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Abstract A theory and algorithms of camera calibration based on two parallel line seg-

ments are proposed. 1) If the length ratio of the two parallel segments is known, then from

its projections across n images, a) 2(n−1) quadratic constraint equations on camera internal

parameters can be obtained; b) (5n− 6) constraint equations can be obtained if additionally

the epipoles across n images are known, among which 3(n − 1) are quadratic, (n − 2) third

degree, and (n − 1) fourth degree. 2) If the length ratio of the two parallel line segments

is unknown, (2n − 3) constraint equations are derived from n images, among which (n − 2)

are of fourth degree, and (n − 1) of sixth degree. Based on the above theoretical results,

two practical algorithms of camera calibration are also proposed. Experimental results on

synthetic and real images validate the proposed theory and algorithms. The results in this

paper seem to be not only of theoretical significance, but also of wide applicability as parallel

line segments are not rare in any man-made scene.
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eTχ(j)ẽ(j) , j = 2, 3, · · · , n

(7)

u!"e(j) v¼ÙT<7=:;¼³67/	VE



6 � � ¡¢£¤¥c¦defgh§p¨©ª 859

±�³L�"��*�E��[� (17)
�!"¼ 1,2

ÚABCDy	V¿:Þ¼ 3,5
ÚABCDy	V �MN/!"¿:"èq$´àá; n

³67/#$%8Þ�¼
4
ÚABCDy	V �MN/!"�:"è� n

³67#$%8�/	V �MN&É9"Ç'v("K�	VÄ)*+Ùò× (consistence)
&3E#$.,"-�Ô67T@¹;

2
Õ"	VÛ�&.�Ùò×//�"KÇvH01�¼ 4

ÚABCD!23
j > 3

/4
±E
5 5678������9:������Ô2345/+,w.Õ"012345v;r<7=>?@Ç�AB�� !%&'KT/�E� (5)

��."±H012345/+, r w."L��� M̃
!¯�KTw.?@E��

M̃
/Â<x=�H[

M̃ (j) = M̂ (j)diag(r, 1, r), u! M̂ (j) = −(q
(j)
1 m

(j)
1 q

(j)
2 m

(j)
2 q

(j)
3 m

(j)
3 )v-./E±²[χ(j) = M̃ (j)TCM̃ (j) = diag(r, 1, r)M̂ (j)TCM̂ (j)diag(r, 1, r),

t
χ̂(j) = M̂ (j)TCM̂ (j) (18)

Q�
χ(j) = diag(r, 1, r)χ̂(j)diag(r, 1, r) (19)

dTχ(j)d = r2dTχ̂(j)d (20)

dTχ(j)e = r2dTχ̂(j)i1 − rdTχ̂(j)i2 (21)

eTχ(j)e = r2eTχ̂(j)i1 − 2riT1 χ̂(j)i2 + iT2 χ̂(j)i2 (22)

u! i1 = (1, 0, 0)T, i2 = (0, 1, 0)T. �; χ(j)
/ABCD

(12)
�ÈÉ

{

d
Tχ(j)e · dTχ(1)d = d

Tχ(j)d · dTχ(1)e

eTχ(j)e · dTχ(1)d = dTχ(j)d · eTχ(1)e
, j = 2, 3, · · · , n (23)

L�"% (20),(21)
����

(23)
�!/¼ÙTCD!"��Â�

r = a(χ̂(2), χ̂(1))/b(χ̂(2), χ̂(1)) (24)

u!
{

a(χ̂(2), χ̂(1)) = dTχ̂(2)d · dTχ̂(1)i1 − dTχ̂(2)i1 · d
Tχ̂(1)d

b(χ̂(2), χ̂(1)) = dTχ̂(2)d · dTχ̂(1)i2 − dTχ̂(2)i2 · d
Tχ̂(1)d

(25)

±²
χ(j) =

1

b2(χ̂(2), χ̂(1))
diag(a(χ̂(2), χ̂(1)), b(χ̂(2), χ̂(1)), a(χ̂(2), χ̂(1))) · χ̂(j)·

diag(a(χ̂(2), χ̂(1)), b(χ̂(2), χ̂(1)), a(χ̂(2), χ̂(1))) (26)%
(26)

���
(23)

�"#$����(� (2n − 3)
T>?@ABCD[















dTχ̂(j)(a(χ̂(2), χ̂(1))i1−b(χ̂(2), χ̂(1))i2)

dTχ̂(1)(a(χ̂(2), χ̂(1))i1−b(χ̂(2), χ̂(1))i2)
=

dTχ̂(j)d

dTχ̂(1)d
, j = 3, · · · , n

(a(χ̂(2), χ̂(1))i1−b(χ̂(2), χ̂(1))i2)
Tχ(j)(a(χ̂(2), χ̂(1))i1−b(χ̂(2), χ̂(1))i2)

(a(χ̂(2), χ̂(1))i1−b(χ̂(2), χ̂(1))i2)
Tχ(1)(a(χ̂(2), χ̂(1))i1−b(χ̂(2), χ̂(1))i2)

=
dTχ̂(j)d

dTχ̂(1)d
, j = 2, · · · , n

(27)�
(27)

�!"¼ÙÚv (n− 2)
TS�AB"¼�Úv (n− 1)

T>�ABE�;K�ABv?@À4¾/"-�A'�/�J�¿î�B,E±²�C´�DEFGE



860 \ ] ^ _ ` 31a
6 HIJK�� !"#$Lr<7=>?@HMI/NOP�NI�QE
6.1 RSTUVW�67	Vw./NO�"+,-./012345/ n

³67µ¶·
2(n − 1)

T��AB"±²* 4
³��/67'��~I<7=/ 5

T>?@E�@,���"3Â
2(n − 1)

TXY��CDÚvZ[/"��%FGÙäî��QE�
C = K−TK−1 =





C11 C12 C13

C12 C22 C23

C13 C23 C33





�; C vÙTr«��"±²#$��\IÙT 6]^_H[c = [C11, C12, C13, C22, C23, C33]
T,±H<7=>?@vMI/"L� χ(j) = M̃ (j)TCM̃ (j), j = 1, 2, · · · , n, Q (15)

��tH[
{

fj(c) = eTχ(1)ed
Tχ(j)d − eTχ(j)ed

Tχ(1)d = 0

gj(c) = eTχ(1)edTχ(j)e − dTχ(1)eeTχ(j)e = 0
, j = 2, 3, · · · , n (28)

3Â�ÆCDÚ"�@,���ÒB;3Â��`a×/�E
min

c

∑

j

{[fj(c)]
2 + [gj(c)]

2} (29)

PIbc,"��d�e�f×/@,�Q (
(

Levenberg-Marquardte��Q [21]
Ò

)3Â`a×/�
(28). e�f×�Q/:g�;bc,/!""�ÙhNO�"@i<7=/0Tj@±k/+,lmH 1, éênÊ±klmHÁ"±²<7=/0Tj@±k/bc,�!"HÅÒ"nÊ±k/bc,HÁEKÿ#$'��s�<7=/Ö×op"qr3Â�³67:;>?@/�Y��CDÚs~I<7=j@±kt67uV/

bc,E;v"#$'�� C
/ÙTbcv�,E°ÙäCQv��wx!/y)óz
�s~I C

/bc,E{("(F012345v��/01rÐ"QCDÚ (28)
!

|¯� C
/ÙÚ4¾AB"Kÿ'��s�4¾ABP� C

/ÙTbcv�EÙ}��
(29)

�/`av�, C∗,
r

C∗ ~3 Cholesky
YÂ'����<7=>?@��

K.

6.2 �STUVW�67	V-./NO�"�¼ 4
 /&'�."012345/ n

³67µ¶·
(5n − 6)

TABCD"±²* 3
³��/67'��~I<7=/>?@E�v"�2Â

5
Y

4
�CDÚ"K�@,��!�HZ[E�v��/v�-.67	V/NO�".�Ùäî�/�Q"KäCQu2àáyMI>?@/o,ABE��#$%FGKäî��QE�¼ 4

 �."¼ 1, j
67/¿���s��H
H(j)

∞ ≈ M̃ (j)(I − xẽ(j)iT)T(M̃ (1))−1 (30)

r;MI>?@"¸�0T�V�/¿��2��s����oAB[10]
, ±²#$���?@

x
/

4
�CDÚ

fj(x) = 0, j = 2, 3, · · · , n (31)qr3ÂKTCDÚ�~I?@ x, étH x∗.
;v"¿��2��s��H

H(j)
∞ ≈ M̃ (j)(I − x∗ · ẽ(j)iT)T(M̃ (1))−1 (32)
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�%q/3Ã��Ù×"è�
H̃(j)

∞ = (det(H(j)
∞ )

1
3 H(j)

∞ (33)

#$����
C = K−TK−1

/4¾CDÚ
H̃(j)T

∞ CH̃(j)
∞ = C, j = 2, 3, · · · , n (34)

3ÂKT4¾CDÚ"�~I C,
*�r~3 Cholesky

YÂ���<7=>?@��
K.

7 �����������
7.1 ����

TUVWRS����o�î�!"<7=>?@,\IH[fu = 1500, fv = 1500, s = 0.0, u0 = 512,

v0 = 384.
67�aH

900 × 700,
67@�H

4,
o��É��2��012345"�R2345/�@+,H 1, �<7=�$��/A',�ÉS³67"é�� 6.1

 !�Q
3Â<7=>?@"����Q/��¾G� ¾EH¡��R�Q/� ¾"#$r¢³67�/012345/STUV/67V£¤YZ¥�ç,H 0,

C¦H
σ
/?§¨©ª"u! σ

/Ê×«¬H
0 − 2.0

T7­E�¢ä©ª®2�"¯ 50
�°9/±=î�E6

2 v<7=²T>?@/çC¦±©ªÊ×/�4"�²����[±³©ª®2/´�"<7=>?@/ç,çµl;A',"�>?@/çC¦¶��v4¾´�E*î�óFs�"RCQ·�¸¹/� ¾"èd�©ª+º�/N��»¼µ��+º¹/NIóFE

b
2 §p¨½j¾¿ÀhÁÂÃÄÅÆÇÈÉdhÊ^Ëf

Fig. 2 The standard deviations of the 5 intrinsic parameters under different noise levels

TUVW�S����o�î�!"<7=>?@,\IH[fu = 1500, fv = 1200, s = 0.4, u0 = 512,

v0 = 384.
67�aH

800× 700,
67@�H

3,
o��É�TÅëðñ/��2��/ 160T��V"�u!ÙT2���012345"�R2345/�@+,H 2, �<7=�$��/A',�É�³67"é3��³67�rs/	V"ÌÍ 6.2

 !/�Q�
3Â<7=>?@EH¡��R�Q/� ¾"#$r¢³67�/7V£¤YZ¥�ç,H 0,

C¦H
σ
/?§¨©ª"u! σ

/Ê×«¬H
0− 1.5

T7­E�¢ä©ª®2�"¯ 100
�°9/±=î�E6

3
P�¡�´þ©ª®2�<7=²T>?@,çC¦/Ê×�4E*o�î�óFs�"èd�©ª®2º�/NO�"Î�RCQÇµº¹ÏNI�<7=/>?@E
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b
3 §p¨½j¾¿ÀhÁÂÃÄÅÆÇÈÉdhÊ^Ëf

Fig. 3 The standard deviations of the 5 intrinsic parameters under different noise levels

7.2 Ð�TU���Ñî67î�!"#$d�pÒH Nikon Coolpix 990
/@Ó<7=rNIÔÕ<¡ÙÚ67"67�aH 1024 × 768, ê<7=>?@vMI/E�67	Vw./NO�"î�!!�/��wx2�HNIÔ�/�"�;NI/S³67(6

4
LP"67!¨Ö/0145vNIÔ2��/012345�S³67�/7E#$×}r67~3ÐØ¶�é3�2345/UV�67�/7V"¼ßÌÍ�C

6.1
 !/�QNI�<7=/>?@"óF(x 1

!¼Ù3LPE

b
4
bpÙlÚÛÜÝÞ¥©ª§p¨hßàbp

Fig. 4 The four images used for calibration with the unknown epipoles

á
1 ßàbph§p¨¾¿À©ªâã

Table 1 Calibration results with real data

fu fv u0 v0 säåæç
(èéêëìí) 1941.81 1999.06 721.74 372.27 18.97äåæç
(èéêëîí) 2107.69 2081.25 493.17 390.95 19.82ïðñòóôõæç

2391.77 2419.01 441.17 363.49 −38.14

Ô67	V-.Õ"#$*67öÃ!!�¡�³67s���C¶�/�QE�sNI<7=/�³Ñî67(6 5
LPEqrÐØ�÷Gñ4�øCQ"¶��¢³IN

b
5 ùÛbpÙlÜÝÞ¥©ª§p¨hßàbp

Fig. 5 The three images used for calibration with the known epipoles

Ô67!rsV (
(6!úP/ûÖV

) Grs/0145 (
(6!¨Ö/45LP),

}���¢³67�rs/	VG0145/STUV"¼ßÌÍC! 6.2
 /�QNI�<7=/>?@"óF(x 1

!¼�3LPE
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H¡~Ùü���C�Q/ý~¾"#$d�6 4
LP/S³67"ÌÍþìÿ¶�/¶;2�o�/NICQ[5]

(
þìÿCQvC�!��d�/ÙäCQ),

!"¡NIÔ
tu672��/SrrsVrR<7=~3¡NI"NIóF(x 1

!¼�3LPEH��<7=NIóF/øA¾"#$!"6 5
!/Ø0³67"���CCQ/NIóFG¶;2�o�CQ/NIóF%8¡NIÔ/�]óz"é��¡%8ßNIÔ00ðñ/2�Û�/{|"óF(x 2

LP"u! P1

HINÔ/��2�"P2

H��2�"P3

H��2�E*%8óFs�"%8ß/ðñ2�Û�/{|�µl;Ñî,
90◦.

6
6 vs��CCQ (

67	Vw.)
/NIóF%8NIÔ�´þ�|�	
��

]�
������t��Aú���������������� ��!"�
�¶#$%&'�� (
2 )*+,-./012345 (6789)

Table 2 Angle between the reconstructed grid planes (unit: degrees):;
P1 < P2

:;
P1 < P3

:;
P2 < P3=>?@

(ABCDEF) 87.59 88.24 89.13=>?@
(ABCDGF) 86.75 89.08 87.79HI:;JKL?@

88.47 89.79 88.68

M
6 )*+,-.3NOP2QRSTUVW+XYZ[5\3]^_`

Fig. 6 The reconstructed points and texture results under different viewpointsab�cbde�fg#hi��jklmno�pqrs���tnuvw� �xy�!"ez�
8 {|}

#h~�w�������������c�qpjk�������������t���������������$����������������c ���c� n ��c¡��c�¢£¤�¥¦j§�¨�©����ªz«�¬­�®�¯°±²³´µ¶·¸m¹º»e��¼½¾��¿À®» n ��ciÁ�c�¢£¤» 2(n− 1)ÂÃÄ¥¦�Å®» n ��cÆÇiÁ¢£¤» n
Â�È¥¦�ÉiÁ (n − 1)

ÂÃÄ¥¦ÊÊ�Ë¶Ì%ÍmhÎ��ÏÐÑ»e��ÒÓbd�ab�cbdÌdÔ�#h���Õk»ÖvÈ���È�
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