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Abstract In this article we review the recent advances in learning control theory. First

insight is provided into the concept and principle associated with learning control under a

repeatable control environment. Then a briefing is given to the two main streams of learning

control-iterative learning control and repetitive control. Subsequently we survey several hot

topics in the field of learning control. New trends in learning control using Lyapunov methods

are also sketched, followed by remarks on future directions.
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àùúûÊË¤üùúûÊË (Supervised learning and unsupervised learning),
ÜÝÞÂ¼ýþæÿ��¡�ä���¯��ÊË��à	
Ù�µ�Ú�Ý�¯���ª´���¶·¦��Ù�������ÊËÛ��ÊËà	���¤�� �̄�á»Ì����

á»�àÊËà	´� !��ß"#$¡%&Û'���(Ç¯)*��á»Ì����á»ÂÃ¾©ª¥¦��´ÂÆ¾©ÄÇ+,-.¡¥¦��´)¡/Ö0ÊËà	ª1�Ö2�¯
ÊË§ª¼3Ê4��5´678�Ê´9�Ê´9:Ê´;4Ê´,7¼<�9=¸��Ê4¯�>�¤?	@AÎÓ!ÊË��5BÆCÛ'ÊË (Machine learning).

�ÎÓDE�����¤��?	´¸FGHIÉ¸JKû�ÊË½¾¯��
�ÊËLM�N¡OPQRØS¼TU�VºÊË´W����XTUÊË
(
»YÊË

),
,7Z[�9:ÊË

(Bio-learning).
�OQR�ÊË¤��\$&]��ÊË��^_¯�`ÎÓaÔÕS¼TU�VºÊË��¯

�ÎÓ!��bcNdeÖCfW§�gh'´ijklm�lnolÌp�lpq
rs´t¼Pgh'�bc��ª¹ºu¼�´iÖ2¼vwÌxyzÈ¯���{b
c|ªVº}~��������Ggh'´Â*Ö2S¼TU���¯�á»�Vº�
�����á»�d´������ �H´��ÊË¯�á»���üVº����«¬�����´���ÊË¯�`��´ÊË��|L¸���}¯��ÎÓ�bcª
�H�������´*üÊHá»�Vº��¯��v�ÎÓ¸�����´)¡��à	�� ��bc§¡¢£¤¥¦¯§���TU¹ºu¼´ÎÓ�]¨i©�ÊË����¯æàgh¼R��bc´ª¤�\È����

ui(t) ¤��«¬�� ei(t).
�

Rgh®¼��bc¯´�«¬�W°©´±©ÅR�����´å
ui(t) = ui−1(t) + qei(t) (1)

q
ª¼«¬��´�ªÊË��¯©²�³�ÊË��á»�$]¯

´
1 µ¶BCDEH}·

Fig. 1 Configuration of current cycle learningÒÎÓ¸¼¹ÔÕ�¼º/»S����¼´½¾!/¿�¡ÊË����1¯ÀÄ
Á«¬�ÂÃ

ui(t) = qei(t).
���TU¤á»þÄ�ÂÃ©´Ú¥gh��bcúM\®�á»zÈ Á̄«¬�¼ÅÆá»zÈ )́¡��'·¦ÂàÇ�ghà	È “

Ê
”
Cb

É¸��Ê¯ÊË���¼
(1)

Ç���§R¤ÅR���Ë�Ìá¯�,�Í}ÎÏØ�ÅR�����
ui−1

�ÐNÑÒ���Ó Ḉ
ui−1(t)

Ý¡§R����
ui(t)

�¼Ô�
ÕN�¦Öb´Â*§R«¬�� ei(t)

ÐN×´Øµ��«¬��á»�¦xÙ?Ý¯
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�,ÄC
úi−1(t)

�
ui(t)


áâ�Å¬ãä¯å
ui−1

�¼æ�¼ç´§R«¬��
ei(t)ÄL´«¬è

qei(t) �éêëìí´îïÅ¬ q̄ei(t)
®¯�áâ�«¬ðx�ãä´ðx

ñ�����å¡
ui(t) = ui−1(t) + qei(t).

ÂÊË�ãòÄ´àÇ���ß"
ui−1(t) ó¸ô}õ�,ö÷�øÀ"�ù�þ�¯��ÎÓ��»SÊËà	ª\ú�¯ÎÓ#ªæàþûÚ¥¤ðxü¼ýÝ´Â*þÿxº��¼¯�æà��©�R��[ÊË´¸�ù�ýÝ��[¡©�ùÌ§¦�ýÝ¯Â�øÍ�Ä´«¥ÊËúM������¯�øà	1«¬�úæàÊË�[¡Å¬	�ã¯

ÒÎÓI¸¼¹
ÊË�ø�¯ÀÔÕÊË�ø�
(1)

��û¯{À´ÊË�ø�
(1) �¸ÐNõ�ÅR�øª¤��Ê´iÅR���«¬ ei−1(t).

/R
q́
§ª«¬�

�´�ªÊË��¯«¬�T�ª��á»�¯Ë�
t �½Ì��´ÊË�T�ª��á»�ÊË�

i
��¯�ªÎÓa¸¼P���>

q,
+,��«¬�½¤ÊË��¯�ª�¸�I¸¼¹�L�ÎÏØ��Ç�Ç�� !"�#$%&ø'()*

(+ Fig.2)

ui(t) = ui−1(t) + qei−1(t) (2)

,-.&/0123456789(:; &<=>:; 9(?$%@
i A�'BCDE?FG@

t
1A�H

I
2 JKLMNOPQR

Fig. 2 Configuration of previous cycle learning

2 STUVWXSYZ[\
]^_`$a1:bc8 $%&<def9ghij klmn&<opeq1'r-st uvwxyz&<op {|}~&< ��&< ����&< �7��&<� ���H
-��'&<de��Cmnf9�-�`o���H�'�&<op1�� ���/�'�.&/0 ���'�&<=>�w�H�{ |}~&<y-��/ ¡¢£¤9¥1¦§�¨¦§.&/0 ©ª«¬w1®�=>¯°H�7��&<±y-��/ ¡¡²³71¦§�¨¦§.&/0 ©ª«¬w1®�=>¯°Hn´µ¶·e^¸¹º»¼ ½¾¿�ÀÁo�Â��$%&<H�21$%&<

– ÃÄ$%&< ÅgÆ$a¡ÆÇÈÉ¸ 1984Ê[1]
.
"¼ËÌ1$%&<Í

(2)
nÃÄ$%&<1�ÎÏÐ#H:ÑÒÓ1&<op�¦§.&/0ÔÕ 

ÃÄ$%&<Ö×+Ø¿Ù¨¦§9(ÚnÛÜ/0 Ý-Þ¡ßàG [0, T ] áâkã�iä«¬1&<w�HÀåiä«¬
(perfect tracking) æ9(ã�|3çè ée�ê5
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�ð5 �-Dñ6=>¯°'òHóô ÃÄ$%&<1Ôõ-öÒ÷&<opø�'ùHu� �úûÊ1üýþÿ� Ôõ^ø�¡:�1'��üý�G:�����6yz&<op���H

ÃÄ$%&<�'Ö3¿	=>B¸ã�iä«¬ µ¶
�45;�645�G1wx�H�.&/0nä�
Lipschitz ��1789(

ẋ(t) = f(x, u, t), y(t) = g(x, u, t) (3)

=>¯°n
yr(t) ∈ C1[0, T ]. ÃÄ$%&<1w��-âk e(t) = yr − y(t)

ÞàG
[0, T ]

'
òA�¸ 0.

��$%&<Í
(1)
��"�#$%&<Í

(2)
nÃÄ$%1Áy-�pH$%A���n

∣

∣

∣

∣

1 − ∂g

∂u
q

∣

∣

∣

∣

6 γ < 1 (4)

Å
(4)
u���ÃÄ$%&<,�- ∂g/∂u

1á*² ¿u�B$%�� q
��D

(4).
6Ò÷&<op�ö ÃÄ$%&<u��n��é��&< iä:�-£° f(x, u, t)
�xo ! ðB"�:ðBHÅ#u+ ÃÄ$%&<1Ôõ1�$ø��Î%&:C'Î%1'($%Í /) ¡ø*:�B6¨¦§1789(

(3).
u� À�+-ª'Õü,®-Æ.1/012¾3Â´4`5�HÒâ ÃÄ$%&<��6yz&<op���1y-67":Þ¸Ôõø 8Þ¸Ò9:1$%A�de;<�=>?Ñv:7õ6dHÃÄ$%1y@�-!ã�ABCDE�xF¥A�

‖ei‖ 6 γ‖ei−1‖ (5):GHI1� JKL¨¦§&<de1M-z.NnOP1
Lyapunov

op QépR
S]P1ÃÄ$%&<HTaU¡^:V'W1]þ�XYaÏZ��d[ÃÄ$%&<nx:�

f(x, u, t)
1wx� nx:�45� nx&<9(?FG@u��:ðB1HTa�U\]Þ6¡1ÃÄ$%de^_`Úaabª c�d¸efH=>?Ñv:7õ6d6Æ,Þ�ghámiH¡ÆÇjS f(x, u, t)

nä�
Lipschitz ��1��6FGkl� �8	ÃÄ$%mn�wo¡²àG [0, T ].

$`ÛÜapqTa�\]	
f(x, u, t) rsn�g Lipschitz �� tuv8dHw'o� ¨¦§&<de1yz. {|}~&<v�7��&< x�

f(x, u, t)
1� �Cyz|{{/)�g

Lipschitz

��|¥ �{ x2.
efvm}1/ö ~��� ¡�

f(x, u, t)
1�Þâk��¨¦§&<q��:u�1H?#o���1�� �ô������'�HÞ��¼ ½¾

	�×��H¿ÞÃÄ$%&<L��1�F ��1&<de��¾�Þ���w'$%&<de
– ��&< ����$%&<[2]

.
Àde��ÃÄ$%&<1�� 1H�¡�¢¸��.&/06=>¯°1£¤§�r�§ �"'£¤1&<�¥bj¦'£¤1&< �¡-�{
�§¨©�ª«^¥1&<�H,� ÃÄ$%&<¬Þ¡ßàGáiä«¬ 8��&<�<1�éßàGá©«¬H��&<Í1�Î®#n

u(t) = u(t − T ) + qe(t) (6)

½¾iäu�	Á$%&<Í
(1)
v

(6)
Þ®#á('ÔÂHÈ¯	éßàG [0,∞]

ÏÐnéß`°%±àG
[(i − 1)T, iT ], i = 1, 2, ·.

~
τ ∈ [0, T ),

±/¸
[0,∞) á1w'F² t,
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¿CÀ�'/~àG
[(i − 1)T, iT ),



t = τ + (i − 1)T . Á u(t) = ui(τ), e(t) = ei(τ),

±
u(t − T ) = ui−1(τ).

¸�&<Í
(6)
uÏÐn

ui(τ) = ui−1(τ) + qei(τ),
6

(1)
iä'òH��&<1�� y-��/ÂÃ

(servo)
&<w�HÄÅ`�6d Æ+-.&/0«¬�'=>¯°�ÇÈ�'³7 &<ÉÊËÌ`ÍÎ�#=>¯°

/
³71789(��1äg�H!½¾��À¡'ÏÐ�=>¯°

/
³7n

C1
�G1wo£¤|¥HÄÅ)�ÑF¥ �n£¤1|¥uÏÐn

h(t) =
∞
∑

j=0

aj cos

(

2πj

T
t

)

+ bj sin

(

2πj

T
t

)

9¥
aj

6
bj

1ÒÓÔ¸£¤|¥1®4Hóô Î�#=>¯° /
³71789(��

$uCnéßÕ ÞÖ×�Ø�á¡éß`/ÙÚÛõ±¸Ü@áH-	éßÕ1789(��1äg�''ÝÞßS&<Íqóô�:uC1HxÐ ½¾":'BC£°À
à9¥ �{£¤³7H��&<op1áâÞ¸ ,-ã¯£°|¥1£¤ T ,

¿Câk&<=>H��&<6ÃÄ$%&<'¡ ä:$%Àà£¤1=>¯°�³7 8�åæçèË�1é<�HÒêp�?çè@
i ëìíîs©HÀîs©Þ�í£¤ªïðõîs (pointwise integration),

8�íõ1îsx�,6ñí£¤1�íõü��9Hò½¾��ÀðõîsÜó¡xôõH£¤|¥Þ�ö£¤ iT
1õáÒ÷�H78ðõîsãâáÞ�íõ?çè@ i

/)1ø�í¤¥H/¸�B§1ùé/0ú�~¸£¤=>�³71d+é<�~ní£¤|¥úû ur(t) = ur(t − T ) = · · · = ur(t − iT ) = · · ·. ��é<ü��ýÀí�é<þÿ1õ(H
��é<devopÞÂÃ (servo)

é<q&�´���~�HTa�íUÞ 1996 ÊÚ^����úük¡���é<���¥��ø¸ÃÄçèé<Hc�ú��é<de�üýQ:{ÃÄçèé<Â���	�ÊÞ
�y�é��áüÏ�çèéde
í��{�q¸ÃÄçèé	Ò67úTa�núÞ¸��é�çè�����Þ�h����	�ôú��é��h�����â���ú�� !"é���#$%&'()*+,	-./�0123�456789:;<	/=7>?/@ABCDE�FG	HIJKL

4 MNOPQ	

3 RSTUVWXYZ[\]^_
`J()*abcAdBefghijkhll/MmnCop qrsetuvC?oBwxyz�{|E}&'()*ae~�C,�K���>�`eo�NOPQt����/�e ��

KAIST
e

Bien ����~% 1998
Be �

&'()*a
– ��@��@����� �[3]

.
Ado�()*ae��$�C��|��� E|C¡¢

Bien
@

Moore
@

Longman,O£¤¥¦§¨©CJªI¥B«¬e�®¯��@��@�����°h{±²d³´C µ¶·()*abc¸
1984

7
1998

d¹Be/º»0jkt
1999

B¶·()*abc¼½¾¿./$ÀtÁÂÃÀÄÅÆÇCÈÉÊ�ªIe����Ëyz¿}%&'()*aeÌ~tÅÆÇÍeÌ~[4] �y@���jk¿&'()*ae/ÎÏ`ÐÑ���tÈÉÊÍeÌ~[5] Ò¸;<ÓÒ:@()Ô@Õ�Ö×@ØÙ:@���Ú¹Û0ÜÝ;<Þßà¿&'()*abc7 1996
Báâãä�ekitEåæe CÈÉÊÍeÌ~ Oçmfèet�éêç�K&'()*aÛ0e¬
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ñ7ò¿Ýó��ôõöt��¨/�÷øùúûK 2003

Byz¿Ì~ �
9:�89:&'()*a

�[6]
,
4çüý´þçÿ�¿¶·e&'()*a���ÛÑtw�¾�HIµÝ�&'()*abcü�eo±��NO	
t������$�&'()Ôe/�èò�á

ui(t) =

n
∑

j=1

ajui−j(t) +

n
∑

j=1

bjei−j(t)

4yf�8�=����K()����¿ü/��e*a� !"#i$~C%s&�üo'��e� C() *+,-t$�&'()Ô.��e
Bien

%
1989

B�y[7]
, /50yrN1()2345e6�t��¦¾f748qh9t- m´ç�ye:;<=> C?¤¥@ABCDtK 2002

B
IFAC

��±E+C()*aÌFIGHI¿$�&'()ÌJt�üKá$�&'rON423C-L��¬ñkiCMNO%9:H��Pe*a� C�cQRh9[8]
.
�EKá$�&'rOST�()Ue�VW( (

%
XY23Í

),
-Z[\]ebc^_t.Eo`��CEab/c¬ñt/`KáC$�&'rO()�&'UdeÒfge�ht¼/`KáC$�&'rOi[jk�helWtmn+CE|¬ñHoK

1987
B!"µ$�&'pq¿	
C�y¿rs+ST()ekc[9]

.
� tuvCwm�çm/xyshá�z({�e|}~�t������Knz(�çCÐÑ (1) � (2) �qb�t.%�x�CÐÑ (1) ç|�����h���C¸�E?§��tÐÑ (2) ç�E!�C,��ØÙ:t8��Ñ JÐÑ (1) �

(2)
�Aá/C�Üä��l

ui(t) = ui−1(t) + q1ei−1(t) + q2ei(t) (7)
��Cnz(�ki$�

(7) �q�%åt()��j E��¦�C>¦qr2�tµ�CÌFI/�KáC()*a�&'U
i
 /·�e���tnz;<eW(j � ¿rÏ"�qrÏ"Á±¡�ht./Û0C¢c£¤�hC()*a¥/�¿¨t%iqrÏ"�h�&'U8

l2,
!E¦�¦$t()��E��C .%rÏ"��ei[t�¦�C qrÏ"�hK§¨©tª¤8�§¨©e��«¬ N®¯�t% ()Ô¼�S°h

ui(t) = A(jω)ui−1(t) + B(jω)ei−1(t) + C(jω)ei(t) (8)4ç A(jω), B(jω) � C(jω)
rO ±±²²e®¯�t¶�Knzç³�e>´±�®

¯� N/uµ,¶
ui(t) = αui−1(t) + q1ei−1(t) + q2ei(t) (9)Ý;#

0 < α < 1
óC()*a�&'U

i
fh/�·¸®¯�tq��Ñ¹EZº�JE��¢��hCq�»¼½¾<<µ1tKnz(�çCrÏ"�hC¸�áE��hC¿¿Â%·rÚt�qrÏ"�hC%jkCÒÂ%$rÚt.�ùy/Á»4À¨Ñ�J

A(jω)
��h·¸®¯�CÁÂ·rÚCÃi$rÚtÄL��e¶ÅCJ A(jω)

��
hA�

butterworth ®¯�CrOÆ�Çve#itÝÈ*µÉá9:óC�r� H∞

Í
rse;<��ÛÑ[10]

, � ¡ÊËÌÍÎeÏÐÑ®¯��ÛÑ[11]
,
¾ÒÓ

(8) çe®
¯�t
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ãäåæ���µç9:ÈèµÉCé�êëèa�>6èaÛÑ�r5679:ìíîïtÓðAº�ñéòó
Ji+1(ui+1) =

N
∑

j=1

λj(‖ei+j‖2 + ‖ui+j − ui+j−1‖2) (10)

N
áêëc�ô

λ
áõöótµ÷øù�r�ú68

ui(t) = ui−1(t) + KN−1ei(t)

KN−1
áú6ûüýþtÜ(eú6��ÿ%�eìí}ö

ei(t) = LNei−1(t)

LN � KN−1, �� N � λ
eû��XY��t��ô�êëµîïèaÿ�v�«¬�ki$�[12]

,
êër��4îï23ô�÷�µ	ú
ÜÂö�ô�£ST��tq�ô��<ÛÑ¥�ÿ���t�ÛÑ��

N − 1
'é��c�qô�Ð�±�}�����ôêëú6ìíîï��5�5��é��5��÷ !"îïè#$%&'ô()*+�,-.�/-�,-�012345678ô/-�9:;<5678=>?�@ABCôDÿEF�GHIJKLMNOP�Q	R�STUVWXY)Z[�\]^_`abF

ẋc(t) = fc(xc, ei, · · · , ei−n, t)
(11)

ui(t) = gc(xc, ui−1, · · · , ui−n, ei, · · · , ei−n, t)cd`ef�ghSTi#jF (11)
�klmn�opqRrSTUVWstuvwx?`�yz{|^_r�}~$%���STUV�� fc(·)

�
gc(·)

[��
Lipschitz ��`Z�7�

∂gc(·)/∂u
����`�0;>�����`���C����[`����|}~

fc(·)
�

gc(·)
��%����0� qRrUVi#¡¢RrUVi#`£¤[�¥¦£qRr§¨©�ª«©¬®¯°±?²³2´$%©µ¶�uv?·¸qRrSTUVW[13,6]

: ¹ºUVW (12)
�»¼

(Secant) UVW (13)
2½��

ui(t) = ui−1(t) + q
ei−1(t)

∂g/∂u
(12)

ui(t) = ui−1(t) + q
ei−1(t) − ei−2(t)

ui−1 − ui−2
(13)

)Z¾v`¹ºUVW¿À4Á^_Âv$Ã©ÄÅ`Æ�ÇÇ[ÄÅ©����»¼UVW���È>?ÉÊË©ÌÍqRrST�ÎÏÐÑ2´`¹ºUVW�»¼UVWj0ÒÓUVÔÕÖ×`&ØÔÕÖ×Ù^FÚ¹ºUVW >
»¼UVW >

RrUVW�TÛ[¿À4ÁÜÝ©^_Þß�
4 àáâãäåæçèé

eêuÁ?UVi#ÐÑ©ëìí `îïðñ�¯òóôëìí õö>÷�¿Àøù©[`!"UVi#¬»$úzû`�qü�ýþ��[`¯Èÿ!"UVi#�
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�`���	[©
��(É²U�;�©mn`�F
��©Èÿ�����?�©�¯r��Ér`Z���ÔÕÖ×��[
��Ä�^_Â��ÂvÙ^`w�01234^_��Þß`Å�!"UVi#©}~$%�0��¢�� Lipschitz ��©qRr^_�

 ��!ÈÿÉQ©qRrUVi#�¯ò`��"#$
��(É;�%:%�&©'(����`Ø¢))**©qRr\]^_`�À0� �©�¯+i#©,-ÔÕ`���q.©/01A?�©2`µ¢ Lyapunov
©34qRri#$%`�567i#8qRr9:i#;`<��ò�öUVi#ÐÑ©=ÉÀ>`[�?�@ Lipschitz��©\]^_`A�B2$ÃCDE| x2 F�GH`�¿±I�2JÀK`LM°²6�q°²6�FNvOP`±QRÊË©SiØT

ẋ(t) = η(x, t) + u(t) (14)

9
η(x, t)

)2�F
a(t)x2 U a(t)

FÉz78���
x
:Ù©°²`ÆqRrF x2 s7`V^_

(14) W|°²6�2JÀK��� η(x, t)
:%2�Fz7°²+s7��X²`�

η(x, t) = x2 sin x
<Yz7`V^_

(14) W|q°²6�2JÀK�567i#�qRr9:i#(·Z[©3\�[À2½Ø]°²6^q°²6�2JÀK©i#�_���`dabUVi#.0Ø](·h�2JÀK`�UÀcv¢dÆe¢d�öUVifÐÑ�À0ghei�©¡jk_ÚSTUVif©|�lm;��n+opif©qrrUV�st�f©rb`öUVifÐÑu�[Év#ÐÑY^`Rw0xygzU[`{|}~�EFqRrifÐÑ`�À|É��|�©�Jr2´$%���q7`µ¢
Lyapunov

X²Z�
Lyapunov �X©�Jr2´[&TqRrifÐÑ©������ò`0��4(É����`"[l½���öUVifÐÑ©3À(��É���=É�©[!5���b��ZU©���¬®�¯��U¥Ñ��[14]

, �Ñ?|�lm�°²6^_©UV�_`��?�X

V (âi, t) =

∫ t

0

[a(t) − âi(τ)]2dτ (15)

+°²6STUVW
âi(t) = âi−1(t) + qx2

i ei(t), t ∈ [0, T ] (16)

G�
ei(t) = xr(t) − xi(t)

[���n���³��1©[`qRrUVW (16)  ¢4�?\]^_©�@
Lipschitz F x2.

|1¡©[`¢¬®,r£�qRr9:if©¬`�Æ0¤v��UV©¥¦`49:�§`¨UV�©���ª!¾É�`UVif)�£567if�.U�«�¬�®© Rogers
¬®¯¯�|�lm�°²6^_©UV�_�[15]

,
��

Lyapunov
X²

V (ei, âi, t)

V (ei, âi, t) = e2
i (t) + [a − âi(t)]

2

+B26°²UVW
˙̂ai(t) = qx2

i (t)ei(t), t ∈ [0, T ]
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���±IST¿( i,
Z�©B26°²UVW+567ifÉQ:Ì�)[¯|�lm���%ÀS�Á567ifÁ�mÂ,ÃÔÕ©,-��?$%["&Ä·H°²STUVÅ�Æ8 ³ÇÈ

âi(0) = âi−1(T )òÉtVF567UVif`Ê¾E[567ifÁUVif�m©�Ë`�F�64¢z7J.°²©Ìt�ÆÍÉ
(16)

=64¢�1���Î°²���ÝÏ©Ð]`öUVifÐÑ©¥¦sÆÑm>[6,16∼27]
. Ò�!`Z Lyapunov �XF�Â`ÊÀóôÓh�6UVif�>�ÔÕÖ×ØÙÚNO}SiØTF

ẋ(t) = a(t)x2(t) + u(t)

'(Û�F
xr(t), t ∈ [0, T ]. ifW+°²UVW2½F

ui(t) = ẋr(t) + kei(t) + âi(t)x
2
i (t), âi(t) = âi−1(t) + qx2

i (t)ei(t) (17)

JÜ
Lyapunov �X

V (ei, âi, t) =
1

2
e2

i (t) +
1

2q

∫ t

0

[a(t) − âi(τ)]2dτ

ÊZÝÅv
∆Vi = V (ei, âi, t) − V (ei−1, âi−1, t) 6 −

∫ t

0

e2
i (τ)dτ

ÞÆÝÅv
lim

i→∞

∫ T

0

e2
i (τ)dτ = 0

ßò�vÚ^_�� xi(t)
¯lm

[0, T ]
��àááÔÕ¢'(Û� xr(t).âÕÖ×ØÙÚNO}SiØTF

ẋ(t) = a(t)x2(t) + u(t)

'(Û�F
xr(t), t ∈ [0,∞). a(t) = a(t − T )

[Z
T
Fqr©z7�Î°²�ifW+°²UVW2½F

u(t) = ẋr(t) + â(t)x2(t), â(t) = â(t − T ) + qx2(t)e(t) (18)

JÜ
Lyapunov �X

V (e, â, t) =
1

2
e2(t) +

1

2q

∫ t

t−T

[a(t) − â(τ)]2dτ

ÊZÝÅv Lyapunov �X©C�Å²
V̇ 6 −

∫ t

t−T

e2(τ)dτ
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ÞÆÝÅv

lim
t→∞

∫ t

t−T

e2(τ)dτ = 0

ßò�vÚ^_�� x(t)
,Þã�àááÔÕ¢'(Û� xr(t).ÔÕÖ×IØÙÚNO

}SiØTF
ẋ(t) = x2(t) sin x(t) + u(t)

'(Û�F
xr(t), t ∈ [0, T ].

����ØqRr�2JF x2(t) sin x(t)
É:�7`��ifÍÉä":åF]`UVæ":£çè�¯�&qRr9:if^é\êëif�`¿Àì�qRr�2JF©��X² β(x, t) > |x2(t) sin x(t)|. íî;è{`¯�&UVif�`æ} β(x, t) sì�ò�òï`9:[ðñ�æò¥ó`ôdX[så���nõ×`UVif�öæ÷�dÆ G̀�|wZ©l½�9:ifXø�[ùúûoü��nõ×ý?¢úûùþ�ÐÑ�ÿ`À�&���¿��ùúû��[�É�&©�q��ò`¯��if�ß¢��©Ù^`úû���ùÉ�ä���`^_�pÊ	�`��Ý
É���ÚÈÿÉ9:�f����|��n�����úû�åý��ù���Êå¥�Z����À��	��f»;�É��«�Å�op	��Ê�"����������� !"�
#$�fÍÉ%&'	��f�st
()	*+ðá�,-./&'	�0+#1234[26]

ui(t) = proj[ui−1, u
∗] + vi, vi(t) = (ρiκi + 1)ei

ρi =
√

|ẋr |2 + ε + βi, κi =

√

e2
i + 3ε2 + 8ε

(
√

e2
i + 3ε2 + ε)2

(19)

56
βi = β(xi, t), proj[ui−1, u

∗] í#789�u∗ í:;�<=> ur(t) ?7+#@A)BCD�
vi í&'�<�E ui = vi, F�G/HIJ�í ε.2K

Lyapunov LM
V (ei, t) =

1

2
e2

i (t) +
1

2

∫ t

0

e−λτ δu2
i (τ)dτ (20)

F�GN/
∆Vi = V (ei, t) − V (ei−1, t) 6 −e−λte2

i−1OPGN/
lim

i→∞
e2

i (t) = 0

QRST
xi(t)

5UV
[0, T ] ?WWXYZ[\]^ xr(t).

&'	��<F�_`abc,+defg�
hijklmnopqrstu5v7UVwxyz{��56|[\]^ xr(t) }� T ~��+My��<9��F��C���7UV+&'{��< (19) ��de#���#+���W5Z&'�<�A�!"��� Lyapunov LM (20) �����V���� e−λt,

xy
λ F
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�}#ª�)+y�«����|}¬<5®¯?w°±�²2³ η(x, t)
+

Lipschitz
Qy�´6µ¶·�¸¹Zv7UV��6�º¬»¼ (17)

+&'�<�A
u(t) = proj[u(t − T ), u∗] + v, v(t) = (ρκ + 1)e + γ

ρ =
√

|ẋr |2 + ε + β, κ =

√
e2 + 3ε2 + 8ε

(
√

e2 + 3ε2 + ε)2
(21)

H� γ = γ(x, t) ~ η(x, t) = x2 sin x
+½Ny+?�My�F�¾¿QRST x(t)

�OÀ
��WWXYZ[\]^ xr(t)

[27]
.

5 ÁÂÃÄÅÆÇÈÉÊËÉ
ÌÍ�ÎÏÐ+ÑÑÒÒ|ÌÓ{Ô�<:ÕÖ}×)ØÙ|ÚÛÜÝÞßHà1+{Ôáâ|ãä�

PID
#�åæ+çµ|{Ô�<¼5èéêëìíîïÞvÕ}�<[\ðñ�òóô}õö÷ø|ù¬úû��üýFþÿü|{Ô�<�á�ª��ý�¬��|)8����<��Þ�H	+{Ô
µ|��Ì��{Ô|RC{Ô��|ÌÓ+��{Ô��ÿ{Ô��Z�#[\+�²{Ô|ª�¿²��|�P{ÔçµFã)~å�Þrå�+{Ô�<0 (1)

ùû#�����?E� !"#9Þ��å�ð$òü%ð&'¶()*+ÌÓ{Ô�<+1,¼}_-èé.%/+Þr0+��{Ô�<11ã29345~�<òóÞr6+789:¶;|��{Ô+<=>?@èéZAB�<[28,29]
, CDEø[30,31]

,
�FGH[32]

,
ãäQRIJ[32,33] KÞ�ÿ�<LMLÀ>@éZNOGHQRÞP#
-|ã

LyapunovLM~QR+${Ô�<:Õ¼S�5:ÕêëTìíUÀ|¬V{Ô�<WX~#dY+�<:ÕZQÞò6|[¸è�<:ÕZQ\]}^_`JÞaZQR�òbyðcZSTýd/=>+��|xtJzeQR�V+<f|[¸ègu9+�h|iOjk�»¼0|l+mnü�"5ü|ãä�<9�CK+Ù�op|\q�[¸è�<Ö3rsdY:ÕZQ[34,35]
.
���,|t{Ô�<:ÕuvwxyzÞ��|$ò?{+QR�<+QR|}|t{Ô�<:Õ¬l~+|}��L��Z[¸è�<Þãv7UVxyz{ÔAB+l+"5ü~�ÞQR�{Ô�<0 (18)

�
rs�¹z�A�mn�VJA
B�Þ�Pvµ�[¸è�<:Õ���é�R+cZ�A
B+l+"5ü:ÕÞt��[¸è�<:ÕZQ+I������4+6�ÏÐ)�Ð�|{Ô�<:Õ+ZQ�ªþP^�|�û�ZN�����sX�4|�aì�Þ

�����~y{+���tu{Ô�<:Õ|opt+78
�ÞÌÓ{Ô�<�_?5 Banach  V��h�s¡1¢+£¤¥¦|§rsc¨,©|�P{ÔXY+ª7«}�s+�ø,Þ¬Z£¤¥¦+�h~�®|�6PsFá+¯°}�éH±+�ø,:Õ|�ht{Ôç�|²)F{Ô+³´Þ6õ|µ.�¶·i�<
µù5¸¹ V�û&Þ�º5¸¹ VòÌÓ{Ô�<
µO»�¼½h|W¾¸¹ V¿1,|û�Osz78ÞÀtut{Ô�<:Õ¿WX VÞ)TÁÂ*,ÞÃÄ|Å�ÆÇÈ�¿É�ÊË¿{Ô�<¿¨Ì}MyÍ6ÎÍ6Ï¶My a(t) ý ur(t).
5LM�òMyÍ6ûµi�Ð¿:Õ�'Þ�ºwW)sÑÒ|èé�ÓÔ�<QR�|��VMyÍ6e Lyapunov
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LM�¹|}{Ô�<:ÕÚÛ�¿þª�sÞ�_?|�Ì���ÜÝ��>�<:ÕÞ�¿ß¼}Hàà¿MyÍ6áâÞ)
á¿ÄE¼âûcZÜÝ��¿{Ô�<
[36,37]

.
Hã|Át��s��¿{Ô}�ä¿Þûº¬V{Ôåæ�ç��ý<��|èéw��êyÞrs|â~wë¿ìÕZí|cZ Lyapunovîê¿{Ô�ïôèð} “ñ��ò
”
¿�4|áóôNõ�ïìÕö÷¿��|ø§ts��w°ürù{Ô�ï|w°üJzúû{Ô�ï|Jü{Ô�ï|ýþ{Ô�ï|§ÿ{Ô�ïKKÞ
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