=1

1 8(z) = S(za(t— 7))+ (Z 0561 + P+ éé) (17)

We use inequality |n| < ntanh(n/<) + xs®®, k = 0.2785 to deal with z; a%iy_l 0, and employ (4) and

Young's inequality to deal with z;4;. Observing © + @ = ||02]|> and

Zé}fé + 9+ 606 < ( Znokn - 6° +Z||ok|| + +@)

k=1 k=1
we have
n 1 2 B B B 2
,Zcizf—? (Z ||9k||2+¢2+(92> Z+—52 _L (Z |9k||2+w2+(92> +nirs (18)
i=1 k=1 k=1
Define 7 := [27, é;r, érgr,@/;, 0], and we obtain

Vi(r) < —¢|m|? +Z+—52+£ (19)

where ¢ = min{co, %L}
For lim 6. = 0, integrating (18) from 0 to ¢, we obtain (15). In the light of the Lyapunov stability

t—o0

theory, (19) implies that 7 is bounded. O
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5 Simulation study
Consider the following unknown time-delay nonlinear system

{ @1 = a2+ (sin(y’ (¢ — 7)) +y(t — 7)) /(7 (t = 7) +1)
To=u+ sin(y)efyél7 Y =11

where the time delay 7 = 5. The reference signal is chosen as y,(t) = sin(0.5t) sin(0.2t).

In simulation, the initial conditions are set to z1(c) = 0.2, for —7 < 0 < 0, 22(0) = —0.6. The
other initial condition is set to be zero, k = [1,1]7, ¢1 = ca = 0.02, d1 = d2 = 0.5, Iy, = 0.5I, 'y, = 0.81,
N
Yy = vo = 0.003, ¢ = 1075, v = 0.001. The basis function is chosen as ¢;(z) = #?(z) Z 69(2), (i =
j=1
1,--+,N), where ¢2(z) = e_(z_”iy/i <= m, N =11, n; is the center of the ith basis function,
and D = [—1,1]. Simulation results are shown in Figs 1 and 2.
v v T 0.6
Y 0.4} 1
0.2
>
| or
=
-0.2f
-0.4f
=10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
t/s t/s
Fig. 1 The output y(t) and the reference signal y,(t) Fig. 2 The tracking error y(t) — yr(t)

6 Conclusion

This paper extends the adaptive NN control approaches to a class of unknown output feedback
nonlinear time-delay systems. However, the time delay is assumed to be known. How to relax the
assumption is a problem to be resolved later.

References

[y

Narendra K S, Parthasarathy K. Identification and control of dynamical systems using neural networks. IEEE

Transactions on Neural Networks, 1990, 1(1): 4~27

2 Lewis F L, Yesildirek A, Liu K. Multilayer neural-net robot controller with guaranteed tracking performance.
IEEE Transactions on Neural Networks, 1996, 7(5): 388~398

3 Polycarpou M M, Mears M J. Stable adaptive tracking of uncertain systems using nonlinearly parameterized
on-line approximators. International Journal of Control, 1998, 70(3): 363~384

4 Zhang T, Ge S S, Hang C, C. Stable adaptive control for a class of nonlinear systems using a modified
Lyapunov function. IEEE Transactions on Automatic Control, 2000, 45(3): 125~132

5 Ge S S, Li GY, Lee T H. Adaptive NN control for a class of strict-feedback discrete-time nonlinear systems.
Automatica, 2003, 39(5): 807~819

6 Stoev J, Choi J Y, Farrell J. Adaptive control for output feedback nonlinear systems in the presence of
modeling errors. Automatica, 2002, 38(10): 1761~1767

7 FuY S, Tian Z H. Output feedback stabilization for time-delay nonlinear systems. Acta Automatica Sinica,
2002, 28(5): 802~805

8 Chen W S, Li J M. Adaptive control for a class of nonlinear time-delay output-feedback systems. Control
Theory & Application, 2004, 21(5): 844~847

9 Ge S S, Hong F, Lee T H. Adaptive neural control of nonlinear time-delay systems with unknown virtual
control coefficients, IEEE Transactions on Systems, Man and Cybernetics-Part B: Cybernetics, 2004, 34(1):
499~516

10 Krstic M, Kanellakopulos I, Kokotovic P V. Nonlinear and Adaptive Control Design, New York: Wiley, 1995

CHEN Wei-Sheng Ph.D. candidate in the Department of Applied Mathematics at Xidian University. His
research interests include stochastic control and neural network control.

LI Jun-Min Professor of the Department of Applied Mathematics at Xidian University. His research
interests include nonlinear and adaptive control and iterative learning control.



