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Abstract This paper presents two scheduling principles suitable to independent job schedul-

ing in heterogeneous computing environment. A new algorithm named Priority Min-min

(PMM) is presented, which computes jobs′ priorities based on their standard deviation of

execution time. PMM chooses k jobs which have smaller earliest finish times, and assigns

the job with the highest priority to the corresponding processor. This paper analyses how

k influences the performance of PMM by experiment. PMM is more suitable for heteroge-

neous processor platforms by surmounting the limitation of Min-min. The experimental data

show that PMM reduces the makespan effectively and its performance is much better than

Min-min.
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(min-

min)
[1] '�(õÝ)*î+, ! "#$%&��

(Priority min-min, PMM).
Ô-.��ÈÝÌÍÔ/ÕÖ×ØÉÙÚ%&��0É1ÄæÔÄÅ��ÆÇÈÝ1Äúà23æ��ö�ÌÍÙÚ%&É4561

(Standard deviation of execution time,
��78

SDET)9:��ÆÇÉÄÅ;æ
PMM

��Ô<=>?ÌÍ "#$%&ä
SDET

É@AØõÚÎÏÝúB=CÄÅÆÇæDEF2Ý
PMM

��;	�G+É
Min-min

���23)�æ
2 HIJK

LçMNO�ÒPQéÊËÌÍÉÎÏ��ÝRS
MCT(Minimum completion time),

MET(Minimum execution time)
[2]

, SA(Switching algorithm), KPB(K-percent best)
[3]

, OLB

(Opportunistic load balancing)
[3]

, Max-min
[1]

, Min-min, DMSA(T !U?��)
[4]

, GDDS(VWXYßZÎÏ��
)
[5] [æ\]��^_>?ÌÍÉ `ÙÚ%&

(Minimum execution

time, MET)
ä "#$%&

(Earliest finish time, EFT) aÓâbÝ/�cîdeæ
MCT

��ðùC
SmartNet

[1] ÈÉfgã��æ����ÌÍÉ "#$%&à45õÚÎÏÝÞ�hiÒÕÖ×&Éjkl?ÝmÌÍÉDnÙÚ%&op `æ
MET

���ÌÍÉ `ÙÚ%&à45õÚÎÏæ���qrs0tÉÌÍ-È�u];	��ÉÕÖ×ØÝövcwÕÖ×xyÝz$��Éjkìl?æ
SA
��{

MCT
ä

MET
É<=æ|��jkl?%Ýö�

MET
��ò|jkìl%Ýö�

MCT
��æ}Ó��Ôjkl?÷ìl?&~Xæ

KPB
���C

MCT
ä

MET �&æ���� k%
É�R��ÌÍÙÚ%&�!Éÿ�ÕÖ�Ý��� "#$%& !ÉÕÖ�õÚÎÏæ|

k = 100/m(m
àÕÖ×�

)%Ý����ïà
MET

��ò|
k = 100

%Ý����ïà
MCT

��æ
OLB

��ì��ÌÍÙÚ��Ý�{7�ü�ÌÍßþ��êÓ��xyÉÕÖ×Øæÿ�ÒÓÕÖ×lxyÝ��×��êÓæ���Þ�D�jkl?Ým�C����ÌÍÙÚ%&ä#$%&Ý��D�ÌÍ÷ÕÖ×É �ýþæ
Max-min

��{
MCT

É(õ��æ���î+�� "#$%& 0ÉÌÍõÚÎÏæÔ�ÌÍÒ��ÌÍ`É���ÝÞ�ö�ÌÍ+�ÎÏÝö�÷ÒÓ�ÌÍoÚÙÚÝ�����ûÉ;	æÔ�ÌÍä�ÌÍ�t�|É���Ý���É��� Þ�¡*���;	��æ
Min-min

��¢{
MCT

É(õ��æ���î+�� "#$%& !ÉÌÍõÚÎÏæÔ£¤��ÈÝ
Min-min

��¥��ûÉ;	Ýêë�íàÎÏ��É¦�@5[3,6]
.��é���õê§(õÝ)*

PMM
��æ

DMSA
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GDDS
��{@CÄÅ����ÉÎÏ¹ºæ����ÌÍÙÚ%& !àL4Ým»��ÌÍ#$%&ÝÞ	rsjkìlæ���Éd¼÷

MET
¤½æ

3 PMM ¾¿ÀÁÌÍ-
J
�

n
ÓÌÍà

{j1, j2, · · · , jn},
ÌÍ&��^ÂÝêÓÌÍ�ÔêÓÕÖ×ØÙÚæÃÎÏÉÌÍ-

J ′
{ÌÍ-ÉÄ-Ý�

s
ÓÌÍ

{jr1 , jr2 , · · · , jrs
}.
ÔÎÏÅÆ�çÝ

J ′ = J , s = n.
ÕÖ×-

P
�

m
ÓÕÖ×à

{p1, p2, · · · , pm}, ÇÓÕÖ×êÈ�	ÙÚêÓÌÍÝÉÌÍì	�ÊËæ
PMM

��ÈÌ�ÌÍ�à
k./ÌÍÔ/ÕÖ×ØÉÙÚ%&�ÍÎ

En×m

FÏÝ
eik ÐÑÌÍ ji

ÔÕÖ×
pk

ØÉÙÚ%&æ/ÕÖ× "xy%&�ÍÎ
C1×m

FÏæ|ÌÍ
ji

�ÎÏ�ÕÖ×
pk

ØÙÚ%Ý
ck(t + 1) = ck(t) + eik. C

ÉÒªà
0.ÎÏÓÏ

(makespan)
{ßZãÄÅ����ÌÍÔÕ�ÉtÏ45ÝÖ×à

M =

max
16i6n

{fi}
[7]

,
cÈ

fi

{ÌÍ
ji

É#$%&æ���ÎÏÓÏíàÎÏ��;	É¦Ø4
5æ
3.1 Min-min ÙÚÛÜÝÞß

Min-min
���àØ{êPáâ��Ý�ÌÍÉ "#$%& !àL4Ýã*Ô|ç¡ð{ îÉ�äæ��éÌÍÉÙÚ%&��ì²Ýàå��ÌÍ "#$%& !ÉL4Ýææ�ÌÍÎÏ�ÙÚ%&��ÉÕÖ×ØçÝz$

makespan è'æ�^ÛêÓRÄð9:
min-min

��É\Ód¼æéêÕÖ×-
P
È�aÓÕÖ×

p1, p2.
ÎÏ#ÿ�ÓÌÍóÝ

p1, p2

É "xy%&ßëà
30, 40.

ÃÎÏÉÌÍ-
J ′
Èìí�aÓÌÍ jr1 , jr2 . jr1

Ô
p1, p2

ØÉÙÚ%&ßëà
20, 15; jr2

Ô
p1, p2

ØÉÙÚ%&ßëà
25, 30.

Min-min
��+�

jr1

ÎÏ�
p1

ØÝöv
jr1

É "#$%&à
50. îó� jr2

ÎÏ�
p2

ØæÎÏÓÏà
70,
Sï

1
ÈðïñÏæ

Min-min
��ÎÏâòöv

jr1 , jr2 aÓÌÍóûlÔÙÚ%& �ÉÕÖ×ØôÚÝè'åÎÏÓÏæ

õ
1
J¸BCDEö÷�r

Fig. 1 Comparison of two scheduling results
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55,
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Min-min

��\êd¼Éjb��ñ�0æ
3.2 PMM ÙÚ� min-min ÙÚÝ�	ÌÍÎÏ�à{�jkl?ä�ÔÕ�àL4Ý�ÌÍ÷øùýþÝöøùv� =ÖÉ��æQéÄÅÆÇÉÌÍÎÏ
�ÝÞ�)*��aÓÎÏG�æ�

1.
jkl?G�æÌÍ��ßþ�xy%&�"ÉÕÖ×ØÝöv/ÕÖ×ôÚ%&�|æ

�
2.
�ÔÕ�G�æÌÍ��ßþ�ÙÚ%&�`ÉÕÖ×ØÝöÌÍù�ÙÚ#æ

��
1. PMM

��ÈÝÌÍÉî+,àÌÍÔ/ÕÖ×ØÙÚ%&É4561
(
�

SDET). � i
ÓÌÍÉî+,Ðí priority(ji). priority(ji) = vi,

cÈ

ēi =

m
∑

k=1

eik

m
(1)

vi =

√

√

√

√

√

√

m
∑

k=1

(eik − ēi)
2

m
(2)

SDET
{ÌÍÙÚ%&ÍÎ

E
ÉÇÚ�ªÉ4561Ý9:åÌÍÔ/ÕÖ×ØÙÚ%&É1ÄÝ�9:å��ÆÇÉÄÅ;æÔÎÏÈ>?

SDET,
Þ���

Min-min
��ÔÄÅÆÇÈÉd¼æ�OÝ

SDET
{ÌÍÔñ�ÕÖ×ØÙÚ%&ÉVW;¦ÖÝÞ�ÔêÖÜÏØ��

Min-min
��¨©Wþ îÉW�;æ

SDET
�!ÉÌÍÔ/ÕÖ×ØÉÙÚ%&1��!æ\]ÌÍ��ÎÏ��ÓÕÖ×��1��ÝéÎ�Ó����

� 
SDET !�"#$"%&'()�!� *+,#$-.�/%&'(!0"12345��67.�8�"9: 

PMM ;<=>?@ 2, AB.� SDET !�"#$5CDEFG.�/%&'(!H"1234 I#$.�J5KLMNO'PQ?@ 1 R?@ 2.PMM ;<FNST.UVWXYZ[?@D(\] PMM ;<^B_;`#$"abc7'(5defJabc7'(
!g" k

[#$hijd#$ .�jd#$J#kK[��l67mn�o5PQ?@
1. pqrsjd#$"%&'(5AB.� SDET

a�
(tABuav)

"K[#$5PQ?@ 2. PMM ;<J" k wK[FN.x"VW5yz{|i [1, s]. k }g5;<}~�?@ 1; k }�5;<}~�?@ 2. �q�l� k
"yz�&����� 

3.3 PMM ��������
1) Procedure PMM()

2) J ′ = J , s = n, C = 0;

3) for every ji(ji ∈ J ′)

4) ē =

m
∑

k=1

eik

m
, v =

√

√

√

√

√

m
∑

k=1

(eik − ēi)
2

m
;

5) priority(ji) = vi;

6) endfor

7) while J ′ 6= ∅
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8) if (s > k)

9) for every ji(ji ∈ J ′)

10) for every pq(pq ∈ P )

11) _; ji

I
pq

4"c7'(¥
12) endfor

13) _; ji

"
EFT;

14) endfor

15)
dy

EFT !g" k
[#$

(js1, pq1), (ps2, jq2) · · · (jsk, pqk);

16)
I

k
[#$JdyABuav"K[#$ jsi;

17) else

18)
I

J ′
JdyABuav"K[#$ jsi;

19) endif

20) � jsi

�¦§
pqi;

21) J ′ = J ′ − {jsi}, s = s− 1;

22) cqi = cqi + esi qi
;

23) endwhile

24) end procedure

3.4 PMM ���¨©ª«
1. PMM ;<¬#$"ABu�® ¯° =>±² 1,

#$ABu priority(ji) = vi. `#$I`1234"%&'(�³X´.�µ¶®·5¸¹º
(1) » (2)

F¼#$"
SDET w½±"5¾N#$"ABu�® ¿À 

ª«
2. Á k = 1

'5
PMM ;<Â·i min-min ;< ¯° Á k = 1

'5ÃÄÅyeabc7'(ag"K[#$�&.� SDET
�.

��ÆhÇ5t;<Â·i min-min ;< ¿À 
ª«

3. Á k = s
'5

PMM ;<Â·iÈÉABu;< ¯° Á k = s
'5I¾ÊË.�"#$JdyABuav"#$�&.� #$abc7'(�.��ÆhÇ5Ì¸ÍÎ

1
F¼#$ABu�®5t;<Â·iÈÉABu

;< ¿À 
ÏÐ

1. PMM ;<"'(ÑÒ�i O((k + m)n2),
fJ

k
iÓd#$W5

m
i123

W5
n
i#$W 
¯° ;< 2)

&5ÔÕz ;< 3)∼6)
&5Ö×

n
Ä5_;`#$"ABu =>ÍÎ

1,
FNÓB_;#$"ABu '(ÑÒ�i O(n). ;< 7)∼23)

&5Ö×
n
Ä5.�

`#$5'(ÑÒ�i O((k + m)n2).
fJ

9)∼14)
&5_;`#$I`1234"c7'(5Ø_; EFT,

ÑÒ�i
O(mn). 15)

&5IË.�"#$J5dy
k
[abc7'(!

g"#$5ÑÒ�i O(kn). 16)
&5I

k
[jd#$J5dyABuav"#$5ÑÒ�i

O(k). 18)
&5IÙÚ#$J

(
ÙÚ#$W

6 k),
dyABuav"#$5ÑÒ�i O(k).Û4¾Ü5

PMM ;<"'(ÑÒ�i O((k + m)n2).
¿À 
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3.5 ãäåæYSTK[Xç5èéêë PMM ;<".�Tì íî n = 4, m = 4, k = 3, `#$I`1234"%&'(ïð 1

¾ñ 
ò

1 � �óôõö
Table 1 Execution time of jobs

p1 p2 p3 p4

j1 5.3 6.7 8.6 9.8

j2 6.2 7.5 8.4 9.2

j3 5.2 6.3 8.0 8.9

j4 5.7 6.4 7.2 8.3

PMM ;<B_;#$ j1, j2, j3, j4
"ABu5�÷i 1.728,1.115,1.440,0.967.

abc
7'(!g" 3

[#$w j1, j3, j4,
fJ#$

j1
"ABuav5¾NB� j1

.�/
p11234

j1− > p1.
ÙÚ"

3
[#$øù#$ABu¸v/úûÄ.� .�µ¶i

j3− > p2, j2− > p3, j4− > p4,
.�8�

M = 8.4.
*CÇ

Min-min ;<�üXç�&.�5.�µ¶i
j3− > p1, j4− > p2, j2− > p3, j1− > p4,

.�8�
M = 9.8.

IýXçJ5
PMM

;<"8�gþ min-min ;< ÿ�ST��5�! PMM »min-min »max-min ��;<"ÍG 

4 PMM �����	

4.1 �������ÍF�i123��ÍR#$��Í[3]

.
123��Íw�OK[#$I�O"1234"%&'(D(")�5#$��Íw�OK[1234"�O#$"%&'(D(")� #$%&'(��

E
"ÃK&Wz"���) (t SDET) ���123��Í5

E
"ÃK�Wz"���)���#$��Í Iü���J5#$%&'(��

E
¸_;3�� 75;<ïÿ¾ñ ;<JHp, Hj�÷i123��!WR#$��!W[3]
,
X´��Joyzi

10.

for every ji(ji ∈ J)

Nj[i]← Random[1, Hj];

endfor

for every ji(ji ∈ J)

for every pq(pq ∈ P )

eiq ← Nj[i]∗Random[1, Hp];

endfor

endfor

4.2 "#$%¸
PMM ;<&'F¼5VW k

z!g'5;<!~�?@ 1; k
z!�'5;<!~�?@ 2.

¾N5k
"�Oyzl() PMM ;<"ÍG ¸ÍÎ 2 RÍÎ 3

F¼5
k
y*

z'5
PMM ;<ÍÎ+ ®· NÿSTX,½± k

"yz5C
PMM ;<-/!v"ÍG .þ/05ü�I n

�÷i
100» 200 » 500, m = 32

"12ÿ5�
k
zi

2 » 3 »
4 » 5 » 10 » 20

�&�� 
PMM ;<I` k

zÿ".383�!ï4 2
¾ñ 

��W>ðë5I m = 32, n 6 500
'5

k
"a5yzi

3 6 4. Á k = 2
'5¸þjd#$�Q5

PMM ;<7Ê89:+;fA<5ÍG!ú Á k =þ 3 6 4
'5

PMM ;<
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FN-/!9"ÍG #$W!0'5k
y

4
ÍG>9, Á k

zI
[5,20]

{|?@A9
�'5

PMM ;<Tþ~B?@ 1,
ÍG@AÿC 

D
2 k EF PMM £¤�GH

Fig. 2 k influences the performance of PMM

4.3 PMM ��IJü���K
PMM, Min-min, Max-min �[.3;<" makespan.

+��;<hiL+º;<5ØMG¬¿ÃÄNGO/aAPQµ¶5¾Nü��K`;<0ÄR&"
makespan

"SozT¸4�F¼5
k =þ 3 6 4

'5
PMM ;<ÍGKvTINÿ��J5

PMM ;<JVW k
yzi

4.
��ø123W�i

3 U5ÃU��Vø#$W�i 3 gUTW
1 U��5m = 16, n

�÷i
50 » 100 » 200;

W
2 U��5m = 32, n

�÷i
100 »

200 » 500;

W
3 U��5m = 64, n

�÷i
200 » 500 » 800. �U��"XYZ4 3∼

4
5.

D
3 ¡¢[¢\]
(^ 1 _`a)

Fig. 3 Comparison of makes-

pan of algorithms (Test 1)

D
4 ¡¢[¢\]
(^ 2 _`a)

Fig. 4 Comparison of makes-

pan of algorithms(Test 2)

D
5 ¡¢[¢\]
(^ 3 _`a)

Fig. 5 Comparison of makes-

pan of algorithms(Test 3)
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4.4 IJbc¨©��W>ðë PMM R min-min ;<"83dgþ max-min ;<"835PMM

"83�
Min-min

>gTPMM ;<IefZ[.3?@"gh4�&#$.35Êi:Cú�.383TIMO"123Wjk� (16∼64)R#$Wjk� (50∼800)lmÿ5Á;<JVW
k
yzi

4
'5

PMM ;<"ÍG� min-min ;<2v� 6% noT
5 pq

ü��
min-min ;<:Nr�52e� PMM

.3;<TPMM ;<N SDET
hi#

$ABu5�abc7'(Kg" k
[jd#$øABu�&.3TSDET s��_;×t"��Í5Ìw�#$I¾Ê1234%&lm"uvÍwxTPMM ;<N#$abc7'(R SDET

i#$dy"z{|}5s~� min-min ;<I��Í×tJ"MQ5Ì~� min-min ;<����v�aA�v.ÍT��5ST.U PMM ;<JVW k �z5FNC PMM;<IZ[.3?@D(y�S]TX,ðë5I��_;×tJPMM

;<� min-min ;<èÊ>9�ÍGT
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