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Abstract Based on an innovation analysis method in the Krein space, a sufficient and necessary
condition is given for the existence of the solution of Hs control problem for a linear continuous-
time system with multiple delays. By introducing a re-organized innovation sequence, the Hso control
problem with delayed measurements is converted into a linear quadratic (LQ) problem and a delay-
free H2 estimation problem in the Krein space. The controller is given in terms of two forward Riccati
equations and a backward Riccati equation.
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1 Introduction

H control for system with delays has been recognized as a challenging problem. Time delays
are encountered in many practical systems, such as aircraft, progress control and so on. In this sense,
the control problem for time delay systems possesses the theoretical and practical significance. Usually,
there are two classical ways of solving the Ho, control problem for delayed systems. One is to design a
controller by linear matrix inequalities (LMIS)[I’Q], but only sufficient conditions can be obtained for the
sake of the conservation of this method. In [3,4], the controllers were given by the solution of related
Riccati equation using dynamic programming. It should be noted that only the single delay case is
considered by dynamic programming method. Throughout this paper, (-,-) denotes the inner product
and “«” stands for the transpose of vector or matrix.

2 Problem statement and preliminaries
Consider the following continuous-time system with multiple delayed measurements

(t) = F)=(t) + G1()w(t) + G2(t)u(t) 1)
(t) = Hi(t)x(t:) + vi(t), i=0,1,---,1 (2)
s(t) = L(t)=(t) 3)

where z(t) € R", w(t) € R?, u(t) € R" and s(t) € R? are respectively the state, process noise, control
input and signal. y,(t) € R™ (i =0,1,---,1) is the delayed measurement observed by the [+ 1th system

T

and v;(t) € R™ is the measurement noise. In (2), we have t; =t — d; and d; = Z dr(de > 0). The
k=1

matrices F(t), G1(¢), G2(t), Hi(t) and L(t) are known matrices of appropriate dimensions. Let Y (¢) and

V(t) be respectively the measurement and measurement noise for system (1)~(3) at time ¢t. We have

v = { W08 G SESd Ly RO OF, doaSt<d
lyo(®) -~y (D", t=di ’ [vo(t) --- ()],  t=d
Y (t) and V(t) satisfy the following relationship

Y(t)=H(t)X(t)+ V() (5)
where
_ diag{Ho(t),Hl(t),'“,Hifl(t)}, L{l‘fl <t< JZ
H(H) = { diag{Ho(t), Hi(t),-- -, Hi(t)}, t>d,
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X(t) = { [x"(to) - x™(tim1)]", dic1a <t < ds (©)
[ (to) --- x*(t)]*, t=d

Problem CM. Consider system (1)~(3 ) and a positive scalar v. Find an H., measurement

feedback control strategy u(t) = F(Y(s),0 < ) (F is a linear functlon) such that
z*(T)P )+ t)dt + *(t)s(t)dt
2(0),w(-) ;c*(())l'[O +f0 dt+f0 V* t)V(t)dt

where IIy and P¢(T) are given positive definite weighting matrices.
In terms of [5], it is easy to know that, for nonzero initial values «(0) and w(-), the Hoo performance
in (7) can be written as the following quadratic form

J@U=f®XE?—74P%®n®%+A(w0%~w®Y@Mﬂ—wG»&+

T it O e | v O
2] = [0 = [ 200 =0 N

where P¢(t) is the unique solution of the following backward time Riccati differential equation

P(t) =F*(t)P°(t) + PC(t)F(t) + H*(t)H(t) — P°(t)G2(t)G3(t) P°(t)—
7Pt G (H) G () PE(t),  PY(T) (10)

3 Main results
3.1 The equivalent problem in Krein space

Denote Ky (t) = [Kyu(t) 0 ---0]. For d;—1 <t < d; and t > d;, the number of columns of K, (t)
is the same as the number of rows of X(t). From (8), the Krein space model (the variables in Krein
space are denoted by block letters) related with system (1)~(3) is given by

() = (F(t) + Y P GHOGTO P ()2(t) + Gi () (w(t) — w(1) + G (Hu(t) (11)
0] =[5 |0 v @
where (2(0),2(0)) = (Il —y~*P°(0))™", (w(t) — w(t),w(r) — w(r)) = Lo and (Vi(t), Vs(r)) =
Qv,0tr. The variables Vi(t) = [vy(t) v (¢)]" and v(t) = [vg(t) --- wv;(¢)]". In order to express
clearly, we denote the measurement at time ¢ of the Krein space model (1 ) (12) as
sy [ IOy @F, daSt<d o Tt
O gy sl 54 190 = 0] 1

Note that the above measurements form the linear space £{Y (7),0 < 7 < ¢}.
Further, we know that the quadratic form J(7') in (8) has the minimum J,(7') if and only if the
innovation wq(t) = Y (t) — Y (t|t) exists, i.e.,

T

In(T) = [ wi(t)Qu, () wa(t)dt =/O (Y () = HOX(8]£)" (Y (1) — H(O)X (t]t))dt—

0

7_2/0 (u(t) Ku ()X (t]1))" (w(t) — Ku ()X (t]1))dt (14)

where Qu, (t) = diag{Qu,., Quo, -, Qu,} =diag{—y"*Lr, Im, - -, I} and X (¢[t) =[&" (to]t) --- &" (t:]t)]"
for dis1 < t < di, Qu,(t) = diag{Qu,,Quy, . Qu,} = diag{—y 2y, Im, -, Im} and X(t|t) =
[£*(to|t) - -+ &*(Li|t)]* for t > d;. Note that &(t;]t)(s = 0,1,---,1) is the projection of x(¢;) onto
the linear space £{Y (7),0 < 7 < t}. So our next aim is to achieve the optimal estimator X (¢[t).

3.2 Re-organized innovation sequence and optimal estimator
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By re-organizing the measurements {Y(7),0 < 7 < t}, we obtain the measurements Y;(7) =
[ (1) yi(r+di) - Yy (t+dic1)], 3 > 1(h(r) = g(r) for i« = 1) and the linear space
L{Via(T)ogrges 3 V(M <r<tn_ri 3 Vi(T)|t;<r<s}. The reorganized measurement Yi(7) satis-
fies the following relationship

Yi(r) =Hi(r)z(T) + Vi(r), i=1,---,1+1 (15)
where Hi(7) = [K5(7) Hp(7)]" and Vi(7) = [v5(7) wvo(7)]" for ¢ = 1; and for ¢ > 1, we have

Hi(r)=[Hi(r) Hi(r+d) - Hiy(r+dia)]", Vi(r)=[Vi(r) vi(r+di) -+ via(r+dia)]

The covariance matrix of the measurement noise V;(7) is given by Qv,(7) = diag{Qv, (1), Quv, (T +
di)y- -, Qu,_y (T+d1)} (Qu, (1) = diag{Qu.,,, Qu, } for i = 1). Denote &(s,7)(s > t;) as the projection of
&(s) onto the linear space L{Vi+1(7)|ocr<t,; 3 Ve (M)lep<r<ty_1i 5 Vi(T)lts<r<s}. Wheni=1,---,1
and 7 > 0, the reorganized innovation is given by

W 2 Yyt 4 7) = ults +7,9) = Hipa(r)elas 4 Vir (1), €77 = ot +7) — #(ts +7,6)  (16)

Especially, for i =1+ 1and 7 > 0
Wl:—l £ Jil+1(7) - )>1+1(T, [+ 1) = Hi(ti + T)eziJrT + Vi(ti + T), e:iJrT = :c(ti + T) — :%(ti + 7, Z) (17)
Ay

Theorem 1. Let &(t) = (F(t) + v 2G1(t)Gi(t)P°(t)). The cross-covariance matrices Py,

. A . . .
(x],1,el,1),7 = 0and P17 & (2l elitT) 7 > 0 are given by

P/ is the solution of the following Riccti equation

dPT T T * T T * *
o =) PLa + PLa® (1) = K Quyy, (N[KT)™ + GG ()
Y PG2(N)G5 (), Pla= (g =7 PY0) ) (18)
where ICZT+1 = 7)17+1H7+1(QV1+1 (T))_l-
PHtT(i=1,---,1) is the solution of the following Riccti equation
d'])fi+7— _ . ti+T7 tit+T x4 ti+T . ti+T*
ar =o(t; + T)Pi +P; " (t; + 7') - ICi QWH (ti + T)[Ici ] +

Gl(ti—‘rT)G’{(ti—‘rT)—’y_QGQ(ti—I—T)G;(ti—l—T), P:’ Z'Pfj_l (19)

where K{'F7 = P TH; (64 7)(Quyy, (i + 7)) 7L

Proof. Omitted.
3.3 The solution to H., control problem

Theorem 2. Consider system (1)~(3) and performance index (7). For any positive scalar v,
there exists an Ho, measurement feedback control strategy u(t) = F(Y (s),0 < s < t) that achieves
the performance index (7) iff the matrices P;**7(0 < 7 < di,i = 1,---,1) and P[4 (0 < 7 < t;) for
0 <t < T are bounded and the Riccati equation in (10) has a unique solution P¢(¢). The matrices
73'; i*t7 and P/, are given by Theorem 1. Then the control strategy is given by

u(t) = Ku(t)a(t, 1) (20)

where K, (t) is as in (9) and the optimal estimator &(¢;|t) is computed by the following steps.
Step 1. Calculating P/**" and @(7,1 + 1) for 7 = t;, where PJ,; is as in (18) and &(7,l + 1) is
given by
d&(r,1+1)

I = &(m)&(r, 1+ 1) + K1 Vi1 (1) — Hisa(T)2(7, L+ 1)], 2(0,0+1) =0 (21)

Step 2. Calculating P} and @&(t; +7,4), (0 < 7 < ds,i = 1,---, 1) where P/ is as in (19) and

&(t; + 7,1) is given by
da(t + 7,1 . . . N .
% = (t; + T)@(ts + 7 0) + KT Vi (b + 1) — Higa (6 + 1)@ + 7,9)] (22a)

:i(ti, Z) = &(ti, 7+ 1) (22b)
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Step 3. The estimator &(t,1) is computed from Step 2 when ¢ =1 and 7 = d;.
Proof. Omitted.

4 Conclusion

In this paper, we have studied the Ho, control problem for linear continuous-time with multiple
delays in measurements. Since the continuous-time innovations Gramian matrices are diagonal, the
conditions for the existence of Ho controller and the form of the Ho controller are simpler than in
discrete-time system.
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