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Abstract This paper presents criteria to evaluate different approaches of redundant data

fusion; the criteria mostly concern the expectation and the maximum of the fusion error. A

new fusion approach for multiple data is also presented, as the data have different accuracies.

This approach is an extension of the weighted average. Through theoretic analysis, we obtain

the formula to calculate the parameters for fusion of two uniform distribution data. Through

Monte Carlo method, we get the parameters when we fuse more data or other distribution

data. Our extended weighted method can fuse uniform data that cannot be handled by

maximum likelihood approach. Its result is compared with other three representative fusion

algorithms: maximum likelihood, optimal weighted average, and HILARE method. Com-

parison shows that our approach is better than all weighted average approaches; it has the

smallest expectation and smallest maximum of the fusion error in all the four approaches.

Key words Data fusion, weighted average, uniform distribution, minimum expectation,

Monte Carlo
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1 ÔÕ
Ö×ØÙÚÛÜÝÙÞßàáâãäÖ×åæçèéÙêäëì[1,2]

. íÚîßäïðåñòóôõö÷øôõùúåèûüÜýþôõëìÿå��������ßä��
[3,4]

,
ñ	â[5∼8] ø
�[9]

.
Ö�å��û�ä��Ö×äØÙ�Ú����ëì[10]

.
ñå

HILARE ����Þ�����åñì ÚÖ×ä!"���àÖ#$%&Ö×�������å'(%)*+�!",-äÖ×./0
[11]
(12Þ�34�,567ýþ8çä)*&9ØÙÖ×:;����ä!�.<�å��=5ß>÷?@AÖ×äØÙBå/0

[12] CÚDßä!�./0 [13,14](EFÞ��G?HIJ,567ýþJ�����ÿ&��Ö×:;ØÙä!�.K9ØÙÖ×L�MNOäPÛQ#Rå,567ýþSDTÜ��.UKÖ×éVíäNO
(
ñW�XNO

)
Rå,567ýþ%��YöDTZ[Þ.èé\]äLå^_ö`a�bÖ×ØÙ!�åUcd`a�àefg3!�ïhäij.klm/n
2 opçÞ�àef��!�ïhäqrijsn 3opçÞ�3tu�����åíöØÙvà�XNOä��Ö×åwùêFNxyzÞVØÙ{Ösn 4 owù|}å~��!�]T?Ví�3�����sn 5 o�m/pçätu�����8�aVíNOøßà9ØÙÖ×ä��åwù�����üYÞØÙ{Öå��Ví!�:;Þ&|.

2 �����������
�]� n

à��Ö×ØÙé�àÖ×.��Ö×é
X ′

1, X
′
2, · · ·X ′

n, í�L��áâã&����ä���ê#:;�#zaä.
X ′

i (i = 1, 2, · · · , n)
�éPÛQ#.ØÙ�äÖ×é

Y ′.
~7å

Y ′ �L�àPÛQ#.�� ¡ Y ′
| Úä

X ′
i ¢èûü. Úáâã¢Sd��#£¤ù¥¦§jd¨©ª«¬"å?LX ′

i (i = 1, 2, 3, · · · , n)

¢Úª«¬"å®WE[X ′
i ] = θ, θ

L��#ä¯°±.²
Xi = X ′

i − θ (i = 1, 2, 3, · · · , n)d³
Y = Y − θ.

�´�µ¶å·¸]� Xi (i = 1, 2, 3, · · · , n)
ØÙ¹

Y
®S.lRÚ

E[Xi] = 0 (i = 1, 2, 3, · · · , n)
d³

E[Y ] = 0.Úîß!�ö� Xi(i = 1, 2, 3, · · · , n)
ØÙ¹

Y [10∼12],
Uº»�àqräij�f¼½�!�äïh.m/pçv¾ij�?f¼åí�S�R¿N¼+�.v¾ijñÀW1)

|Y |
äÁ¡± E[|Y |] �-å!��T.2)|Y |

ä,5±
Max|Y | �-å!��T.

3 ÂÃÄÅ���
�·Ú

X1

ø
X2

�ØÙåí��éPÛQ#.X1

L
[−1, 1]

Bä�XNOå
X2

L
[−h, h]

Bä�XNOå
h > 1. ÆÇvà�XNOäÖ×¢SdqÈ¹é½3�É.wÊäØÙvàÖ×ä�����ä�ÉL

Y = kX1 + (1− k)X2,
½LËÌ?BÀ/äYÊ

(Context independent constant behavior, CICB)
ØÙÍÎ[15]

,
VØÙ{Ö�P9ØÙÖ×äQÈÏQÈ.ÏËÌ?BÀ/äÐÑ

(Context independent variable behavior, CIVB)ØÙÍÎSöÚèTä¶ö
[15]

,
�ÒÍÎäØÙ{ÖP9ØÙÖ×äQÈÏQÈ.m/ØÙ!�Ó?

CIVB,
½ÔÕ£étu�����.VØÙÖ×ñÀ

{

Y = X1 if |X1 − X2| < C

Y = kX1 + (1 − k)X2 if |X1 − X2| > C
C > 0, Ø 0 < k < 1
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{Þß
1,
½Ò6?

X1

ø
X2

äHIàÙNOß.
C
ø

k
évàQ#å�

h
ä5-Úá.

í�âwù,-È |Y |
äÁ¡± E[|Y |] ��üY.

ã
1
t\S_NJK

Fig. 1 Fusion of two data

äå�þÍçæàç�ä
E[|Y |].

lRè�)é
X2 − X1 = C ê?ð E

äëì.�í
âîïa+ E[|Y |] ðañ-±ä)é X2 − X1 = C

ü°ê?ð E
äëì.

3.1 òóôõö E[|Y |]1
E1[|Y |]

é÷øç�ä
|Y |
äÖ�Á¡±.ù?&Õ¶å·¸EF X2 > 0

ä��.®+Kð
B ê? X1 úÀíRå�Lñl.ð A ûié (h− c, h),

ð
B ûié (−1, c− 1).

1
S = 4h, íLæàç�äíü.K −1 < Y < h− c

RåHIý�þÖé
f(Y ) = (C + Y )/4h.K

h − C < Y < 1
RåHIý�þÖé

f(Y ) = h/4h = 1/4.

1)
K

h < C
RWlRÿ��ð

A
�

X2 úäëìåÚ

E1[|Y |] = 2(−
∫ h−c

−1

Y
C + Y

4h
dY −

∫ 0

h−c

Y

4
dY +

∫ 1

0

Y

4
dY ) =

(h − c)3

12h
+

C

4h
+

1

4
− 1

6h
(1)

2)
K

h > C
RWlRÿ��ð

A
�

X2 úä�ìåÚ

E1[|Y |] = 2(−
∫ 0

−1

Y
C + Y

4h
dY −

∫ h−c

0

Y

4
dY +

∫ 1

h−c

C + Y

4h
dY ) = − (h − C)3

12h
+

C

4h
+

1

4
− 1

6h
(2)

3.2 �óôõö E[|Y |]1
E2[|Y |]

é�øç�ä
|Y |
äÖ�Á¡±.�ð A

Jð
B
Jð

D �åN¼ÚW
Y (A) = k(h − C) + (1 + k)h = h − kC, Y (B) = k × (−1) + (1 − k)(C − 1) = C − kC − 1,

Y (D) = h(1 − k) − k = h − (h + 1)k, �zåY (B) < Y (D) < Y (A).ð
F′
äûié (−1, (Y + k)/(1− k)),

ð
G
øð

G′
äûi�é (Y − (1− k)C, Y + kC),ð

F ûié ((Y − h)/k + h, h). ∆BG′F′
J

∆BAD
J

∆GAF
äíüN¼SþÍzañÀ

S∆BG′F ′ =
1

2(1 − k)
(Y + kC + 1 − C)2 (3)

S∆BAD =
1

2
(h − c + 1)2 (4)
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S∆GAF =
1

2k
(Y − kC − h)2 (5)

?LåK
Y ∈ [C − kC − 1, h− k(h + 1)]

d³K
Y ∈ [h− k(h + 1), h− kC]

RåHINOþÖN¼é
P1(Y ) =

1

4h
S∆BG′F ′ =

1

8(1 − k)h
(Y + kC + 1 − C)2 (6)

P1(Y ) =
1

4h
(S∆BAD − S∆GAF ) =

1

8h
[(h − C + 1)2 − 1

k
(Y + kC − h)2] (7)

?LSzHIý�þÖñÀ
f1(Y ) =

1

4(1 − k)h
(Y + kC + 1 − C)

(8)

f2(Y ) =
1

4kh
(h − Y − kC) (9)

E2[|Y |]
ù

k
ø

C ���YåE1[|Y |]	ù
C
�Y.)é

Y = k ×X1 + (1− k)×X2 ��
�ç�
∆BAD �Név�Nå�)éwùð
D,
{Þß

2.
Sz

k =
h

h + 1
(10)

³
ã

2 �� OD
z�¡����

∆DAB

Fig. 2 Triangle DAB divided by line OD











S∆BGD =
1

2(1 − k)
(kC + 1 − C)2

S∆DGA =
1

2k
(kC − h)2

(11)

� (10)
É��

(11)
ÉåSz

S∆DGA = hS∆BGD,
k

h > 1, �
S∆DGA > S∆BGD (12)

ù?vìíü�ÿåSd8�éÞ+
E2[|Y |]ðañ-å)é Y = k×X1+(1−k)×X2 = 0�Kê?ð D

øð
A
£�.lRÿ��











C − kC − 1 < 0

h − k(h + 1) < 0

h − kC > 0

®






















k >
C − 1

C

k >
h

h + 1

k <
h

C

(13)

?LÚ
E2[|Y |]=2[

∫ h−k(h+1)

C−kC−1

1

4(1−k)h
(Y +kC+1−C)(−Y )dY +

∫ 0

h−k(h+1)

1

4kh
(h−Y −kC)(−Y )dY+
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∫ h−hC

0

1

4hk
(h−Y −kC)Y dY ]=

(h−kC)3

12kh
+

(kC+1−C)3

12(1−k)h
+

(h−(h+1)k)3

12k(1−k)h
(14)

3.3 ���� C � kSdwù&æàç�ä
E[|Y |] �ñ-±�üY C

ø
k.
®







d(E1[|Y |] + E2[|Y |])
dk

= 0

d(E1[|Y |] + E2[|Y |])
dC

= 0

(15)

ké
E1[|Y |]

�
k �áåklK h > C

Rd³
h < C

Rå
(15)

Éän�É !"®
d(E1[|Y |] + E2[|Y |])

dk
=

d(E2[|Y |])
dk

= 0

#$
k2(2C3k3 + (−6C3 + 3C2)k2 + (6C3 − 6C2)k − 2C3 + 3C2 − 1) + 2C3k5+

k4(−4C3 − 3hC2) + k3(2C3 + 6hC2) + k2(−3hC2 + h3) − 2h3k + h3 =

k4(h3 + 3h2 + 3h + 1) − k3(2h3 + 6h2 + 6h + 2) + k2(3h2 + 3h) + 2h3k − h3%½&á#
k ' 5 ()*+,-./01&% k1 = k2 = 1 23&4# k '5()*

4C3k3 + k2(−2C3 + 3C2 − 3hC2 − h3 − 3h2 − 3h − 1) + 2h3 = 0 (16)67849
(15) :';<&)*+=>?@AB h > C 2 h < C 1CDEF

1) G h > C >+H&AI' E[|Y |] 'JKLMN,OPQ#RCDE"(15) :';<&)*S
d(E[|Y |])

dC
=

(h − C)2

4h
+

1

4h
− (h − kC)2

4h
− (C − kC − 1)2

4h
= 0TU)*'%S

{

C1 = 0

C2 =
h − 1

k

(17)

C1 VNWX+YZ[\"7][\ C = C2 'DE^+_S k < 1, _= C > h − 1.G`a X2 − X1 = C bcd E >+C = h − 1, efg 1. C > h − 1 Whi`aj#d E 'kl+7mUno E[|Y |] pm+qrTstuvwR3d"xy+./'%z
(17) {|}uv"=~+�� (13) : k > (C − 1)/C 2 (17) : k = (h − 1)/C, ,-�.
(C − 1)/C < (h − 1)/C.

#$,. h > C.
R�$TU�. (17)

R&%z>uv'DE"R�Whi�� k {|�� (13), �%z C = (h− 1)/k �{|�N'��2uv"��p+ (17) :�' C
$��'"Yc+R�VN���� k

$�3�{|�N��2uv+]N7������>+����'�����8����"�
C = (h − 1)/k  ¡ (16) :+.

4(
h − 1

k
)3k3 + k2(−2(

h − 1

k
)3 + 3(

h − 1

k
)2 − 3hc2 − h3 − 3h2 − 3h − 1) + 2h3 = 0

�+k3(h+1)3− k((h− 1)3 +2h3)+2(h− 1)3 = 0,
#$,-bc^U')*¢8£� k 2 C,

{

k3(h + 1)3 − k((h − 1)3 + 2h3) + 2(h − 1)3 = 0

C =
h − 1

k

(18)
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2) G h < C >
d(E[|Y |])

dC
= − (C − kC − 1)2

4h
− (h − kC)2

4h
− (h − C)2

4h
+

1

4h
= 0

#$
C1,2 =

(1 − k + hk + h) ±
√
−3h2k2 + 1 + k2 − 3h2 − 2hk2 + 6h2k − 2k + 2h

2(k2 − k + 1)
(19)

=>,´ (16) :µ (19) :�. k 2 C, ¶����=>' C
$�Sq�+·��£� C 2 k

$�NWX",¸; 3 ¹º»�^F¼� h, ,-bc (18) :½¾»� (19) :2 (16) :�0M¿'
k 2 C. qrT+7ÀU�N'noÁÂ�NWX'%º$8Ã (18) :"
4 ÄÅÆÇÈÉÊ

R��ËÌÍÎÏÐ�ÑÒÓ5C)���ÔÕF1) ; 1¹�Ö×' HILARE )�Ø
2) bÙ'M¿ÍÎÏÐ�Ø3) ÚÛMÜÝÞßn�[11]

. G��'àáSÐâBã>+MÜÝÞßn�ä-å`æç´+R�]$´wèé [11] �'ê:"ÓY$ëì'MÜÝÞßn+R�íîïpSÚÛMÜÝÞßn�"678M¿ðbÙ'ÍÎÏÐ�"Òê:�^FY = kX1 + (1 − k)X2, ?@�0G kSñL>+})�ò/M¿"Ò� Y, k, X1 2 X2 '�XÑ; 3 ¹�'�X3ó"R�bc
MKð E[|Y |]

8�. k. ôõnoàáBãö�+ÞÀno E[|Y |], ÷ø d(E[|Y |])
dk

= 0,
y

,./M¿' k.
R&c*Ñ; 3 ¹�'noc*ùúÝ"MÀ,.»��^







k =
h√

h2 + 3

E[|Y |] = 1
12hk(1−k) ((k + h − kh)3 − (k + kh − h)3)

(20)

h '�XÑ; 3 ¹�'�X !"ûC)�'��üý2��e�'ÔÕ�þ 1 �ÿ"R SÒÓ)�' E[|Y |] ÑËÌÍÎÏÐ�' E[|Y |] pÔ �
1 ����±��

Table 1 Comparison of some approaches

h 1.0 1.5 2.0 2.5 3.0 3.5��	
��
E[|Y |] 0.3333 0.3923 0.4217 0.4387 0.4497 0.4574

Max|Y | 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

K 0.5000 0.6443 0.7264 0.7780 0.8132 0.8388

C 0.0000 0.7760 1.3767 1.9281 2.4594 2.9803

HILARE


E[|Y |] 0.3333 0.5000 0.5000 0.5000 0.5000 0.5000

Max|Y | 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

R 1.0000 1.2745 1.1857 1.1397 1.1119 1.0931��	
��
E[|Y |] 0.3333 0.3956 0.4305 0.4512 0.4641 0.4726

Max|Y | 1.0000 1.1727 1.2441 1.2670 1.2679 1.2594

K 0.5000 0.6547 0.7559 0.8220 0.8660 0.8963

R 1.0000 1.008 1.0209 1.0285 1.0320 1.0332��������
E[|Y |] 0.3333 0.3974 0.4333 0.4540 0.4667 0.4748

Max|Y | 1.0000 1.1538 1.2000 1.2069 1.20007 1.1887

K 0.5000 0.6923 0.8000 0.8621 0.9000 0.9245

R 1.0000 1.0130 1.0275 1.0349 1.0378 1.0380
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1)
ËÌÍÎ�$�&)��M '+!�$ E[|Y |] "$ max |Y |.

2) M¿ÍÎÏÐ�ÑÚÛMÜÝÞßn�#Y$�N!ó'üý"
3) G1&���'���N !'üý>+�C)�'��%&2��üý'()3ó+qrT�$`æ*ÏÐL"�

(17) :",-�03&N+',-F7ËÌÍÎÏÐ��+|Y |
7./AI�'MÜLÑÒ70/AI�'MÜL 1+1¾ÐS 1.0000. efg 1.qrTx,-�T×��%&ç´#1&�����ÐSì2Bã'DE"- X1 ∼

N(0, 1), X2 ∼ N(0, 4) SÁ"R�]ÔÕ E[|Y |], _S |Y | 'MÜLÐS!3Ü"=>MÜÝÞßn�Où 4ç´+Ó'��e�S k = 0.8, Ò E[|Y |] = 0.7136. 5è'ËÌÍÎÏÐ�x,-ù '67+ÓÔMÜÝÞßn�8�· +9:8�Y$;B<="Ó'��e�S k = 0.7975, C = 0.2850, Ò E[|Y |] = 0.7103. ��>&?@A#+R1C)�'��üýBCD1"
5 EFGHÈIJ

vN5&�� X1, X2 2 X3 �å��+ÓKÐS?@LM"X1

$
[−1, 1]

T'ÐâBã+X2

$
[−h2, h2]

T'ÐâBã+h2 > 1, X3

$
[−h3, h3] 'ÐâBã+h3 > 1. �N��ÐâBã'5&��'DEÐ,-NðSRó"X1 OP$Mü£'��+_SG X1 ÑÒÓ��#QÕÜ>+5èR0'ËÌÍÎÏÐ��%&qrTS��»�`æ1# X1.��5&��')�ÑmU��1&��')�ùDT"Ö×�^

{

Y1 = X1 if |X1 − X2| < C1

Y1 = k1X1 + (1 − k1)X2 if |X1 − X2| > C1

C1 > 0,
î

0 < k1 < 1

{

Y = Y1 if |Y1 − X3| < C2

Y = k2Y1 + (1 − k2)X3 if |Y1 − X3| > C2

C2 > 0,
î

0 < k2 < 1 (21)

_S�Uc#VW+BCY,OXY; 3¹')�bcê:�U8./=>'��e�"_=R��bcZ[\]�8£� (21) :�'û&��e�"5¹^´ VC
8���L_ë"=>3&`@'67�$a.3&-MÕb'c?@�"bÙ'd�e�'c?@�$bc�^ (22) :�ÿ'!fghPQ'+

In+1 = (aIn + c)mod m (22)

Ò� I0 S?@�CÂ+m > I0, a, c. a > 0, c > 0. a, c, m
ÐSH�"RóPQ'?@�',-iY +G^´Ró'?@�8PQ?@jM>+�PQ'?@jMklm73�nÏUop"RkUqZ[\]�'»�rÙst"Á�+��7Z[\]��^´ëì'?@�+E[|Y |] 'no»�ç}VNuvLð"w^´ (22) :8PQ?@�>+]$xL?@�CÂ'L+�Uq E[|Y |] 'LxLw 10% -T"Sw./Õ ,-'c?@�+R�^´x�À')�"=>?@1&CÂ+)��^�×F

In = (a × In−1 + b × In−1)mod m (23)

G^´ (23) :>+x�'8�rÙy<"R�Yz{|}Z[\]�"bcno./wBCDE^'��e� Ci 2 ki, �þ 2�ÿ"ÒÓDE'��e�,-bc~L./"
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Table 2 Parameters and accuracies when fusing three pieces of data

h2 h2 C1 k1 C2 k2 E[|Y |] Max|Y |

1.5 2.0 0.7575 0.6490 1.6985 0.7770 0.3483 1.0080

1.5 2.5 0.7646 0.6452 2.2290 0.8175 0.3574 1.0019

1.5 3.0 0.7607 0.6460 2.7407 0.8464 0.3635 1.0026

1.5 3.5 0.7662 0.6460 3.2514 0.8672 0.3675 1.0018

1.5 4.0 0.7680 0.6456 3.7680 0.8827 0.3706 1.0018

2.0 2.5 1.3591 0.7307 2.1642 0.8068 0.3809 1.0015

2.0 3.0 1.3732 0.7292 2.7055 0.8345 0.3878 1.0000

2.0 3.5 1.3657 0.7297 3.1980 0.8598 0.3927 1.0000

2.0 4.0 1.3662 0.7285 3.7085 0.8760 0.3963 1.0000

2.5 3.0 1.9151 0.7807 2.6358 0.8322 0.4016 1.0011

2.5 3.5 1.9164 0.7816 3.1652 0.8542 0.4070 1.0000

2.5 4.0 1.9202 0.7810 3.6652 0.8724 0.4110 1.0008

��xL X2 2 X3 '���g+yõ� X3 2 X1 ��+÷��.»�Ñ X2 ��"=>Sw�Þò/M���8�+?@xLû&��e�+¸#��'�3¢����+MÀ'��»� Y GÞkxL+¶��>&Z[\]��'?@A#+,-�S E[|Y |] 2
|Y |max iVNxL"þ 3

¼0w1&ÁÂ"�
3 ²³��±��

Table 3 Influence of fusion sequence

h1 h2 C1 k1 C2 k2 E[|Y |] Max|Y |

4.0 1.5 3.4564 0.8702 0.8859 0.6710 0.3636 1.0000

1.5 4.0 0.7680 0.6456 3.7680 0.8827 0.3706 1.0018

2.0 3.0 1.3732 0.7292 2.7055 0.8345 0.3878 1.0000

3.0 2.0 2.4442 0.8197 1.5405 0.7505 0.3893 1.0000

,-�þ 2 .0»�+��>&Z[\]��'?@A#+|Y | 'MÜLº$ 1.0. ÑÒÓ)�DÔÕ+R$5è'ËÌÍÎÏÐ�ÕS�0'¿dp3"7��5&��>+R�÷�5è')�ÑbÙ'M¿ÍÎÏÐ��ÔÕ"M¿ÍÎÏÐ�,Ö×SF
Y = k1X1 + k2X2 + (1 − k1 − k2)X3 (24)

0 < k1 < 1, 0 < k2 < 1, 0 < (1 − k1 − k2) < 1.qrT+Ü$�ÍÎÏÐ�',-´ (24) :8þÿ"XY5è7; 2 ¹R0'����+,-bc�U./M¿' k1 2 k2. ���Uc*2»�c�VW+R�^´Z[\]�bcMKð E[|Y |]
8£�M¿' k1 2 k2.G h1 = 1.0, h2 = 2.0, h2 = 3.0 >+ÔÕ»��þ 4 �ÿ�<Þ+ËÌÍÎÏÐ�@ �M¿ÍÎÏÐ���

4 ���������������±²³«¬��
Table 4 Comparison of fusion accuracy between extended average and optimal average

h2 C1 k1 C2 k2 E[|Y |] Max|Y |��	
��
1.3732 0.7292 2.7055 0.8345 0.3878 1.0000��	
��
—— 0.6941 —— 0.2120 0.4078 1.3828
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