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Abstract Within the framework of a unity feedback closed-loop control structure, a new

analytical design method of decoupling controller matrix is proposed for multiple-input-

multiple-output processes with time delays often encountered in chemical and industrial

practice. Its dominant merit is that it overcomes the deficiency of existing methods based

on numerical calculation and can realize significant or even absolute decoupling decoupling

between the nominal responses of system outputs. Moreover, the adjustable parameters of

the decoupling controller matrix can be tuned on-line in a monotonous manner to cope with

the unmodelled process dynamics. At the same time, sufficient and necessary conditions

for holding the control system robust stability are analyzed in the presence of the process

additive and multiplicative uncertainties often encountered in practice, and correspondingly,

the on-line rule for tuning the adjustable parameters of the decoupling controller matrix is

provided. Finally, simulation examples are included to demonstrate the superiority of the

proposed method.
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1 ÔÕ
Ö×ØÙÚÛÜÝÞßàáâãäåæäåçèéêëìíåçîïðñÝÞòóôõö÷êøùúäûüýþãÿ��������÷ìä��èéê�	
��ô�����èé����Úã����������

[1∼3] ��îèÞ��èéåæ�� !"�ô�#"�ô��$ê%ìÿ&'()*��+,-ç.�ô���/��ê0ù.12ã��34ê567��89:ì;åæ;åçèéê<=>?÷ìßà@äåæåç��ãÖ×èé���
[4] A÷BCãDEFG�H�=IJKLM�NOKPãDQ��$RSê0ùTUVWD2ãXY��34ê5�Z[\à]^_`a÷

H∞

DQb=KPã��
[5∼7]

ãcdefê�ûgÖh�ij�úk�à7���
[8∼9]

��.A÷�l��+, (mnä*+,êMultiloop)
W
�op���ô�êq[Þ���rstàuvÖê5u=IJãrsb=KPêwxìTUA÷�ô��$ã��dy�ä�z�%ì�{

1
u|ã
}ÚD~÷ãÿ&'()*��+,ê�ç���ã�ô���/��êîè�ç��ãx�Ö)*NO���ûRSã��ê���'�>��ô��$RSê��=�
�Pnrsí�åçNOðñã�������ô�
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Fig. 1 Unity feedback closed-loop control structure{
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P =




p11 · · · p1m
...

...
...

pm1 · · · pmm



 (1)

¬Ú
pij(s) = poij(s)e

−θijs; i, j = 1, 2, · · · , m. p0ij(s)
�L®¯ãà°���û�±dKçêèé��RS

P ²³"´µ¶ê· det[P (0)] 6= 0, ¸¹=
��ô���¬º»¹_a÷'º�ê¼½{
1
u|ã�ô��rsuxOãx�Ö��RS¾¿«ã"Àg<=¡Áãdhê·¹ùº�

2 ÂÃÄÅÆÇÈÉÊË
ä��áâèéãåçNOu=IJãb=ÌJ�åáâÍ¬��RS¾¿«¹=ÝÞãÎÏÐÑÒ

(RHP) ÁÓãÔÕ[10,11]
.
�4=�ÖL
}¹_
�ãDQrsNOãª«ê×·DQ��RSª«êØÙ%ìÿ&'(��+,ã�ô��$RS¹_'�>�hù�ÚÛê6ÜÝÞßà�á
}��ãrsNOª«�ë{

1¹âê)*��rsã��RSª«¡ H = PC(I+PC)−1.
�4=�
��ô�ê̄ ã�ô��äùJãrsNO���ûRSO¡x�Öª«ê· H = diag[hi]m×m(i =
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1, 2, · · · , m),
¬Ú

hi

�L®¯ã���û�ÚÛêx¬C¾híijê¹ù
C = P−1(H−1 − I)−1 =

adjP

det(P )
diag

(
hi

1 − hi

)
(2)

¬Ú
adj P = [P ij ]Tm×m(i = 1, 2, · · · , m) �| P

ãîïRSê
P ij �|xOì P

Úíð
pijãñûòó«�ëôbRSãõzijbö¹hù�ô��$RS C = [cij ]m×m(i, j =

1, 2, · · · , m)
ã÷¿��$ª«

cji =
P ij

det(P)
·

hi

1 − hi
, i, j = 1, 2, · · · , m (3)

ø
gij =

P ij

det(P )
= goije

Lijs (4)

¬Ú
goij

ã�ó��ùÚú�ûà�ü<ýàáâÚó�6ÜLþ goij

ãíwxÿ�¡
nij ,
·�¡Dúã��®�ûêøù

lim
s→∞

snij−1

goij
= 0 (5)

0
Ni = max{nij ; j = 1, 2, · · · , m}, θi = max{Lij; j = 1, 2, · · · , m}; i = 1, 2, · · · , më«

(3) ¹âêC
ã÷¿��$xOì

H
Úã��x�ð�¼½RS¾¿«ãõzijbö¹�êθi > 0.

ÚÛê�4
hi

<�ý�ðk�ãáâÚóW�	�êØÙ
C
Ú
�à������ i

¿ã��$±d_�£�«×öê6Þ
}Ú�'.Ú4�êÚ�<=�°
��Û�ê�4
hi

ãwxÿ�yì
Ni,
ØÙ×�ø������ i

¿ã��$±d_�U�«×ö���ê�4
det(P )

ýàw¶ì
P ij(j = 1, 2, · · · , m)

ã��
RHP ÁÓãÁÓêØÙ hi

×²³�ý67ÁÓê���ðx	_øuùJã��$<ýà<Lã�Ó�������Üõ� !"#
H2 $%&'()[10]

, *+,-./0123456789:;
hi =

e−θis

(λis + 1)Ni

qi∏

k=1

−s + zk

s + z∗k
, i = 1, 2, · · · , m (6)

<=�
λi >?@AB�C�@DE i F23G+HIJKLM.45&'N)�zk (k =

1, 2, · · · , qi) > det(P ) .OP� P ij(j = 1, 2, · · · , m) .�Q RHP RS.RS�z∗k > zk .T�U�
qi V�WRS.XB��Y�Z[; (3) \ (4) ?]�C .^_"#`=�abcd

X?efghijklJm�<n.oeNpiqhr.stu;vw�xy'zJm{|"#�}q~; (6) �� (3), ?e��M{�I'zHI H2 $%&'N).{|"#`89
C, �

Cji−ideal =
P ij

det(P )
·

e−θis

(λis + 1)Ni

qi∏

k=1

−s + zk

s + z∗k

1 −
e−θis

(λis + 1)Ni

qi∏

k=1

−s + zk

s + z∗k

, i, j = 1, 2, · · · , m (7)
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}yf��+���,-. C

=�
P ij/det(P ) �.��\�����gchi��y�cl6�7B��e�ekl��Jm�y�� det(P ) �c RHP RSh���� RHP

R�S/��� �¡'¢cl£¤¥Tm��+<?¦pvw.:;�§¨©ª; (7),

�I
Cji =

De−(θi−Lij)s

(λis + 1)Ni

qi∏

k=1

(s + z∗k)

·
1

1 −
e−θis

(λis + 1)Ni

qi∏

k=1

−s + zk

s + z∗k

, i, j = 1, 2, · · · , m (8)

<=
D = goij

qi∏

k=1

(−s + zk) (9)

«
(9) ?¬�λi >E i _"#`.Qd@DAB (i = 1, 2, · · · , m).

«�
(8)
=.E®¯��c°±²&

lim
s→∞

1

1 −
e−θis

(λis + 1)Ni

qi∏

k=1

−s + zk

s + z∗k

= 1, lim
s→0

1

1 −
e−θis

(λis + 1)Ni

qi∏

k=1

−s + zk

s + z∗k

= ∞

�en?e³>dXO/´µ>R.²¶·�`�?e¸C°¹ 2
�º.»¼"#½¾J

m�

¿
2 ÀÁÂÃÄÅ

Fig. 2 Closed-loop control unit

/�; (9),
�ÆÇ�BÈÉ&�; Padé £¤ÊË�Ì+°±:;.£¤Í;

DU/V =

U∑

k=0

aksk

V∑

k=0

bksk

(10)

<=�
U \ V >JKNp.'zÎÏÐÑ&'N).£¤´µ��c U − V 6 Ni + qi, Ò�;2B ak \ bk

«±�.ÓX89uÔÕp




a0

a1
...

aU




=





d0 0 0 · · · 0

d1 d0 0 · · · 0
...

...
. . . · · ·

...

dU dU−1 dU−2 · · · dU−V









b0

b1
...

bV









dU dU−1 · · · dU−V +1

dU+1 dU · · · dU−V +2

...
...

. . .
...

dU+V −1 dU+V −2 · · · dU









b1

b2
...

bV




= −





dU+1

dU+2

...

dU+V
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<=�
dk V; (9) .BÈ Taylor èéêB=.ë�ì2B��

dk =
1

k!
lim
s→0

dkDij

dsk
, k = 0, 1, · · · , U + V ; í�îb0 =

{
1, bk > 0

−1, bk < 0

ïLðñ���ÓX89uÔ.Mò?eóô~; (10) ��; (9) .BÈ Maclaurin èé
Í;�}qÓõQö���÷øùOQ´µTÊú.2B��?Mû� ü���Ì+ b0.ýîþoV>ÿ��«; (10) �I.£¤Í;gc RHP

�S�« Routh-Hurwitz ¦p��?]��Yýî?e�ûî V 6 2 h£¤Í;.¦p&��f'Õ�î V > 3 h.¦
p&�� ¸C�´£¤Í;h�ïL�C Routh-Hurwitz ¦p���	<¦p&�}qýî?¦pJm.�´£¤:;�JK=>ÿ
��¬�?e�ýC�´£¤Í;�}
q�£¤��\?HI.{|"#&'N)�r���xyÕpV��L¸C�´£¤��ü�

det(P ) . RHP RS.�������?e��óô/<¸CBÈ��Í;�Ð� !"#wM{¥Õp�$ det(P ) gc%&ÒX RHP RS�o'(¸C)òRS¥*+
Í; (6), ,�-."#l/[5,10,11]

, »¼236789=.�)òR0S/2345.&
'1423�
3 456789:

/�);<"ôÔ�«¹ 1 ?e=ò+xG� r, di, do \ n IG+ y \ u .6789

[
y

u

]
=

[
PC(I + PC)−1 (I + PC)−1P I − PC(I + PC)−1 −PC(I + PC)−1

C(I + PC)−1 −C(I + PC)−1P C(I + PC)−1 −C(I + PC)−1

]




r

di

do

n



 (11)

«�<"ôÔ P V¦p\�>P.��e?« (11) Õp+�û);23¦p&.?L@!>A(I + PC)−1 V¦p.��?e«nB PC(I + PC)−1 eC C(I + PC)−1
�r.DE

¦p&F2�Iûñ�� �~G�*+�I. C ���XHI@!J?e	û);"#23.¦p&��JK��<"ôÔ.fÕp&h�$ì¬.VK&fÕp&\L&fÕp&�<=�K&fÕp&?³><"ôÔMNAB.fÕp&�nC�OPfÕpôÔQ[ ΠA =

{ĜA(s) : ĜA(s) = G(s) + ∆A},
<=

∆A V¦pRo.SL&G�fÕp&?e³>JK"#vwT�°ôÔG�@DU.G+fÕp&�nC�OPfÕpôÔQ[ ΠI = {ĜI(s) :

ĜI(s) = G(s)(I + ∆I)},
<=

∆I V¦pRo.SL&G+fÕp&?e³>JKôÔG+Vú6W`��.�nC�OPfÕpôÔQ[ ΠO = {ĜO(s) : ĜO(s) = (I +∆O)G(s)},<=
∆O V¦pRo.�,���"#23. !¦p&óì¸C.)XM − ∆

Z�[5]
,Z[¹

1 ?e�Y=òM{+x�PfÕp& ∆A, ∆I \ ∆O .G+ZI<G�Z.6789
MA = −C(I + PC)−1 (12)

MI = −C(I + PC)−1P (13)

MO = −PC(I + PC)−1 (14)

,�3[\pl�?e�I»¼"#23�û !¦p&.?L@! ‖M∆‖∞ < 1,
}y

]
H∞ ^BHI@!_f'#w{�M{�`f���a�b�> ��ÆcC3[\p
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l\de Nyquist ¦p��[11] �r.DEF2�Ì+Ç�fgh.?L�p@!

ρ(C(I + PC)−1∆A) < 1, ∀ω ∈ [0,∞) (16)

ρ(C(I + PC)−1P∆I) < 1, ∀ω ∈ [0,∞) (17)

ρ(PC(I + PC)−1∆O) < 1, ∀ω ∈ [0,∞) (18)

ïLðñ�; (16∼18) ?eóôi�<fgh.j-kÉ.lmV�3� 1 ¥�p�« 
?eÕp{|"#`89 C .?@AB.nopp^q�í�/��JK=Np.fÕ
p&r ∆A, ∆I

�
∆O, ?ecC; (16∼18) �ajst"#23. !¦p&�°u��

?eøùu�j¸C"# !"° MATLAB
 !"#Ð�vJm�q�.wxJyÌ+

ÿº^� ü�Z[; (6) ?]�@3ppAB λi ?eKz/5.23G+45{��*�"#23.);&'��VO5�ï.E i _"#`.G+'úL[|�í�n}/5.vwT��ïL*~.'ú`L[|������+n}.�ú^q�y����<"
ôÔ.�'���²&h����m+ô�w>�fc�"#23. !¦p&SO��
[| λi

��/5.23G+45Ê���V�LM.E i _"#`.G+'ú�3�í�/5.vwT��ïL.'ú`�3�xycc�*�"#23. !¦p&�� JK
pp C .?@AB λi(i = 1, 2, · · · , m)h�5�23ëFG+45.);&'B^_"#`
C<vwT�.G+�ú�r���óôwx���'(�Y��pp λi(i = 1, 2, · · · , m)�

(5 ∼ 10)θi(i = 1, 2, · · · , m) ^q��°�« �I.23G+45f'ÎÏÐÑLM�o?eóô�É½@j[� λi ¥Jm,-.23G+45N)�
4 ����

�i2Ò����¸C. 3 × 3 1Ð���ôÔ[4]

P =





1.986e−0.71s

66.7s + 1
−5.24e−60s

400s + 1
−5.984e−2.24s

14.29s + 1
−0.0204e−0.59s

(7.14s + 1)2
0.33e−0.68s

(2.38s + 1)2
−2.38e−0.42s

(1.43s + 1)2

−0.374e−7.75s

22.22s + 1
11.3e−3.79s

(21.74s + 1)2
9.811e−1.59s

11.36s + 1





�+�?]�det(P ) �c RHP RS�cCG�Í; (4,5) ?eM� θ1 = 0.8, θ2 = 0.68,

θ3 = 1.85 \ N1 = N3 = 1, N2 = 2.
� �5C*+Í; (6) *+,-»¼2345.6789./0¾:;

h1 =
e−0.8s

λ1s + 1
, h2 =

e−0.68s

(λ2s + 1)2
, h3 =

e−1.85s

λ3s + 1}q5C{�*+Í; (7∼10) ?eM{�+{|"#`89��Æ>ÿ��Q$¤.
Wang u�[4] /ø�îB� ¡."#`´µ�« �I
c11 = D1 ·

14543s2 + 256.3578s + 0.5502

(λ1s + 1)(438.7353s + 1)
e−0.09s

c21 = D1 ·
12391s3 + 746.2116s2 + 9.7508s + 0.0199

(λ1s + 1)(3940.3s2 + 447.8424s + 1)

c31 = D1 ·
1736.5s3 − 21.7287s2 − 0.8474s− 0.002

(λ1s + 1)(4815.4s2 + 449.8302s + 1)
e−2.2s

c12 =D2 ·
4773900s6−6620600s5−3286200s4−532380s3 − 41045s2 − 526.1791s− 0.296

(λ2s + 1)2(611700s4 + 109510s3 + 12128s2 + 465.9313s + 1)
e−3.73s
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c22 = D2 ·
13471000s6 + 3306200s5 + 892990s4 + 117120s3 + 6709.9s2 + 142.0148s + 0.3149

(λ2s + 1)(336570s4 + 33465s3 + 9959.2s2 + 461.3811s + 1)

c32 = D2 ·
−197040s5 − 104730s4 − 29099s3 − 4024.9s2 − 171.9233s− 0.374

(λ2s + 1)2(257300s4 + 55907s3 + 10254s2 + 461.9346s + 1)
e−2.2s

c13 = D3 ·
400930s4 + 33536s3 + 1342.3s2 + 31.5279s + 0.2638

(λ3s + 1)(33025s3 + 3869.9s2 + 447.5041s + 1)
e−1.79s

c23 = D3 ·
16790s3 + 1582.9s2 + 39.2646s + 0.0885

(λ3s + 1)(511.4853s2 + 440.0233s + 1)

c33 = D3 ·
2195s3 + 212.3057s2 + 5.2157s + 0.01

(λ3s + 1)(1319.1s2 + 441.8636s + 1)
e−0.26s

<=
D1 =

1

1 − e−0.8s/(λ1s + 1)
, D2 =

1

1 − e−0.68s/(λ2s + 1)2
, D3 =

1

1 − e−1.85s/(λ3s + 1)

n}?eC°¹ 2
�º.»¼"#½¾Jm��Ypp?@AB λ1 = 15, λ2 = 12, λ3 = 18,��ëF23G+45.�¢{�B Wangu�.Ç£OQ�e�øù�óô�Y� t = 0,

200, 400¤K�¥F½�´¦ÌpmG�§¨�í�� t = 600 ¤hK�jm> 0.1 .´¦©ª«¬§¨I¥F<"ôÔG�Z��IwxZ�°¹ 3(a)
�º�«¹

3(a) ?¬�£�u�±.);Ìpm45®¦�%�@ (JÉ), 23ëFG+4
5�r¯°±²{|�ª«¬45ñ³%�(G´/]1Ð���ôÔî�$µwx"#¶�. Wang u� (·SÉ). >ÿ	û£�u�±.{|"#23. !¦p&�¸C
Wang u�¸*.Ó¹ôÔº�»¼�� (1).

<"ôÔ6789=ë¾.¦�[\�[|
40%; (2).

<"ôÔ6789=ë¾.½&hrìB�[| 40%. ,�G�E 3 DÌ+. !¦p&��; (16), �I¾Ó¹º�»¼±.fghj-kÉ°¹ 4
�º�
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(a) (b)¿
3 (a) ¿ÀÁÂÃÄÅ (b) ßÆÇÈÉ�ÊãÁÂÃÄ

Fig. 3 (a) Nominal system responses and (b) system responses due to the time constants perturbation

¿
4 É�ÁÂãËÌÍÎÏÐÑ

Fig. 4 Spectral radius magnitude curves of perturbed systems

¹
4
�ñÒn}.Ó|jm�³Ô3Õ 1,

� º�23'z�Ö×µ.ØÙ¦p&ÒO5.hrìBº�±.23G+45°¹ 3(b)
�º�>ÿ#dÚ	û£�u�±.ÛÜ23.ØÙ¦p&Òm�¸*JK��<ÛôÔ.L&G�fÕp& ∆I = diag{(s +

0.3)/(s+1)}3×3,
n?e³><ÛôÔ.¥FG�@DU��-Ý�c�H 100%.fÕpÞÒí���-ÝÐÑ^q�c~¤ 30% .fÕpÞ� üÒ¸*<ÛôÔ��LÞGß

fÕpÞ ∆O = diag{−(s + 0.2)/(2s + 1)}3×3,
n?e³><ÛôÔà¥FGßVú6W`��-Ý�c|H 50% à�bVúáâÒí���-ÝÐÑ^q�c|H 20% à�bV

úáâ�cCG�E 3 DÌßàØÙ¦pÞ��; (17,18), �I¾Ó¹¸*»¼±CÕãä23ØÙ¦pÞàfghj-kÉ°¹ 4
�ºÒå}?¬n}àÓ|jm�³Ô3Õ 1,� Òº�23æz�Ö×µàØÙ¦pÞÒçÕèjÒO5àº�23Gß45kÉxé�

5 êë
ÒÊúhiôÔà{|ÛÜ*+ìÕÛÜí.=à�S��îïÒ}yðÐJñò �cóôïM�£�ÇÕìþà½��õ»¼ÛÜZ�ößÿd¹{ä*+{|ÛÜ`89àu�Òóôãä÷øàòùðúûüýþÿ��à:;Ò�ñ<ÛôÔëFGßà�

iqhr��Ñ>A�e#whi��`à*+ÒxyæzJm�;úûëFGßüý�



6 Ö × ØÙÚÛÜÝÞßàáâãäåÂÃæç 889

rà³Ô�a±²{|�«Õ¸Cÿ{äðà*+u�ÒOòÕ	G|ÒB
càBmðM{u�Ò��=ò{|ÛÜ`��à��ú|��Ò���Õ=dý�Õ�������à�������Ò� !Õ"ß#$%ÛÜ&��à$ä'()*+,-úû�./ßà�0üý1�234�5(67489:+;�<=���>?@ABC,��BDE6FE�G4E+"H#I5JK,-LMNOP4EBQRST6UVWXY+3Z74$%,-&[\B2]^_B`a8bc���deBC,��Bfghij+23;�ekl]mno$%,-&[\
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