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Abstract This paper develops fuzzy H filter for state estimation approach for nonlinear discrete-
time systems with multiple time delays and unknown bounded disturbances. We design a stable fuzzy
H filter based on the Takagi-Sugeno (T-S) fuzzy model, which assures asymptotic stability and a
prescribed Hoo index for the filtering error system. Sufficient condition for the existence of such a
filter is established by solving the linear matrix inequality (LMI) problem. The LMI problem can
be efficiently solved with global convergence using the interior point algorithm. Simulation examples
are provided to illustrate the design procedure of the proposed method.
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1 Introduction
Robust Hs control and filtering approaches have been an attractive research topic over the past

few years(!™~7.

However, it is difficult to design an efficient filter for signal estimation of nonlinear
systems. As is well known, time delays usually exist in many dynamic systems. Since time delays
usually result in unsatisfactory performance and are frequently a source of instability, their presence
must be taken into account in realistic filter design®. In [8], the problem of robust He filtering of
linear discrete-time systems with multiple time delays was addressed. However, the system considered
was linear and the filter designed was irrelevant with time delays, which resulted in the filter was much
conservative. In [9], an Ho filtering method for nonlinear discrete-time systems was proposed without
considering the presence of state delays in the state-space model. This paper deals with the fuzzy Hoo
filtering problem for nonlinear discrete-time systems with time delays in the state variables based on
[9], and the filter designed relies on time delays.

2 The modeling of a class of nonlinear discrete-time systems with time delays using the
T-S fuzzy model

Consider a class of nonlinear discrete-time systems with multiple time delays and unknown bounded
disturbances:

@(k+1) = F(z(k)) + Fa(x(k — do),z(k — ds), - -, @(k — dg)) + Bw(k)
y(k) = H(z(k)) + Ha(z(k — d1), x(k — da), -, & (k — dg)) + Go(k) (1)

s(k) = La(k)+ Y Lajz(k — d;)

where = [z1(k),22(k), -+, zn(k)]T € R™ "' denotes the state vector; y(k) € R™*' denotes the
measurements vector; s(k) € RP*! denotes the signal to be estimated; w(k) € R™*" and v(k) € R™*!
assumed to be bounded external disturbance and measurement noise, respectively; di,ds, - - -, dq denote
bounded time delays of the state; B € R™*" G € R™*" L € RP*"™ and Lg4; € RP*" are constant
matrices; F(x(k)), Fa(x(k — di),z(k — d2), -, x(k — dg)) € R™, H(z(k)), Ho(x(k — di1), z(k —
da),- -, x(k —dg)) € R™*! are vector fields with F(0) = H(0) = 0, F4(0,0,---0) = Hq(0,0,---0) = 0.
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The initial conditions are given by (k) = 0 for k = —dmax, —dmax + 1, -+, —1, and x(0) = xo, where
dmax == d;).
121?%(4;( ])

For the sake of convenience, define [x(k—d1), x(k—ds),---,x(k—dy)]T = x(k,d,q), Fa(x(k—di),
zk—d—2), -, x(k—dy)) = Fa(x(k,d,q)), Hi(x(k —d1),x(k — d2), -, z(k — dq)) = Ha(z(k,d, q)).

The ith rule of the T-S fuzzy model for the nonlinear discrete-time systems with multiple time
delays in (1) is proposed as the following form.

Rule i : If z1(k) is F1--- and x4(k) is Fig, then

z(k+1) = +ZA ;) + Bw(k)
C’:c—&-z i)+ Gu(k) (2)

s(k) = La(k) + Z Lajz(k — d;)

where i = 1,2, -+, L; F; is the fuzzy set; A;, A%, € R™*", C;,C € R™*™, and k=0, -, ks — 1.
The fuzzy system in (2) has singleton fuzzifier, product inference, and centroid defuzzifier. Its
state dynamics and the output equation are of the following form, respectively:

z(k+1) Zh +ZA (k — dj)] + Bw(k) (3)
L
y(k) = hi(x(k))[Ciz(k Z x(k — d;)] + Go(k) (4)
i=1
g
where u;(z H 55 (x5 (k)), hi(x(k) /Z wi(z(k)), Fij(z;(k)) is the membership func-
= L
tion of z;(k) in Fy; and p;(x >0, Z hi(z
i=1
Therefore, the nonlinear system in (1) can be described as
L
= hi(@(k))[Asa( —|—ZA (k —dj)] + Bw(k) + AF(x(k)) + AFy(x(k,d, q))
i=1
y(k+1) :Z hi(x (k)+z C;liw(k7d]’)]+Gv(k)+AH($(k))+AHd($($(I€,d, q)) (5)
i=1 j=1
where
L

AF(2(k)) = F(e(k) = Y hi(z(k) A (k), AH (2(k)) = H(z(k)

=1

AFy(x(k,d,q)) = Fa(z(k,d,q)) = > _ hi(z Z A ), AHu(x(k,d,q) =
Hy(x(k,d,q)) — Z hi(z(k)) Z Chiz(k — d;)

Here, AF(x(k)), AFy(x(k,d)), AH(x(k)), AHq(x(k,d)) denote the approximation errors between the
system in (1) and the T-S fuzzy model in (3) and (4). We assume there exist (2,25, ¥ and ¥4 such
that the following inequalities hold for all x(k)

AF(z(k)"AF(x(k)) < (k)T Qx(k), AH(x(k)"AH(x(k) < (k)" va(k)
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&' (k — d;) Qyw(k — d;)

M=

AFy(z(k,d,q)) " AF(z(k,d,q)) <

<.

0

AHy(z(k,d,q)) AHa(z(k,d, q)) <Y x" (k — d;) Uz (k — d)) (6)

1

J

where 2, 24 = diag{Q241, La2, -, Paq}, ¥ and ¥4 = diag{ a1, Ya2, -, Yaq} are positive symmetric
matrices.

3 Fuzzy H, filtering design
The Ith rule of fuzzy Ho filtering based on the T-S fuzzy model is given in the following form:

Rule I : If Z1(k) is Fi1--- and £4(k) is Fig, then

z(k+1) = Aiz(k) + Z AGi@(k — dj) + Kily(k) — 9(k)], 3(k) = La(k) + Y Loje(k—d;)  (7)

where K is the fuzzy estimator gain for the lth estimation rule (I = 1,2,---,L); &(k) = 0 for k =

L
—dmax, —dmax + 1,-++,—1 and £(0) = &o are the initial estimates; and y = Zhs(w(k))(csﬁz(k) +
. s=1
> Clak -
j=1
The overall fuzzy estimator in (7) is written as
& =his[Aix (k) + Z ASa(k — dj) + KiCim(k) + K Z Cia(k — d;) + KiGo(k)+

KiAh(z(k)) + KiAH (2 (k, d, q)) — K:Cs@(k) — K; Zo x(k — dj) (8)
L L L

where has =Y hi(x(k)) Y (k) Y ho(x(k))
i=1 = =

From (5) and (8), theiaugmente(g filtering error system can be written in the following form.

q
n(k+1) Z Agin(k — dj) + EAT(k) + E4ATy(k,d, q) + Gw(k)
q ~
e(k) =s(k) -3 ZLmk d;) )
where
[ = - [ A 0 [ A% 0 - [T o0
n(k) = Lc k)|’ Auts = {chi AZ—KZCJ Ajus = {ch;z A4 lech » Br= {0 KJ

-3 [I O [ AF(z(k)) [ AFy(x(k,d,q)) 5 | B 0
El = |: :| ’ AF(k) - |: ) AFd(k7d7q) - AHd(ilZ(k‘,d,q)) 5 Gl = 0 KlG
w(k) = {v(k))} s A= hasAus, Agy = hasASus, E=hasEr, Ea=hasEf, G = hasGi

L= has[L - L], i/dj = his[Laj — Laj]

Next, we define Hoo index of the H filter. Given a scalar v > 0 and initial estimation error, the
H index of the robust H filter is as follows [9].

kg ky—1

Y el (k)Qe(k) <7*|e" (0)Poe(0) + Y (w” (k)Wuw(k) +v(k) Wov (k) (10)
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where Q € R1*?, Py € R, W,, € R™*™, and W, € R™*" are positive-definite weighting matrices.
The fuzzy Hs filter problem is to design an asymptotically stable nonlinear filter of the form of
(7) such that the filtering error system in (9) is globally asymptotically stable and satisfies (10).

Define €(k,d) = " (k) n"(k—di) --- n (k—d,)]". Using (9), (10) becomes
kg ky kp—1
> 0Qek) = > €M (k )QE(k,d) <2 [€7 )P 0) + Y (w () Wuw (k) + (k) Wow (k)
k=1 ~ ~k:l k=0 a
where @ = [0 92,0 = 17QL Qu = ['QLn L'QLu -+ L'Qdd) Quu = @, Qs =
[idl Lo - idq]TQ[f]dl a2 - idq], and Py is an initial weighting matrix.

Theorem 1. For nonlinear system (1) and a prescribed real number > 0, if there exist a positive

scalar 7 > 0 and symmetric positive definite matrices P, P; € R*"*?", such that the matrix inequalities
/111 * *
Ao —p! * <0 (12)
Asi 0 —Q7!

hold for h;(z(k)) - hi(x(k)) - hs(x(k)) # 0 and i,1,s = 1,2,---, L, where Ay = [Ags Az -+ Ay,

S = diag{P1,P2, .. -,Pq}, 6 = diag{Q + LD,O}, B4 = diag{@dl, Baz, -, qu}, W = diag{Ww,Wv},
@dj = diag{!?dj + Lr/dj,O}, An = diag{fP + Z?:l Pj + T@, -5 + T@d, —7l,—71, 7’}/2W}, A2y =
[A Ay E E; G], As1 =[L Ls 0 0 0], then the filtering error system (9) is asymptotically
stable and satisfies the Hoo index (10).

Proof. For positive definite symmetric matrices P € R*"*?" P; € R*"*?"  choose the following
Lyapunov function candidate for system (9)

V(n(k)) =n" (k)Pn(k) + Z n" () Pn(l) (13)

Along the trajectories of system (9) with w(k) = 0, the corresponding forward difference is given
by

AV(k) =V(n(k+1)) = V(n(k)) =

n' (k+1)Pn(k+1) +i = TPl — 0" (k) Pr(k) =
ztp® +Z[n Pin(k) —n" (k- d)Pin(k — d;)] —n" (k)Pn(k) + 7AL" (k) AT" (k)+
TALY (K, d, Q)ATy(k,d,q) — TAT" (k) — ALY (k,d, q)ALy(k,d, q) (14)

where £ = [An(k) + Y 1_, Ayn(k — d;) + EAL(k) + E4ATy(k, d, q)).
By inequality (6), (14) becomes

AV (k) < E"PE + Z[n )Pin(k) —n" (k — d;) Pyn(k — d;)] — " (k)Pn(k) + 0" (k) On(k)+
> 0" (k—dy)€um(k — d;) — TAT" (k) — TATG (k,d, ) ATa(k, n,q) = —&(k, A)ME(k, ) (15)

where 7 > 0, g(k d)=[n"(k) n"(k d,q) AFT( k) A7k d, )", nT(k,d,q) = [n"(k—d) n"(k—
) - T (k—dy)]", M = —[A As B EJ'PIA Ay E Ed] diag{—P+Y7_, Pj+76, -5+
TOq,—7I, —T[} and Ad , Ed , S, ©, Og4; are defined as in inequality (12).



398 ACTA AUTOMATICA SINICA Vol. 31

The sufficient condition for AV (k) < —¢T(k,d)M((k,d) < 0 is as follows.

q
[A Ay E EJ'PIA Ay E E|+diag{-P+Y P;j+70,-S+7604,—71,-7I} <0  (16)

j=1
According the Schur complements(®, inequality (16) becomes

|:7111 *

o 7P_1} <0 (17)

Where 7111 :dlag{—P-‘ng:l Pj-FT@,-S-‘rT@d,—T[,—T[}, 7121 = [A Ad E Ed]

The inequality (12) can be easily verified to ensure that inequality (17) holds. Therefore, it can
be concluded that the filtering error system is globally asymptotically stable.

In order to find a sufficient condition for the filtering error system (9) satisfying condition (10),
arbitrary nonzero w(k) € l2]0, +00) is considered as follows

AV (k) + e(k)Qe(k) — v (w™ (E)Wyw(k) + v* (k)W (k) < [E 4+ Gw(k)]T P[Z + Gw(k)|+

Z[HT(k)Pm(k) — 0" (k—dj)Pin(k —d;)] —n" (k)Pn(k) — & (k, d)Q&(k, d)—

V¥ (w" (k) Waww (k) + 0" ()Wu(k)) + 70" (k) On(k) +TZ77 (k —d;j)Oaym(k — d;)—

Jj=1

AT (k) — 7ATY (k, d, q)ATy(k,d, q) < —x" (k,d)Nx(k,d) (18)

where Z =[A Ay E Eq G|, N=-Z"PZ-diag{-P+Y?_, Pi+70,-S+764,—71,—71,—*W},

—[L Ly 0 0 O"QL L} 0 0 0], x(k,d)=[¢"(k) @ (W), La=[Lar - Lag.
Defining N > 0, and according to the Schur complements, we can obtain inequality (12).
According to the inequalities (12) and (14), (18) becomes

kg kg
> et (k)Qe(k) = > €7 (k, d)Q&(k, d) = —£" (0,d)Q(0)£(0, d)+
k=1 k=1
kf—l kf—l
& (ky, d)Q€(ks,d) + Y e'(k)Qe(k) + Y AV(k)—n" (ks)Pn(ks) +mn" (0)Pn(0)—
k=0 k=0

kr q q

> (" (k) Pn(k) (k= dj)Pm(k —dj)) + > _(n" (k) Pin(k) (k — d;j)Pyn(k — d;))
k=0 j=1 Jj=1

kf—l kf—l
0" (0)Pn(0) + & (ky, d)IEE (K, d) + > e'(k)Qe(k) + > AV(k)—
k=0 k=0
kry q
ZZ im(k) —n" (k — d;)Pn(k — d;)) (19)
k=0 j=1
where T=Q — A"PA+ AT Y9 PA-YXTY9_ PY, A=[T 0 - 0,Y=[0 T - I
Letting dmin = min;¢;<,(d;) and according to x(k) =0, (k) = 0, k = —dmax, —dmax+1,---, =1,
we have
ky q kf—dmin q
> (" () Pm(k) —n" (k—d;) Pk — d;)) = > on P+
k=0 j=1 =0 j=1
ky q kp—d; ¢ kf—dmin q
Z S nTPm) = > ont P+
I=kf—dmin+1 j=1 =0 j=1 =0 j=1
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kf dmin q
> Yaoran- Y U S SRR
I=kf—dmin+1 =1 1=0 j=1 I=kj—dpin+1j=1 (20)

Let IT < 0, Py = (1/4?)ATPA. By (18) and (20), (19) becomes

k¢ kg—1
> T (R)Qe(k) <nTO)Pn(0) +77 Y (T R)Wuw(k) + 0" (R)Woo (k) =
ky—1
P{E OREO) + D (" () Wuw(k) + 0" (R)W.o(k) | (21)

k=0
ﬁ 1 _Q*—1:| < 07
where A = diag{—P + >0, P, =S}, Aoy = [L Lg4). Comparing —P + >0 P+ 76 < 0 with
P+33% P <0,and =S + 764 < 0 with —S <0, it is clear that any solution to the former will also
satisfy the latter due to the fact that 7@ > 0 and 764 > 0. Therefore, according to Schur complements,
LMIs of (12) ensure that IT < 0 holds.
Hence, the fuzzy Hoo filter index is achieved with a prescribed 42. This completes the proof. O
In order to obtain fuzzy Hoo filter, the most important work is to find feasible solution P = PT,
and P; from (12). since Zle hi(xz(k)) lL:1 hi(x(k)) ZSLZI hs(x(k) = 1, letting P = diag{P, P} and
pre and postmultiplying (12) by diag{l,I,1,I,1,P, I} yield

In addition, IT < 0 is equivalent to Q~+diag{7P+Z?:1 P;,—S} <0, thus yielding {

211 ~>(< *

P 0
Yor — { 0 ﬁ’} * <0 (22)
a1 0 Q!

where Y11 = diag{— dlag{P P}—I—Zq,1 Pi+70,-S4764, —7I,—1I,—~V*W}, 51 =[L —L L4 -
Ld-000]221:PA~0 PAj, 0 P 0 P 0 PB 0
J ’ MC; PA —MC, MCY§; PAy,-MC}, 0 M 0 M 0 MG)]
M, = PK.
In fact, any feasible solution to (22) yields a suitable robust filter. To obtain a better robust
filtering performance against disturbances, the attenuation level 42 can be reduced to the minimum

possible value such that (10) is satisfied, i.e.,

min 8, subject to (22) with 4> = ¢ (23)

P,P; K,

The design procedure for fuzzy Ho filter is summarized as follows.

Step 1. Construct the T-S fuzzy model in (2) for the nonlinear system in (1) using the method
such as in [10~13];

Step 2. Give 2,4, ¥, ¥y, Q;

Step 3. Solve the LMI problem in (23) to obtain P, P; Kj;

Step 4. Obtain the fuzzy H filter constructed as in (7).

4 Simulation
Consider the following discrete-time nonlinear system with time delays:

@1 (k+1)=0.25z1 (k) +0.03z2 (k) —0.67z5 (k) — 0.025z1 (k — d1) — 0.5z2(k — da) — 0.123 (k — do) + w(k)
z2(k+1) =0.1z1(k), y(k) = z2(k) + 0.221(k — d1) + 0.1w(k), s(k) = —2z2(k) (24)
We assume that w(k) are normally distributed with zero mean and variance 0.1, and the initial

condition is: (z1(0),z2(0),Z1(0),z2(0)) = (0,0,0,0). We also assume that z; and z2 € [—1.5.1.5]. Let
dy = 1,d = 1. The design purpose is to construct fuzzy Ho filter to estimate s(k).
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Using the same procedure as in [14], the nonlinear term can be represented as

—0.6725(k) = N11 - 0- 2a(k) — (1 — N11) - 1.507522 (k)
—0.123(k — d2) = N11 -0 - 2a(k — d2) — (1 — N11) - 0.225z2 (k) (25)
By solving the equation, N1; and Nis are obtained as follows.

2.25 "’

3 (k)
2.25

Nu(z2(k)) =1 - Niz(w2(k)) =1 = Nui(z2(k)) =1 -

Ni1, Ni2 can be interpreted as membership functions of fuzzy set. By using these fuzzy sets, the
nonlinear system can be presented by the following T-S fuzzy model:

Rule 1: if z2(k) is Ni1, then z(k + 1) = A1z(k) + Aaiz(k — d) + Bw(k), y(k) = Ciz(k) + Gw(k)

Rule 2: if z2(k) is Nig, then z(k + 1) = Asz(k) + Aacz(k — d) + Bw(k), y(k) = Coz(k) + Gw(k)

0.25 0.7 0.25 —0.8075 —-0.025 —-0.5 —0.025 —0.725
WhereAl:{o.l 0}"42:{0.1 0 }’A"”:{ 0 0 }’A‘”:{ 0 0
x(k)=[z1(k) z2k)]),B=[1 0%, Ci=C2=[0 1].

We select {2 = 0.000011, 23 = 0.000011, ¥ = 0.000017 and ¥4 = 0.00001I. Solve the LMI problem
n (23). We obtain v = 9.9652 x 1075, and the fuzzy estimation gains as follows: K1 = [0 0.5022],
Ky =1[0 0.4549]".

Fig. 1 shows the estimation signal §(k) for s(k) by the proposed fuzzy H filter. Fig. 2 shows
estimation §(k) for s(k) when noises w(k) = 0.1sin(k). From the results of this simulation, it is shown
that the proposed fuzzy H filter can obtain better estimation. The proposed fuzzy H filter can be
obtained without any information about external disturbances and measurement noise, as long as they
are bounded.

0.005
On
-0.005

-0.01

s(k)

-0.015 4

-0.02

-0.025

0 10 20 30 40 50 60 70 80 90 100
tls

Fig. 1 Estimation signal §(k) (dashdot line with squared marks) for s(k) (solid line) when w(k) is normally

distributed with zero mean and variance 0.1

0.025
002 TR B AR LE Y BN
oossh L fla NI AEn AR RN
0.01} |1 { - i ]
0.005} |1 [ | i

0 | I
0003t [ || 1] It bl |t |
_0.01l] i 1] b I
20.015H |1 0ot il I
oy FERLEE LS8 ITE |
-0.025 ’

s(k)

0 10 20 30 40 50 60 70 80 90 100
t/s

Fig. 2 Estimation signal §(k) (dashdot line with squared marks) for s(k) (solid line) when w(k) = 0.1sin(k)
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5 Conclusions

In this paper, based on the T-S fuzzy model, fuzzy H filter is designed for a class of nonlinear
discrete-time systems with multiple state time delays. No statistical assumption on the external dis-
turbances and measurement noise is needed. The proposed fuzzy H filter for the nonlinear system
can tolerate the approximation error based on the model error bounds, which can be regarded as the
worst-case approximation error. The problem of fuzzy H. filter design is converted into the linear ma-
trix inequalities problem which can be efficiently solved using interior point algorithm. The proposed
design procedure is very simple.
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