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Abstract The paper is concerned with the robust control problems for exponential controlled closed
queuing networks (CCQNs) under uncertain routing probabilities. As the rows of some parameter
matrices such as infinitesimal generators may be dependent, we first transform the objective vector
under discounted-cost criteria into a weighed-average cost. Through the solution to Poisson equation,
i.e., Markov performance potentials, we then unify both discounted-cost and average-cost problems
to study, and derive the gradient formula of the new objective function with respect to the routing
probabilities. Some solution techniques are related for searching the optimal robust control policy.
Finally, a numerical example is presented and analyzed.
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1 Introduction
Many real-world discrete event dynamic systems (DEDSs) may be modeled as controlled closed
queuing networks (CCQNs), and can be solved by using Markov performance theory if the routing

probabilities are all deterministic and known!*?

. For large-scale practical systems, the routing proba-
bilities may be unavailable or even slow-varying, and the decision-maker only knows their range. Then,
the optimization problem is to calculate the robust control policy, that is, to find the optimal policy
under the worst case. For Markov decision problems (MDPs) with independent uncertain transition
rates, a policy iteration approach for solving the robust control policy was introduced in [3], and the
potential-based policy iteration was developed in [4]. In CCQNs, the uncertainty of routing probabilities
will lead to the correlation between rows of the infinitesimal generator, and the policy iteration will be
inapplicable. In this paper, we will provide a uniform framework to solve the robust decision problems

for both discounted and average criteria by some suitable transformation of the discounted-cost vector.

2 Problem formulation
Consider a CCQN with M servers and N customs!?. The routing matrix is ¢ = [gij], and the

M
state space is @ = {n = (n1,n2, -+, nn) : Z n; = N} with n; denoting the number of the customs at
i=1

the -th server. A stationary policy is v = (v(1),---,v(K)) with v(n) = (u1,n, p2,n, -+ tmn) € D(n),
where p;n is the serving rate of server i at state n, and D(n) is a feasible action space. Let 2

M
be the set of all stationary policies, and N(¢) the state process. Define u(n) = Z“i’" and \Y =

i=1
max,{p(n)}. Under policy v, the transition matrix of the embedded Markov chain P”(q) and the
infinitesimal generator A"(q) satisfy A”(q) = AY(P"(q) — I) with A = diag(u(1),---, u(K)). Let the
performance vector be f* = (f(1,v(1)), -, f(K,v(K)))". Similar to [5], define the discounted-cost
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criteria as 0y (i,q) = E{f;oo ae  “ f(N(t),v(N(t)))dt| X (0) = i},i € ¢. Here, a > 0 is a discount
factor. Let 1%(q) = (n4(1,q),- -+, 4 (K, q))"; thenl

na(q) = alal — A%(q)) "' f* (1)

For a deterministic CCQN, the optimal policy can be obtained by potential-based policy iteration

and value iteration!®". But in some uncertain practical systems, the decision-maker only knows the

range of ¢;;. Let ¢;; € O} with ©}; being compact, and 0° = {q = [gi;] : qi5 € @fj,z gi; = 1}. Then,
J

our goal is to find a policy v* satisfying v* € arg minyeo maxqecov N (g) under the “worse” choice of q.

Notice that each ¢;; does not appear in unique row of A”(q), so that the rows of A”(q) are dependent.
Therefore, there is usually none solution to the min-max problem. Now, redefine a weighted-average
discounted-cost as 75(q) = wng(q), where w = (w1, ws, -+, wrk) with w; € [0,1] and Zwi = 1. Then,

the optimal robust control problem is to find a policy

* . —U 2

v" € arg min max 75 (g) (2

Here, w may be a constant vector, or dependent on v, ¢ and «. Suppose w is continuously differentiable
with respect to (g,a) on ©Y x [0, c0) for any v.

3 Potential-based solution of robust control policy

Suppose the stochastic process is irreducible for any v € 25 and g € ©". The steady-distribution
7w (q) satisfies 7°(q)e = 1, A%(q)e = 0,7"(q) = 0, where e is an all-one vector. Then, average-cost
n(q) = 7(¢)f’. For any a > 0, suppose the performance potential vector g (gq) is the unique
solution to Poisson equation (al — A¥(q) + X\en”(q))ga(q) = f°. Let n5(q) = lim,_ o+ n5(q), 76 (q) =
lim,_,o+ 7a(q); then we have the following lemma.

Lemma 1. a) n5(q) = en”(q), 75(q) = n"(q);

b) For any o > 0, 7¥(q)aal — A% (q))™* = 7°(q);

¢) limg_o+ alal — A(g)) ! = en*(q);

d) If w = 7°(g), then for any a > 0, 7(q) = 7 (q) = 1" ().

Proof. a) First, it is easy to prove the following equation!®.

(@ = A(q) + A"en”(q)) " = (al = A(q))"" = Nen"(q)/[a(\" + )] ®3)
Right-multiplying both sides of the above equation by af” yields

Na(q) = agalq) + Aen’(q)/ (N + a) (4)

which implies lim,_, o+ na(q) = en”(q). Obviously, lim,_,o+ we = 1, then

Mo(g) = lim wne(g) = lim w lim na(g) = lim wen®(q) = n"(q)

a—0 a—0t  a—0t a—0

b) Since ©(q)A%(¢) = 0, 7¥(¢)(ad — A%(q)) = an’(q). Right-multiplying both sides of this
equation by (aI — A¥(q))™" leads to the desired result.
¢) The similar result has appeared in [5]. In fact, from (3), we directly have

lim a(al —A"(¢)"" = lim {a(al —A"(q) +Xen"(q))"" +Xer"(¢)/(\" + )} = en”(q)

a—0t a—0

d) If & > 0, from (b) we obtain

fa(q) = 7" (q)ma(q) = 7" (Q)alal — A% ()" f* =7"(9)f* =n"(q)

which, combined with (a) as a = 0, implies the desired results for any « > 0. O
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Lemma 1 a) or Lemma 1 d) show that the uncertain average-cost problem is a special form of
the weighted-average discounted-cost problem. If w = e;, where e; is a unit coordinate vector with the
i-th element equal to 1, then 7j5(q) = eina(q) = na(i, q), and problem (2) becomes to find the optimal
robust policy for discounted-cost ng, (4, q).

The solution of (2) may be divided into two steps. First, for any given policy v, select the
worst routing matrix ¢¥ satisfying ¢” € argmaxgceov fa(q). Second, choose a policy v* satisfying
v* € argminye g, 7o(q%).

Theorem 1. For any v € {25 and a > 0, we have the following gradient formula

Via(q) = Vwags(q) +walal — A%(q)) ' VA" (q)ga(q) (5)

Here, “V” denotes taking gradient with respect to q.
Proof. From (1), (af —A%(q))na(q) = af’. So (al —A"(q))Vna(q) = VA" (¢)na(q) = 0. A*(g)e =
0 leads to VAY(¢g)e = 0. Then, from (4),

(ol — A%(q))Vna(q) = VA" (9)na(q) = aVA*(q)ga(q)

that is, Vn2(q) = alal — A%(q))"*VA”(q)gi(q). we = 1 implies Vwe = 0, which together with (4)
leads to Vwng(q) = Vwagg (q). Therefore,

Via(g) = Vwni(q) + wVni(q) = Vwagl(q) + wa(al — A(q)) "' VA (q)g"(q)

and the desired result is obtained. g
Now denote g§(q) to be g”(¢q). Then we have the following corollary.
Corollary 1. a) If w = 7%(¢), a > 0, then V7j5(q) = V1’ (¢) = 7°(¢) VA" (q)g°(q)-
b) lim, o+ Vija(q) = Viig (q) = V" (q)
Proof. a) Lemma 1 d) implies V7, (¢) = Vn”(q). From (5) and Lemma 1 b),

Vila(q) = V' (q9)aga(q) + 7°(q) VA (q)galq) (6)

From the Poisson equation, V7' (q)(ad — A% (q) + XN’en’(¢))ga(q) = V' (q) f¥, and Vr’(q)(—A"(q) +
Ner(q))g"(q)f*. Tt is easy to know V" (g)e = 0, thus V' (¢)(al—A"(q))ga(q) = V7" (q)A"(9)g" (q),
that is,

V7' (g)aga(a) = Vr'(9) A" (9)ga(q) — V7" (9)A"(9)g" (q)

From 7% (q)A"(gq) = 0, we obtain V7*(¢)A"(¢) + 7*(¢)VA’(¢) = 0. Thus

V¥ (q)aga(q) = =7 (q)VA®(q)galq) + 7 (@) VA (9)g" ()

Substituting the above equation into (6), we obtain V75 (q) = 7°(q)VA"(q)g"(¢), which is similar to
the gradient formula of average-cost n® with respect to v!®.
b) Lemma 1 a) implies V7j5(q) = Vn"(q). Since Vw is bounded and lim,_,+ ga(q) = g5(q) =
9°(q), from (5) and Lemma 1 (c), we have
lim Vi(q) = wer”(9) VA" (9)g0(q) = 7" () VA" (9)9"(a) = Vn"(q) = Vil (9)

a—0

and derive the desired result. d
Theorem 2. For any o > 0, if w is a constant vector independent of v and g, then for any v’,

vE s and q € @”l,qe e’

Mo (q') = 7la(q) = walal — A"()) 7' [(f* + A" (¢)ga () = (f* + A" (@)ga (4))] (M

Proof. From (1), ani(q) = af® + A¥(¢)na(q). Then

(o — A* (@) (2 (d) — n2(@@) = (af” + aA” () () — (af’ + A (@)nZ ()
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which together with (4) yields
(ol — A°(@) (12 (¢) = 12(0) = (af” + aA” (Vg% (d) = (af’ + aA®(g)g” ()

Then
ni (4) = ni(a) = alal = A°(@) (' + AT (¢)gl (¢) = (1" + A°(@)gi (4)]

Since w is a constant vector, we have ﬁg/(q/) — fa(q) = w(ng(q') —na(q)), which together with the
foregoing equation leads to the desired result. g

From Theorem 1, we can look for the “worse” routing probabilities for a given policy by standard
gradient method or other gradient-like approaches such as Newton method and Quasi-Newton method.
Using (7), we may compare the performance of arbitrary two policies to search the optimal robust control
policy. If argmin,e o, {f* + A’(¢")g2(¢")} is nonempty for any ¥, potential-based policy iteration and
value iteration may be appliedm. In addition, some global optimization techniques such as simulation
annealing and evolutionary algorithms may be necessary and effective in searching ¢* and the robust
control policy v*.

For ergodic Markov processes, every element of a(al — A¥(¢q))™" is positive. Then, we have the
following theorem.

Theorem 3. If w is a constant vector, a policy v* is an optimal robust control policy if
7oA (" )ga (@) S T+ A(q")ga (¢ ), Vve L (8)

In fact, (8) is a sufficient and necessary condition for a policy to be optimal in deterministic case,
and is similar to the optimality condition in Theorem 2 of [6].

4 A numerical example
Consider an uncertain exponential CCQN with M = 3, N = 4, ¢;; € [1/2M,3/2M], pin €

M
[0.5,1.2],n; # 0; pi,n = 0,n; = 0 and f(n,v(n)) = Z fi(n,v(n)), where
i=1

filn,v(n)) = In(1 4+ ni/N) - pi,n + vV1i /2N piin,ni # 0; fi(n,v(n)) =0,n; =0

Select AV = 3.6 and a = 0.9. By Quasi-Newton method, we have the following results for w =
e1,e/K,m"(q) shown in Table 1.

Table 1 Computation results corresponding to different weight vectors

w q" e (a”)
w=e [0.16667, 0.37491, 0.45843; 0.16667, 0.5, 0.33333; 0.16667, 0.33333, 0.5] 0.90204
w=e/K [0.17758, 0.42938, 0.39305; 0.21626, 0.5, 0.28374; 0.37681, 0.29402, 0.32917] 1.00563
w=n"(q) [0.39533, 0.40281, 0.20186; 0.49148, 0.21014, 0.29838; 0.16667, 0.45247, 0.38087] 0.97812

In our simulation, we noticed that with the increasing of the customers or servers, the optimization
would be more and more time-consuming. Letting w = 7”(¢), the computation time is 58 seconds if
M =2, N = 3, and is 57 minutes for M = 3, N = 3, but it will reach 6.7 hours if M = 3, N = 4.
Thus, for large-scale systems, the computation-based method may be infeasible. There are some ways
to overcome the computation complexity such as potential-based parallel computing and simulation
methods. Especially, potential-based reinforcement learning and neuro-dynamic programming may be
effective in practice.

5 Conclusions
We see that the study of both average— and discounted-cost robust control problems for uncertain
CCQNs can be unified by using the concept of potential. The obtained results may be extended to
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other queuing networks such as phase-type queuing networks, and to semi-Markov decision processes
(SMDPs) with uncertain parameters through the potential theory of semi-Markov processes!®.
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