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Resource-optimizing Networks for Nonlinear System On-line

Modeling Using Radial Basis Function Networks
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Abstract An on-line radial basis function neural networks modeling method for nonlinear

dynamics system, called resource-optimizing network (RON), is presented. RON introduces

the ideal of sliding window and on-line structure optimization to the standard learning process

of resource-allocating network. According to the newest error information, RON optimizes

network structure on-line to adapt to the change of system dynamics, and maintains a com-

pact network and satisfactory generalization. With the use of sliding window, RON is robust

against the changing of learning parameters, and is easy to converge. Three benchmark

examples demonstrate the effectiveness of the method.

Key words Radial basis function network, resource-optimizing network, sliding window,

generalization ability, non-linear system, on-line modeling

1 ¡¢£¤¥¦§
(RBF
¦

) ¨©ª«¬­¨ª®¯°±²³´µ¶·¸¹º°»¼½¶¾¿ÀÁÂ¦§
(RAN)

[1] Ã
MRBF ÄÅ[2]

. ÆÇÄÅ¶ÈÉÊËÌ¾¨ªÈÉÍÎÏÐÑÒ¶ÓÔ¦§¹ÕÖ×¦§¶ØÙÚÛ[3]

. RAN ¨ÜÝÞß°àáâãäåæçèéèêëìí� 2003-9-19
ëîïìí� 2004-10-7

Received September 19, 2003; in revised form October 7, 2004

Copyright c© 2005 by Editorial Office of Acta Automatica Sinica. All rights reserved.



6 ð ñòóôõ678;< RBF 5=7>?@ABCD5EFG 971ö¹÷øæçÍÎ “ø« ” ùúû¹ËÁÂøüý¹þË¸ÿÐÅö¦§�������
MRAN

ö
RAN �³��	
ÍÎ��
Ë���
Ë�¹��÷�¦§öÞ���µ�æç��ÌÞ�Ë��ø�üý¹���üýö��µ�æç !"#$%!&
'()

RAN � MRAN *Õ+,¨ªÜÝ¹-ÆÇÄÅ¶.ý¾/ÅöÜÝ012Ù¶34«´�¹5¦§¶ØÙÚÛ ÚÖ×'67¹ç89ê:;ÈÉ<=34«¶¨ª RBF
¦®¯ÄÅ¹>?@AB¿ÀCÙ¦§

(Resource-optimizing network, D@ RON). RON EF»ø¶��GH+,¿ÀCÙ¹Ö×³¦§IJ¶ÏD¹K�Ö×³ RBF
¦¶ØÙÚÛ' RON

+,¿ÀCÙ¶LMNO	ø�üý¶¨ª�� (
¿ÀÁÂ

), PQ�üý¶¨ªRS (
¿ÀTU

), V¸�üý¶¨ª&
 (
¿ÀWX

). Y¸Z[\]^_` RON
öÜÝ012Ù<=´a¶34«¹Sbcde'

2 RON fghijk
lm:��¨��¨ªÜÝ¶ m − h − 1

IJ¶ RBF
¦¹º°m � h

ÁnB¦§¶èéüý��üý1'opq i ��üý¶"#r1B φi(x) = exp(−‖x − ci‖
2/r2

i ), º°
x = [x1, x2, · · · , xm]T ∈ Rm B RBF

¦èé¹ci ∈ Rm Bs�üý¶°t¹ri Bsüý¶uvw1 (x@ByÐ). z¾ RBF
¦¯{B f(x) =

h
∑

i=1

wiφi(x) + b, º°¹f(x) ∈ R B¦§¶èê¹èê�� w = [w1, w2, · · · , wh], wi Bq i ��üý¶èê��¹b Bèê�|'öz¨ªèé¶æç (xn, yn), RAN � MRAN }¸»ø¶~�æç��¦§¹Mc�é��»C¹5���æçÚÛ´�'��¹¨üý°t�üÞß°��lm�üý¶TR,�'67¹�´R�¶¨ª®¯ÄÅ¾¨ÜÝÞß`¸»�¶µ�æç¹S[��ü¦§01	¨÷�¦§öæç��Þ�û¨ª���üý¹��´�ûË�üüý°t�èê����|¹÷¦§°��TR¶�üýûËRSÆÇPQ¶�üý'�üý01¶ÿÐ�üÃ�üý&
���0l8� [1,2], �üýRS¶ÊË¾÷��üý°t�yÐÌ©w��Ë��RS'���Ñ��Z[\]^_Ã RON ¶/Å+,'
2.1  ¡¢£

Z[\]¾:�¤p¥Ð¶¦�¦ê¶§¨¹§¨°¶©ªË¾¨ªèé¶æç¹«�é\]¶û¬­®¯¨¹(x1, y1) � (xL, yL)
Án¾»°�»ø¶æç'¥ÐB L ¶Z[\]*Õ±²B [(x1, y1), (x2, y2), · · · , (xL, yL)]. ÷øèé:�æç (xn, yn)

$¹sæç�B\]°»ø¶æç¹³û��\]Læç1�z L, Ë»°¶:�æç´Zê\]'\]°¶µ=æçÌ¾ÓÔ¦§¶��æç'
RBF
¦ÜÝ¶¶·r1B L

∑

i=1

βie
2
i , º° ei B\]°q i �æç¶����¹βi B��¬1' βi ¶¸�Y¸ “¹º6» ” ¶^_	��Y¸ª«¹ºÄ¼¹��¬1 βi =

2i/[L(L + 1)],
�Y¸½1¹ºÄ¼¹Ë βi = (1 − µ)/b(1 − µL)µL−ic, º° µ B¹º6»' )¾;Ä¼¹¿= L

∑

i=1

βi = 1. ¨ªÜÝû¹ÀwÁB»ø¶æç°Â´µGH¹67»
ø¶æç<=´�¶��¬1¹�´°¶æç��¬1Ë´�'ç8¶Z[\]Y¸ª«¹ºÄ¼'

Z[\]`¸³»�:Ãæç¶GH'Ä�¬1¶ÁÅ*Æ¹GHÇø%ÇTÑ'È
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Ë`¸~�æçÌ�¹`¸Z[\]¶aÍ¾*Õ`/Å<=´a¶34«¹S`01McÎp'
2.2 RON ÏÐÑÒÓÔµÕ¹ RON ¨ª®¯/Å+,��	Ö×û¦§°V�üý¹Ø�|Bq:�æç¶èê	b = y0öÙ�¨ªèé¶æç (xn, yn):Úsæç|éZ[\]¹³û|ê»°¶æç (

��=¶Û);ÜÉå�üý�!"#Ý1¹&
¥Þ�!"#¶�üý�
É/ φi(xn), f(xn) =

h
∑

i=1

wiφi(xn) + b, en = yn − f(x), dn = ‖xn − cnearest‖;����
Ë���
Ë³ûÍÎ¹ß dn > δmin 5 ‖en‖ > εmin, ËÁÂø�üý	
ch+1 = xn; wh+1 = yn − f(xn); rh+1 = κdn;þË¹«��Ä¼�ü¦§01¹àáâ²ãp��Ý1¹xZ[\]Læç¶�����zãp�'»$ãä¾þ=PQ¶�üý¹RSÆÇ�üý�

∇ci
f(x) = 2wiφi(x)(x − ci)/r2

i , ∇ri
f(x) = 2wiφi(x)‖x − ci‖

2/r3
i ;

δci = ηβiei

L
∑

j=1

∇ci
f(xj), ∆ri = ηβiei

L
∑

j=1

∇ri
f(xj);

ci(n) = ci(n − 1) + ∆ci(n) + α∆ci(n − 1);

ri(n) = ri(n − 1) + ∆ri(n) + α∆ri(n − 1);

Â+ = (ÂÂT)−1, W = Â+
y;

w(n) = [W (1), W (2), · · · , W (M)], b(n) = W (M + 1);

3 äåæç
3.1 èéêëìíîïsðñ¸zò×9ê¶/ÅÚþÈÉêÈ+ó:ô¶»�¶ RBF

¦[2]
. ©ª« ¶·r1*Ä 6 ��üý¶ RBF

¦+,¹6 ��üý¶01Æ± 1.
�� 121 ���æç

((x1, y2), y), º° (x1, y2) Bèé¹y Bèê¹xi ∈ {0, 0.1, · · · , 1}, i ∈ {1, 2}.õ
1 ö�÷�@jøùUúûùqü

Table 1 True and estimated centers, widths and weightsýþÿ�
(0.3,0.2) (0.7,0.2) (0.1,0.5) (0.9,0.5) (0.3,0.8) (0.7,0.8)��ÿ�

(0.301,0.200) (0.699,0.198) (0.097,0.500) (0.900,0.500) (0.300,0.800) (0.699,0.802)ýþ��
0.1 0.1 0.144 0.144 0.1 0.1����

0.098 0.099 0.139 0.149 0.099 0.099ýþ��
1.0 1.0 1.0 1.0 1.0 1.0����

1.038 1.008 1.013 0.966 1.040 1.004

±
1 �²³ÜÝ$±²üý°t�uvw1 (yÐ)

Ãèê��¶�É�È+ó�¶ö�¹*Æ�	©w��'Ä± 1 *Æ¹ RON Ú´aâ+,ãp¶»� RBF
¦'��¹>?¶I��
Cz8� [2] ¶I�'

3.2 ��
������
�� SISO �����������[4]

y(k) =
29β(k)

40
sin

(

16u(k − 1) + 8y(k − 1)

β(k)(3 + 4u(k − 1)2 + 4y(k − 1)2)

)

+
2

10
u(k − 1) +

2

10
y(k − 1)
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78
u(k)9:;<=>? [−1, 1] @ABCD�EFGH��IJ β(k) KL? 1.0,M k = 1501

�N?9 0.9, M k = 2501 �N?9 0.8. O y(0) = 0, PQRST 5000 �UVWXHY
1 Z[\]^UV8_`aJ��bHcd>β(k) = 1.0 �>efM k = 600 gh>

RON ij 8 �_`akXlm\nopJqβ(k) = 0.9 �>rstu_`aJ�9 9, vwxyzIJ��bqβ(k) = 0.8 �>rstu_`aJ{|} 10, ~����bH
���j�����9[4]

Id(i) = 1
L

M−1
∑

p=0

|u(i− p)− ŷ(i− p)|, ���\UV��8 Id �

Z���>�Y 2 �[H�Y 2
cd>��yzIJ��b>M k = 1501 � k = 2501 � Id�����{|>����� RON ��HUV��� MRAN � RON �_`aJC 9

11 � 10, ¡¢£M k = 1500 } k = 5000 ¤ Id �
AGC 9 0.0326 � 0.0311.

cd> RON

�¥¦§¨>UV���©ª�_`aJA«� MRAN.

¬
1 ­®¯°±²³´µ¶3·¸

Fig. 1 Evolution of hidden units

¬
2 ­®¯°±¹º Id ¶3·¸
Fig. 2 Evolution of error (Id)

»¼>��UVWX½EF�>¾~UV�¿ÀÁ��Â�EF�H��Ã\ 10 ^ÄÅ>_`aJAM 10∼13 ¤>Idav �M 0.0291∼0.0407¤>Æ½��ÇÈÉÂ��¿H
3.3 ÊËÌÍÎÏÐÑÒÄÅ8>��j RON

y
MG ÓÔ�¤ÕÖ×ØÙÚ�ÛÜ>�ÝÞ\ RON

yßà

IJ�b�áâ�HST MG �¤ÕÖ�ãCä�9 dx(t)
dt

=
0.2x(t − τ)

1 + x10(t − τ)
− 0.1x(t), j

åæçè
– éêäëìíÒä�>ä�8�IJîï9ð�ñ τ = 17,òG? x(0) = 1.2,ó

È t < 0 � x(t) = 0. ÛÜ�ôõ½ö÷:; [x(t − 18) x(t − 12)x(t − 6) x(t)] ÛÜ x(t + 50)

�GH��j 1500 �WX×ØUV (t = 201 } 1700), j 500 �WX×ØÜÄ (t = 3001 }
3500).

¬
3 ­®¯°±²³´µ¶3·¸

Fig. 3 Evolution of hidden units

¬
4 ­®¯°±­®¹ºøùú¹º¶3·¸
Fig. 4 Evolution of training error and

normalized RSMEßà��8> RBF
t_`aJ��b���Y 3 �[>Y 4 ûü\ýþ@WXUV

�� (ÿ�) �ÜÄ�� (��) ��b��H1500 �WXßà���>tu8_`aJ9
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45,
y

500 �WX�ÜÄ��9 0.0427. �Y 3 �Y 4
cd>���j\�} 1500 �WX�y

MG �¤ÕÖ��\	
ßà>ó��½_`aJ
½ÜÄ��A«���C�tu��¿[1]
.����>RON

yßàIJ�b����áâ�H9\Å�Æ�a>������ßàIJ�G>� εmin, δmin, ýþ�¨�©eUV^J MaxEpoch, ���ÄÅ>�¿�� 2

�[H��cd>ÈÆ�ßàIJ�b�>RON �_`aJ�ÜÄ��� !"�#��
RAN

äë>$� RON Á����áâ�>¾~ RON �IJÀÇy%&'ÂH
(

2 )*�+,µ-/./
Table 2 Result comparison with different learning parameters

εmin δmin L MaxEpoch 0123 4567
0.010 0.15 300 200 45 0.0427

0.005 0.15 300 200 62 0.0668

0.015 0.15 300 200 46 0.0622

0.010 0.18 300 2007 35 0.0540

0.010 0.12 300 200 62 0.0393

0.010 0.15 250 200 46 0.0443

0.010 0.15 350 200 45 0.0430

0.010 0.15 300 100 45 0.0427

4 89
X:�;\�<=j> ýþ� RBF

tM�ÙÚäë>?�\tu8�@�AGI
J�M�BwxC`DE>FG_`a�{|Hm�HIJKLÃ>M`a8N�AGK7OIJ�M�C'>n�½�M�îPQRS¨�ì��"�@�rstu>vT�7UbVWHX� benchmark YZ��C Z[\ RON �©" RBF

tÙÚVWHwx�Ù
ÚyzIJ���VW>M[ëyßàIJ�b�áâ�H
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