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Abstract The suboptimal control program via memoryless state feedback strategies for LQ differ-
ential games with multiple players is studied in this paper. Sufficient conditions for the existence of
the suboptimal strategies for LQ differential games are presented. It is shown that the suboptimal
strategies of LQ differential games are associated with a coupled algebraic Riccati inequality. Fur-
thermore, the problem of designing suboptimal strategies is considered. A non-convex optimization
problem with BMI constrains is formulated to design the suboptimal strategies which minimizes
the performance indices of the closed-loop LQ differential games and can be solved by using LMI
Toolbox of MATLAB. An example is given to illustrate the proposed results.
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1 Introduction

Linear quadratic differential games have many applications in the economy, military and intelligent
robots. The concept of differential games was first introduced by Issac within the framework of two-
person zero-sum gamesm . The non-zero games were introduced by Starr and Ho??. In the last decades,

the nonzero-sum closed-loop games were studied by many researchers!*~10],

In [5], the existence of
linear Nash strategies for the LQ games was obtained by using Brower’s fixed-point theorem. The
global existence of solutions of the related couple of Riccati equations was investigated in [8]. Recently,
the asymptotic behavior of state feedback Nash equilibrium over infinite time period was discussed
by Ween et al.”). The feedback equilibrium in the scalar infinite horizon LQ game was studied by

Engweredal]

. It is well known that the Nash equilibrium solution of LQ differential game over infinite
time period can be expressed in terms of the solution of a set of algebraic Riccati equations (ARE).
However, there is no general method to develop the solution of coupled algebraic Riccati equations, and
the numerical determination of the solution of the nonlinear ARE may be difficult especially for high
dimensional systems. Therefore, the problem of studying calculation methods to design suboptimal
strategies of LQ differential games by using optimization tools such as Matlab Toolbox is an attractive
subject in the game theory.

In this paper, we study the problem of designing suboptimal strategies LQ differential games with
multiple players. The main objects of this paper are to obtain the existence conditions for designing
suboptimal strategies and give an optimization algorithm for designing suboptimal strategies of LQ
differential games based on the BMI approach. First, the problem of suboptimal strategies is formulated
in Section 2. Then, sufficient conditions for the existence of state feedback suboptimal strategies
are derived in Section 3. Furthermore, the problem of designing feedback suboptimal strategies is
considered, optimization methods for calculation solution of a set of algebraic Riccati inequalities
associated with suboptimal strategies of L) games are proposed in Section 4. In Section 5, a numerical
example is given to illustrate the main results.

2 Problem formulation
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Consider a class of linear quadratic (LQ) differential games with multiple players described by
the following state-space equation:

N
z(t) = Az(t) + Z Biu;(t), x(0)==xo (1)
i=1
where x(t) is the state vector, w;(t) for ¢ = 1,2,..., N are the control input vectors, A, B; for i =
1,2,..., N are known constant real matrices.

Associated with system (1) are the performance indices

N
oo
Ji(u1,u2,...,un) = / [wTin + Z u;FRi]-ui]dt, 1=1,2,...,N (2)
0 =
where Q; fori =1,2,..., N and R;; fori,j = 1,2,..., N are given positive-definite symmetric matrices.

In the game, all the players aim to select state feedback control laws

ui(t):Ki:c(t), i:l,Q,...,N (3)
and minimize their performance indices function J;(u1, w2, ..., un) such that the resulting closed-loop
system

N
(1) = [A+ Y BKJa(0) (4)
i=1

is asymptotically stable.

Definition 1. If there exist strategies u;(¢) for i = 1,2,..., N such that for any strategies u;(¢)
for i = 1,2,..., N of LQ differential game (1), the closed-loop values of the performance indices (2)
satisfy

Ji(ul,uz,...,uy) < Ji(ul,...,ui 1, U uiiq,. .., uy), i=1,2...,N (5)

then uj (t) for ¢ = 1,2,..., N are said to be optimal strategies of LQ differential game (1).

Definition 1 shows that the optimal strategies are just the Nash equilibrium of LQ differential game
(1). The following well known result for the existence of the Nash equilibrium point was introduced by
Starr and Ho (1965).

Proposition 1. If there exist optimal strategies of LQ differential game (1), the optimal strategies
are given by

uwi(t)= —R;'Bf Px(t), i=1,2,...,N (6)
and the symmetric matrices P; for ¢ = 1,2, ..., N satisfy the following algebraic Riccati equations
N
Qi+ AP+ PA— PBiR,;'BI P, + Y P;B;R;;'Ri;R;;'Bf P—
J=Lj#i

N

> [PB;R;;'Bj Pi+ PiB;R;;'B Pj| =0, i=12,...,N (7)
J=1,j#i

Remark 1. Although Proposition 1 has given the solutions of optimal strategies of LQ differential
game (1) theoretically, the procedure of solving ARE (7) is very difficult since these equations are
strongly coupled. There is no general method to solve ARE (7).

Definition 2. The strategies u;(t) for ¢ = 1,2,..., N are said to be the suboptimal strategies
of LQ differential game (1) if there exists positive scalar §, such that the closed-loop values of the
performance indices (2) satisfy the following inequalities

Ji(ui,ue, ..., un) < Ji(ul,us,...,uy)+6, i=1,2....N

The main objective of this paper is to obtain sufficient conditions for the existence of the subop-
timal strategies and to develop a procedure of designing a set of stationary state feedback suboptimal
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strategies for LQ differential game (1) with multiple players. Furthermore, an algorithm method via
bilinear matrix inequalities (BMI) is given to solve the related ARE and calculate the suboptimal
strategies.

3 Suboptimal strategies of LQ differential games

At first, let us present some sufficient conditions for the existence of the state suboptimal strategies
of LQ differential game (1).

Theorem 1. If there exist symmetric positive definite matrices P; and matrices K; for i =
1,2,..., N such that the following matrix inequalities

N N
Qi+ ATP + PA+> K[ RyK;+ Y [KfBJP,+ P.B;K;] <0, i=1,2,...,N (8)

j=1 j=1

hold, the suboptimal strategies of LQ differential game (1) are given by (3) and the corresponding
values of performance indices (2) satisfy the upper bound

Ji(ui,ua,. .., un) <y Pixo, i=1,2,...,N (9)
Proof. Consider closed-loop system (4), and define Lyapunov functions
Vi(z(t)) =2 (t)Pe(t), i=1,2,...,N

The time derivative of Vi(z) along any trajectory of the closed-loop system (4) is given by

Vi(m(t)) =2" ()[(A+ ) BiK;)"Pi+ Pi(A+ ) BiK;)a(t) = " (1)[Qi + A" Pi+
PiA+Y K[ Ri;K;+ Y (K{Bf Pi+ PB;K;)lx(t) — @™ (1)[Qi + > K Ri; K;la(t)
Inequalities (8) imply
Vi(@(t) < =T (1)[Qi + Y K Ry K;las(t) (10)

j=1
By integrating both sides of the inequality (10) from 0 to 7" and using the initial condition x(0) = xo,
one obtains

_ / C T(9)[Qs + S KT RyKJa(s)ds > " (T) Pa(T) — 2" (0) Pia(0)

Since P; for i = 1,2,---, N are positive definite matrices, the closed-loop system (4) is asymptotically
stable. Thus
lim 2™ (T)Px(T) =0, i=1,2,...,N

T—o00

Hence, we get

oo N
| eI+ Y KT Ry Kla(s)ds < 2"(0) (o)
0 =
This completes the proof of Theorem 1.
By substituting K; = —R;ilBiTPi fori=1,2,---, N into (8), we obtain the following main results.
Theorem 2. If there exist symmetric positive definite matrices P; for i = 1,2,..., N such that
the following algebraic Riccati inequalities (ARI)

N
T —1 5T —1 -1 5T
ATP,+ PA+ Qi — PB:R,'BIPi+ Y P;B;R;;'Ri;R;;'Bj P;—

J=1.5i
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N
> [PiB;R;;'Bf P, + P.B;R;;'Bf P;] <0, i=1,2,...,N (11)

i=1,j%i
hold, the suboptimal strategies of LQ differential game (1) are given by
wi(t) = —R;;'Bf Px(t), i=1,2,...,N (12)

and performance indices (2) satisfy the upper bound (9).

Remark 3. Inequalities (11) are coupled algebraic Riccati inequalities and play a key role in
theory of LQ differential games. By Theorem 2, the feasible solution P; for ¢ = 1,2,... N of (11)
determines a suboptimal strategies of LQ game (1). In fact, the local suboptimal strategies can be
obtained from the solution of inequalities of (11).

Due to the negative sign in the fPiBiRi_ilBlTPi term, (11) cannot be simplified to LMIs. To
accommodate the fPiBiRi_ilB;rPi terms, we introduce communicating variables X; fori =1,2,--- N.

Because (X; — Pi)BiR;.lB;F(Xi — P;) 2 0 for any symmetric matrices X; and P; of the same

dimension, we obtain
XiBiR;;'BI' P, + PBiR;;' B X; — X;B:R;;' B] X; < P,BiR;;' B/ P; (13)
where equalities hold when X; = P; for i = 1,2,---, N. By combining (13) with ARI (11), we obtain

ATP + PA+Q; — XiB:R;;'Bf P, — P,B;R;;' B X; + X;B;R;;" B} X, +

N N
> PB;R;}'Ri;R;;'BfP;— Y [P;B;R;;'B/ P, + P,B;R;;}'B/P;) <0, i=1,2,...,N
j=1,j#i i=1,j#i (14)

Thus, a sufficient condition for the existence of suboptimal strategies is given as follows.
Theorem 3. If there exist symmetric definite matrices P; and X; for i=1,2,...,N such that the
following BMIs

r P PB ... P_1B,_.1 X:B; Pi+1Bi+1 ... PNBnNT
BT P, S ... o 0 o @)
BF P O ... =8 o ) 0]
2| e o (15)
B X; o ... 0] —Sis 10) ... 0
BE Py (0] 0] (0] —Siit1 @)
L ByPn o ... 0] 0 0] cee —Sin |
where
N
% =A"Pi+ A+ Qi—X:BR;' B/ P, - P.B;R;;' B/ X, — Y [P;B;R;; B] P + PiB,R;;' B} P}]
J=1,j#i

R--RilR--, i#]
ZJ:{ . ? N i7j:1727"'7N

Rii, 7,':‘7'7

hold, the suboptimal strategies are given by (12) and the performance indices satisfy the upper bound
(9).

Proof. By using the standard Schur complements, the strict inequalities (14) are equivalent to
matrix inequalities (15). From Theorem 2 we can deduce this theorem. O

4 The optimization algorithm of ARI via BMI
Now, let us consider the problem of designing the suboptimal feedback strategies of LQ differential
game (1).



220 ACTA AUTOMATICA SINICA Vol. 31

According to the Theorem 3, the feasible solution of ARI (11) can be obtained by solving the

following optimization problem
i j 1 1

o min subject to (15) (16)

where a = max;¢;<n{a: | I3 < —oul}. This optimization problem is a standard BMI constraints

optimization problem. Since matrix inequalities (15) are BMIs constraints, there are no direct meth-

ods to calculate the solution of problem (16). However, for any 1 < ¢ < N, if we fixed variables

Py, ,Pi_1,Xi, Pit1, -+, Pn, BMIs (15) can be formulated as LMIs in variables X1, -+, X;-1, P;, Xit1,

-+, Xn, and if we fixed X1,---, X1, P, Xiy1,+, Xn, BMIs (15) can be formulated as LMIs in

Py, Pi_1,X;,Pit1, -+, Pn. Thus, an obvious optimization approach for optimization problem (16)
is to solve the following problems for i = 1,2,--- ;| N
min a subject to (15) (17)

Py, P 1,X,Piyq1,, PN

iteratively. Based on this idea, a local optimization algorithm, so called alternating minimization
algorithm!™| for designing the suboptimal strategies is presented as follows.
Algorithm 1.
Initialize: k=0, (X1, Pa,---, Py) = (X9, P9 ... pO)
Repeat. set k=k+1landi=1
Do while i < N
Solve optimization problem (17) with
(Ph ce '7Pi—17Xi7Pi+17' . '7PN) = (Pl(k)7' : '7Pi(f)17Xi(k_l)7Pi(f1_1)7' : '7PI(Vk_1))7
to obtain X1, -+, X;—1, Pi, Xit1, -+, Xn; set
(X{’c)7 . 7X;E)17Pi(k)in(i)1: . ,X](\'f)) = (X1, -, Xi 1, P, Xig1,, Xn).
Set i =14+ 1.
Enddo
Until. For i =1,2,---,N, HPi(k) - Pi(k71)|\ <k, ||Ki(k) - Ki(kfl)H < ¢ (a prescribed tolerance),
and (11) hold with P, = P® K, = K® i=1,2,...|N
Remark 4. Using Algorithm 1 and MATLAB Toolbox!*2~1% | we can obtain a feasible solution of
ARI (11). Since the minimization in Algorithm 1 is a local minimization, so the calculation cost depends
largely on the initial point (XI(O), e PQ(O)7 cee P](\?)). If we select initial point (X{O), cee PQ(O), e Pz(\?))
properly, the calculation cost can be decreased and more accurate solution can be obtained.
In the rest of this section, we present an method to calculate and choose the initial point. In
terms of the standard Schur complements, the strict inequalities (8) are equivalent to

o, K{f K ... Ky I
Ki -R;* O ... O O
K .
> 0 Ria © O <o, i=1,2,N (18)
Kn O O ... =Ry O
I O o ... 0 -

where II; = ATP, + A+ YN [K'BYP, + P,B;K;], i=1,2,---,N.

Pre- and post-multiplying both sides of (18) by (N + 2) x (N + 2) block diagonal matrices
Diag(P;,I,---,I) and denoting X; = Pfl,Wij = K;X; for i,j = 1,2,--- N, one can yield the
following linear matrix inequalities:

bR wik wL ... WX X
Wi —R;! o) O o
: B
W12 @ R22 0 0 < 07 = 1,2,“‘7N (19)
Win 0] (0] _R;I\} o

X; (0] (0] (0] —-Q;!
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where ¥ = X; AT + AX; + 30 (Wi Bf + BWy], i =1,2,...,N.

In general, LMIs (19) are called relaxations of BMIs (18). Since inequalities (19) for¢ =1,2,..., N
are linear matrix inequalities (LMIs) in X; for i =1,2,..., N and W;; for i,j = 1,2,..., N, we can use
MATLAB Toolbox to solve LMIs (19) and obtain feasible solutions X;, Wij,4,7 =1,2,..., N. problem
(19). If problem (19) has feasible solutions X;, Wi;,4,j = 1,2,..., N, the initial point is given by
(x{9 PO .. PP where X = X,, P! = X for i =2,3,---, N.

5 Numerical Example
Consider triple players LQ differential game (1) and performance indices (2) with the following
data:

1 2 0 1 0.5 1 0.5 1 0 0
A= 1 0 0 5 B1: 1 5 B2: 1 5 B3: 0.5 , Lo = 0.5 ,Ql =]0 1 O
01 -1 0 0 0 0.5 0 0 1

Q1 =Q2=Q3, Ri1 = Ra2 =2, Ri2 = Ri3 = R31 = R32 = 0.5, Ro1 = Ra3 = R33 = 1.
Solving LMIs (19) and problem (17) by matlab Toolbox, we obtain feasible solutions of ARI (11)

as:
2.6200 1.0827  —0.6509 2.7354 0.9833  —0.3043
P = | 1.0827 1.5957 —0.4450 |, P> = | 0.9833 1.5936 —0.1153
—0.6509 —0.4450 1.1509 —0.3043 —0.1153  0.9889

2.0080 0.4685  —0.7343
P3; = | 0.4685 1.4790  —0.5469

—0.7343 —0.5469 1.3746
The control gains as: K1 = [-1.6886 — 1.2279 0.2603], K2 = [-1.0233 — 0.9850 — 0.3607], K3 =

[-1.5079 — 0.6612 — 0.3669] and the guaranteed cost as: Ji(u1,u2,us) = 1.3350, J2(u1,u2,us) =
1.6113, J3 (w1, w2, u3) = 0.8091. The following figures show the time behavior of variables and control
inputs in this example.

0.5k

—— State varible x, | -0.2
- - - State varible x,
---- State varible x3

0.3 z

2 ;_- -0.6 I,'" — Control input #,

Z E q -~ - Control input u,
s ~ --- Control input 3|

0.

- -1
-0.1 oy 14
) I 2 3 3 5 M5 1 2 3 4 5
Time Time
Fig. 1 Time behavior for state variables Fig. 2 Time behavior for control ioputs

I would like to thank Professor Huang L. for bringing this topic to my attention, and I am also
grateful to two anonymous referees for their valuable comments and helpful suggestion to improve this
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