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Robust Control for Multi-fingered Hand Manipulation

in a Constrained Environment
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Abstract A robust manipulation algorithm is proposed for multi-fingered hand in a con-

strained environment when uncertainties in the dynamic models and external disturbances

are considered. The algorithm can guarantee the position tracking error, both velocity error

and the force error between object and environment have the property of globally exponen-

tial convergence when the parametric uncertainties are considered. If the system is subject

to external disturbances, it satisfies a given performance criterion of disturbance rejection.

Furthermore, the robustness of the system rejecting external disturbance is improved by the

robust optimization algorithm for the internal forces.
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2 VWXYZ[\]^_`a

bc®de±°QÜÝfghÀij¹klm®no'5¿À
k
5pqr±°¹·¸é¤å

{Cb}, {Co}stuvwxyé½ÜÝxyéåé {Co}
 ¡¢é

{Cb}
¹z{½|GstÃxy (x y z)T

½}~�
(φ θ ψ)T

.uvå� r
h�

r = (x y z φ θ ψ)T.é
{Co}

 ¡¢é
{Cb}

¹��
vbo �uvh�

vbo = T ṙ (1)

�M®
T =

[

I3 To

0 Tr

]

, To =





y −cφz cθy − sφsθz

−x −sφz −cθx+ cφsθz

0 cφx+ sφy sφsθx− cφsθy



, Tr =





0 −sφ cφsθ

0 cφ sφsθ

1 0 cθ



.
0

�®
cφ
½

sφ stuv cosφ
½

sinφ,
	�uv1�å�

xc:

ẋc = Evbo (2)

�M®
E=

[

RT −RTX̂

0 RT

]

, X̂=





0 −z y

z 0 −x
−y x 0



, R=





cφcθcψ − sφsψ −cφcθsψ − sφcψ cφsθ

sφcθcψ + cφsψ −sφcθsψ + cφcψ sφsθ

−sθcψ sθsψ cθ



.

�����}~��®Û·¸ÜÝ¹F�Ð���uvh�
IoE

−1ẍc + q0 = f − ETf c (3)�M®
Io ∈ R6×6 uvÜÝ¹�¼��åqo uvÒ�����½���åf uv¯°±¡ÜÝ¹¸Ã�åf c

h<=89¡ÜÝ¹¸Ã�ÔÜÝxyéM¹uvå¯°±¹F�Ð���uvh�
M(q)q̈ + g(q, q̇) = τ − JT(G+f + f i + ∆f) (4)�M®

M(q)=diag(M1, · · · ,Mk)∈R3k×3k
h¯°±¹�¼��å

g(q, q̇)=(gT
1 , · · · , gT

k )T∈R3k

uvÒ���������½ij��å τ = (τT
1 , · · · , τT

k )T ∈ R3k
hqr¹�F��å

J = diag(J1, · · · , Jk) ∈ R3k×3k
h¯°±¹��R��åG+ = GT(GGT)−1, G

h����å
f i uvÎ��å∆f

hÏJKLå±°qr���QÜÝ��fg¹qéh�
J q̇ = GTE−1ẋc (5)è

(3)∼(5)
�®�äË<=89M¯°±·¸é¤¹FGàá�
(MfG

TE−1 +G+IoE
−1)ẍc + hf +G+(qo + ETf c) + f i + ∆f = J−Tτ (6)�M®

Mf = J−TM(q)J−1, hf = J−TM(q)J−1[GT dE−1

dt
ẋc − J̇ q̇] + J−Tg(q, q̇).
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5)è�ÊË89¹<=åÃ
RC uv<=«ªgå�'5¬��

P ,
�²�ÜÝxyéM¹®'¯° x ∈ R6±²s³®́ Px = (xT

1 xT
2 )T,µ>ì¶·¸qé�

x1∈R6−c,x2∈Rc.
�¹5º»��

Γ
½

Γ̄ ,
	M

Γ =diag(I(6−c)×(6−c) 0c×c),

Γ̄ = diag(0 Ic×c).
e

Mf ,hf , Io, qo
¹¼½UstÃ M̃f , h̃f , Ĩo, q̃o uv®�¾fg¹qéh

Mf = M̃f + ∆Mf , hf = h̃f + ∆hf , Io = Ĩo + ∆Io, qo = q̃o + ∆qo. ��¿ã¹��À�
J−Tτ = f l + fn + f i (7)

�M®
f l = (M̃fG

TE−1+G+ĨoE
−1)PT

Γ [ẍdcb+Kv(ẋ
d
cb−ẋcb)+Kp(x

d
cb−xcb)]+h̃f+G+q̃o+vR1.0�®

xdcb uv�Á¬s³Â¹ÜÝÃÄÅFÆÇ®xcb uv�Á¬s³Â¹ÜÝ
�6ÅFÆÇå Kv,Kp stuvÜÝÅF��½z{ÈÉ¹ÊËÌÍ��å vR1 �Ã¢ÎÏè¢é¤FGàá���ß�¼HIÏJKLÐØ¹¡ÜÝÅF¹ÑÒå fn =

G+ETPT
Γ̄ [fdcb +Kd(ḟ

d

cb − ḟcb) +Kg(f
d
cb − fcb) +Ki

∫

(fdcb − fcb)dt] + vR2,
0�®

fdcb uv�Á¬s³Â¹ÜÝQ89fg¹ÃÄ¸Ã�®f cb uv�Á¬s³Â¹ÜÝQ89fg¹�6¸Ã�åKd,Kg,Ki stuv�ÈÉÓÔ¹Õs�RÖ�×sÊËÌÍ��å
vR2 �Ã¢ÎÏè¢é¤àá���ß�¼HIÏJKLÐØ¹¡¸Ã�¹ÑÒå��

(6) �(7)
�®Øde<=�Ù�ÜÝB��<Ú¢

0, �ä�
(PE)−TG(M̃fG

TE−1 +G+ĨoE
−1)PT

Γ (ëx +Kvėx +Kpex)+

Γ̄ [(I +Kg)ef +Kdėf +Ki

∫

efdt] = (PE)−TG(∆w + ∆f − vR) (8)

�M®
ex=xdcb−xcb, ef =fdcb−fcb, vR=vR1+vR2, ∆w = (∆MfG

TE−1+G+∆IoE
−1)PT

Γ ẍcb+

∆hf +G+∆qo.�
(8)
�ÛÜh�

ė = De + U(∆w + ∆f − vR) (9)�M®
e = ((ex1)

T (
∫

ef2dt)
T (ėx1)

T (ef2)
T)T, ex = (eT

x1 eT
x2)

T, ef = (eT
f1 eT

f2)
T

Kv = diag(Kv1 Kv2), Kp = diag(Kp1 Kp2), Kg = diag(Kg1 Kg2)

Kd = diag(Kd1 Kd2), Ki = diag(Ki1 Ki2), (PE)−TG = [PT
1 PT

2 ]T

D =

[

0 I

B A

]

, C = [[(P1M1)
−1P1]

T [(Kd2)
−1(P2 − P2M1(P1M1)

−1P1)]
T]T

U = [0T CT]T, A = diag(−Kv1 − (Kd2)
−1(I +Kg2))

B = diag(−Kp1 − (Kd2)
−1Ki2), (M̃fG

TE−1 +G+ĨoE
−1)PT = [M1 M2]

ÝÞ
1

[10]
.
e

V (x, t)
hßàé¤

ẋ = f(x, t)
¹'5áâã�®Øä¿ÀHã¼å�

γ1‖x‖2 6 V (x, t) 6 γ2‖x‖2, V̇ (x, t) 6 −γ3‖x‖2 + ε1e
−ςt, γi(i = 1, 2, 3), ε1

½
ς(ς > γ3/γ2)

h
¬æ�åçèé¤éGÚêë°�ìí¹®ìíîh α = γ3/(2γ2).ïÁº»ÌÍ��

Kv,Kp,Kg,Kd,Ki,�ð�� D
hñòóô��å¡¢é¤

ė = De,º»'5¬��¡õ��
Q, ³ö�÷øù���DTH +HD = −Q, �HäË¬��¡õ��

H . ��é¤ (9),
deàá¹�ß�¼Úú�ÀJ¹®´�

∆w ∈ o = {∆w : ‖∆w‖ 6
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ρ(q, q̇, ẋc, ẍc)}. µ>®KûÓÔ ∆f ∈ L2[0,∞),
0�

L2[0,∞) uv [0,∞)
�¹ü��×ú�ªgåÃ

s(t) uvýTÓÔ®s(t) = diag(η1, · · · , η12)e, ηi(i = 1, · · · , 12)
hþ�¹¬æ�åÿ

η0 = max(η1, · · · , η12),
¡¢®�>�

t(t > t0),
��8é¤¼²°y�

∫ t

t0

‖s(τ)‖2dτ 6 σ2

∫ t

t0

‖∆f‖2dτ + (e(t0))
THe(t0)/2 + ε0 (10)

	M®
σ > 0

h�°Kû��¼²¹¬æ�®
ε0 > 0

h�s�Uå7��°
vR
�h�

vR =

(

ρ2

‖UTHe‖ρ+ εe−ξt
+

1

4σ2

)

UTHe (11)

	M®
ε, ξ
hþ�¹¬æ�

ξ > (λmin(Q) − 2η2
0)/λmax(H), λmax(•)

½
λmin(•) stuv��

(•)
¹�´����Uå	ÀHã�
å�Þ

1. Ô·¸ λmin(Q)/2 > η2
0

¹��ã®¡¢é¤
(9), Ô��À (11)

¹¸Ãã®7
∆f = 0

>®é¤ÈÉhêë°�ìíå7
∆f 6= 0

>®é¤·¸°y (10).�åº»¬�ã�
V (e) = eTHe/2, �� λ1 = λmin(H)/2, λ2 = λmax(H)/2, λ3 =

λmin(Q)/2,
	À

λ1‖e‖2 6 V (e) 6 λ2‖e‖2. µ>®
V̇ (e) + ‖s(t)‖2 − σ2‖∆f‖2 = −eTQe

2
+ eTHU(∆w − vR) +

‖eTHU‖2

4σ2
−

∥

∥

∥

∥

σ∆f − UTHe

2σ

∥

∥

∥

∥

2

+

‖s(t)‖2
6 −(λ3 − η2

0)‖e‖2 + ‖eTHU‖ρ− ‖UTHe‖2ρ2

‖UTHe‖ρ+ εe−ξt
6 −(λ3 − η2

0)‖e‖2 + εe−ξt

7
∆f = 0

>®
V̇ (e) 6 −(λ3 − η2

0)‖e‖2 + εe−ξt,
��Äµ��

λ3 > η2
0

½�

1 �âé�ÈÉ�êë��ìí���

∆f 6= 0 ��V̇ (e) + ‖s(t)‖2 6 σ2‖∆f‖2 + εe−ξt,
¹�µ�×s���∫ t

t0
‖s(τ)‖2dτ 6

σ2
∫ t

t0
‖∆f‖2dτ + (e(t0))

THe(t0)/2 + ε
∫ t

t0
e−ξτdτ . ��þ�� ε0, ����s�� ε, ð��y (10) ��·¸�  !�

4 "#$%&'()*+,-
./�0123456�789

f i = ϕΩz (12)

:;�Ω ∈ R3k×l, l = 3k − rank(G), <= Ω
�>?@A4<= G

�BCDEFG�
z ∈ Rl,

‖z‖ 6 1, ϕ HEI��.<= Ω JKLMNO4 k P 3× l <=�QR9Ω = [ΩT
1 , · · · ,ΩT

k ]T..<= G+ NO4 k P 3 × rank(G)
�<=�QR9G+ = [GT

1 , · · · , GT
k ]T.S01�TUVW/��XYZ�[\]^_P`abc01d?efg2hi?@�jTkl�m�nop�XYZkq[7]

. ���01�rstuvwxH9
min β

s.t. 0 6
‖(I3 − nin

T
i )Ωiz‖

nT
i Ωiz

6 β i = 1, · · · , k

‖z‖ 6 1

β 6 µ
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ni
23�

i P`abc���i?@�µ H���/�������O z∗,
v���rsO z∗. H��� (12)

8��
ϕ ��v��6h��i�KI��O�

‖(I3 − nin
T
i )Gif‖ 6 µ′{ϕi[nT

i Ωiz
∗ − ‖(I3 − nin

T
i )Ωiz

∗‖/µ] + nT
i Gif}, i = 1, · · · , k ��µ′(µ′ < µ) HVW�¡¢�£¤¥¦��§P¨©��ª«�ϕ �¬H9

ϕ = |max{min(ϕ1), · · · ,min(ϕk)}|

5 ®¯°
±²�§P³R 9 P´µ�¶�n·¬§P¸¹�fg^º»¼h0J½¾¿ÀÁÂ�Ã��º»¼h�i?d?p�1�KÄÅ (

3ÆÇÈÇ
1).
fg�ÉÊH r1,

¶Pn�efg`ab�ËÌ^fgËÌ/��23NÍH9f3 (
√

3/2r1,−0.5r1, 0), f1(0, r1, 0),

f2(−
√

3/2r1,−0.5r1, 0).
²fgÎÏ�ÐH x = 0, y = 0,½¾ÁÂ¿ÀH x = 0.01 sin(πt/10),

y = 0.01 cos(πt/10), Ã�¨Ñfgeº»¼hÒDp�1H 3N. ÓÔ�Õ²Ö×�NÍ¬H Kv = 3I, Kp = 2I, Kg = 0.3I, Kd = 0.01I, Ki = 0.01I, ε = 0.01, ξ = 1, H =








16I3 0 2I3 0

0 33.5I3 0 0.25I3

2I3 0 4I3 0

0 0.25I3 0 I3









.
^¶�nop/���fgÉÊØfgÙ@Øn�ÚÛÙ

@Øn�ÚÛÜUNÍ²ÖH 0.01m, 0.25kg, 0.15kg, 0.05m. ÓÔ�×�ÝºÞÂ 40%.
����rsO9z∗ = (0.0087 − 0.0087 − 0.0123)T.

�Ðßàá�â1ãäá�NÍÈÇ
2
âÇ

3(
Ç

2
�Ib23½¾¿À�I�23ßà¿À).

vÈ��Ðâ1åæçè½¾�é��

ê
1 ë����ìíê

Fig. 1 Diagram of three-fingered hand manipulation

ê
2 îïðñòó

Fig. 2 Position tracking

ê
3 ôõöòó

Fig. 3 Force error
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