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Abstract This paper describes the synthesis of robust and non-fragile Ho, state feedback con-
trollers for a class of uncertain jump linear systems with Markovian jumping parameters and state
multiplicative noises. Under the assumption of a complete access to the norm-bounds of the system
uncertainties and controller gain variations, sufficient conditions on the existence of robust stochastic
stability and ~-disturbance attenuation Hoo property are presented. A key feature of this scheme
is that the gain matrices of controller are only based on I, the observed projection of the current
regime r¢.
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1 Introduction

A great deal of attention has recently been devoted to the uncertain jump linear systems with
Markovian jumping parameters[1N4]. In this paper, we study the robust non-fragile H. control problem
for a class of uncertain jump linear systems with state multiplicative noises. Two observation errors
— false alarms and detection delays of the jumping parameters are considered. Under the condition
of exactly knowing the norm bound of the system uncertainties, sufficient conditions on the existence
of robust stochastic stability and ~y-disturbance attenuation H., property are presented. To facilitate
the solution process, the linear matrix inequality (LMI) approach will be employed in the present
development by using Schur complement.

2 Model description and preliminaries
Consider the following class of uncertain jump linear systems

dx(t) = [A1(re) + DA (re, t)]e(t)dt + Ba(re)w(t)dt + [B1(re) + AB1(re, t)]u(t)dt + Bs(r:)x(t)dw1(t)
() = [Cr) + AC(r, 1)]a(t)

(1)
where x(t) € R" is the state, u(t) € R™! is the control input, z(t) € R™3 is the output, w(t) €
R™2 is the arbitrary exogenous disturbance signal in £2[0,c0), and it is assumed that the Markov
process r¢ is independent of w(t), the noise wi(¢) is an independent Wiener process on R and the
interpretation of this diffusion with Markovian switching coefficients is as a collection of piecewise
defined Ito stochastic differential equations. The parameter r; is continuous-time Markov process on the
probability space which takes values in the finite discrete state-space S = {1,2,---, N} with generator

IT=(mij)nxn  (i,j € S) given by
) ) mi; A 4 o(A), i1# ]
P{Tt+A:J|Tt:Z}:{ Y o
14+ 7w A+0(A), i=3
where lima_0 0(A)/A = 0(A > 0), m;; is the transition rate from ¢ to j, and
i = —Zﬂ'm (mij 20,5 #1)
J#i
Considering two kinds of failure: false alarms and detection delays in the observation channel, we

introduce the discrete variable I; € {1,2,---, N}, which is thus of the same nature as the true regime.
More precisely, [5] has assumed that the following model describes the detection delays:
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When r; has jumped from ¢ to j, [; follows with a delay that is an independent exponentially
distributed random variable with mean 1/ ﬂ'?j. It is written as

‘ - { A +o(A),  i#]

Pl =jlls =di,s€| to, t |,re9=23,7,— =1 2
{teea =11 [0 ¢ ]iro=iry 1+ 7iA+o(A), i=j @

The entries of the matrix I1° = (ﬂ?j)i,jzl,...,N are evaluated from observed sample paths.
False alarms are described in similar terms:
When r; in fact remains at ¢, occasional declaration of an l; has transitioned from i to j. An
independent exponential distribution with rate 7rl-1j is again assumed
A + o(A), i#j

3
1+75A+0(A), i=j ®)

P{lt+A:j|l5:i,s€[ to, t ]}:{

with a matrix II' = (7;)i j=1,....n of false alarm rates.
The unknown matrices AA;(re,t) € R™*", ABy(r¢,t) € R™™ and AC(r¢,t) € R™3*™ represent
time-varying parameter uncertainties, and are assumed to be of the form

[AA1(re,t), ABi(re,t)] = Hi(re) F(re, t) [E1(re), Ea(re)]
AC(re,t) = Ha(re)F(re, t)Es(re)

where Hq(rt), Ha(rt), F1(rt), E2(rt) and Es(r¢) are known real constant matrices for all r € S, and
F(re,t), for all 7, € S, are the uncertain time-varying matrices satisfying

FT(ro, ) F(re,t) < I, Yr €8 (4)

For sake of simplicity, we denote the current regime by an index (e.g. A; stands for A(r:) when r; =
1€8S).
Although one may find the controller u(t) = K(l:)x(t), the actual controller implemented is
assumed as the one in [6]
w(t) = [T + a(r)é(r, DK (1)(t)

where K (I;) is the nominal controller gain for each I; € S, a(r;) > 0 is the positive constant for each
ry € S, and the term a(ry)p(re, t) K(l;) represents controller gain variations, and ¢(r¢,t) is defined as
0" (1, )p(r,t) S I, V€S

Now, the corresponding closed loop system is given by

dz(t) = [Ai1(re) + DA (re, t)] @ (t)dt + Ba(ry)w(t)dt + Bs(ry)a(t)dw (t)
+[Bi(re) + ABi(re, )] [I + are) p(re, 1)] K (1)@ (t)dt (5)
z(t) = [C(re) + AC(re, )] ()
Our controller design objective is described as
1) Given that the disturbance input is zero all the time, to establish the sufficient conditions for
the robust and non-fragile exponential stability in mean square of the closed loop system (5).

2) Under the zero initial condition, to establish the sufficient conditions for the r—disturbance
attenuation property of the closed loop system (5), that is,

J = E{ /0 |:zT(t)z(t) - ysz(t)w(t)} dt} <0, (w(t) #0) (6)

3 Robust non-fragile control for uncertain jump linear systems
Lemma 17, Given matrices Q@ =QT,H,E and R = R"™ > 0 of appropriate dimensions,

Q+HFE+E"FTH" <0
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for all F satisfying FTF < R, if and only if there exits some A > 0 such that
Q+ M HHT +\X'ETRE <0

Lemma 2. Assume that the functions f(-), and h(-) are continuous in ¢, z(t) for r¢,1; € S, and
satisfy the usual growth and smoothness hypothesis.

de = f(x,u(t),l, e, t)dt + h(x, r)dw (t)
Let g(x(t), lt, 7, t) be a scalar function satisfying the conditions of Appendix 1 in [5]. Then the generator
of the pair (x(t),l,7+) under the control action w(t) is the operator ¥ such that: when iy = =1
Wg(a)‘(t),l,l,t) = élmo Z [E {g(:l?(t + A)7 leynsmern, t+ A)|ﬂ§(t) =zl =i, = Z7t} - g(as, 2,7, t)] =

N N
ge(@, i3, 8) + [ (2, u(t), 4,4, 0)g: (@, 8,6, 8) + > migg(a, i, 5,0) + Y mizg(m, j,4, 1)+

Jj=1 Jj=1

%trace[hT(a:, 1) gz (T, 1,9, t)h(x, 1)) (M)
when ly = j #ri =1

Lpg(w(t)m%’“t) :gt(w7j7i7t) + fT(CC7U(t)7j7i,t)g;c(£C7j7i,t) + 71'%9(1}77:77:71‘)) - W?ig(w7j7i7t)+

%trace[hT(:mi)gm(%jy@t)h($7i)] (8)

Theorem 1. The uncertain jump linear system (5) without disturbance achieves exponential
mean-square stability, and the controller w(t) = K(lt)x(t) is robust and non-fragiled if there exist
symmetric positive-definite matrices Pj; = Pﬁ > 0, controller gain matrices K; and positive constants
A1ji > 0, Az5; > 0 such that the following LMIs hold for j,i € S

Qi + Xoji EL B P;jiB1i + A\2ji ET, Eo; K]T P;iHy; K]T
BlrI;Pﬂ + )\zjiEgTiEM -1+ )\zjiEgTiEzi 0 0 0
K; 0 —I 4+ Mjiall 0 0 <0, j,i€S (9)
HE Py 0 0 —Xojil 0
K; 0 0 0 — Al
where
N N
0 — AT, Py + Py Ay + Z mi; Pij + Z m-leji + B3;P;iBsi, if j=i
ji = j=1 j=1
AT Pj; + Pji A + W?i(PM — Pj;) + B3 Pj; B, if j#i

Proof. For the nominal jump linear system %o without disturbance, which means AA; (r¢,t) = 0,
ABi(r,t) = 0,AC(r¢,t) = 0,¢(r¢,t) = 0 and w(t) = 0 in (5), consider the following Lyapunov
function:

V(x(t),le, ) = 2" (t)P(le, me ) (t) (10)
where P(ls,r+) are positive defined and symmetrical matrices. Using the infinitesimal generator ¥, we
have

Casel. li=ri=1
OV (x(t),i,4) =« (t) Mia(t) (11)
N N
where Mi; = |(A1 + B1iK:)" Py 4+ Pii(A1; + BuK;) + Z mi; Pij + Z mleji + B3, P;iBs; |.
j=1 j=1

It’s easy to see that M;; < 0 is equivalent to

N N
[AEPM + Pidvi+ Y mijPiy+ Y Pji+ B3y PiBsi | + PuBulKi + K] IBfPi < 0 (12)

j=1 j=1
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By Lemma 1, a sufficient condition guaranteeing (12) is that there exists a positive number \;; > 0, (i €
S) such that

N N
Nii | AL Py + PiAv + Z mii Py + Z Wileji + B3;Pi;Ba;

Jj=1 Jj=1

+ X} PuBulBL Py + K TK; <0 (13)

Replacing Ai; Py; with Pi;, and applying the Schur complement leads to that (13) is equivalent to

[ 024 P;; Ba; KlT-I
[BITZ-PM- —I 0 J <0, ie S (14)
K; 0 -1

N N
where (2;; = Arll“ZP“ + P“Ah + Zﬂ'ijpij + Zﬂ'iljpji + B;;»I;P“BBZ
j=1 j=1
Case 2. Iy = j,ry =t and j # i

UV (2(t),5,0) = 2" (t) Mjiz(t) (15)

where M;; = [(Au' + B1:K;)"Pj; + Pji(A1 + BuiK;) + W?i(PM — Pj) + B:;rinz‘BSi] , JFA.
Following similar lines as in the proof of case 1, we canobtain that the following LMI
i  PuBu K
BLP;  —1 0 | <0, 4,i€ 8, and j #i (16)
K; 0 -1

guarantees M;; < 0, where §2;; = [AE—PJ-Z- + Pji Ay + W?i(Pii — Pji) + B:’gI;PjiB?,i].

Hence, (14) and (16) are sufficient to guarantee the negativity of ¥V (x(t),ls, ) for all j,i € S.
By Theorem 2.3 and Theorem 7.2 in [5], the nominal jump linear system ¢ is exponentially stable in
mean square.

Then, to the uncertain jump linear system (5) without disturbance, we only need to replace
A1, Byi and K in (14) and (16) with Aq; + H1iFi(t)E1i7Bli + H1iFi(t)E2i and K; + Oci(]bi(t)Kj for
all 4,7 € S. By Lemma 1, a sufficient condition guaranteeing (14) and (16) is that there exist positive
constants A1j; > 0, A2j; > 0, (4,7 € S) such that

i PjBu K 07r07" KI K"

BLP; I 0 | +Xji| O 0] +Agi| 0 0| +
K; 0 —I ai] Lo 0 0
PjiHq; PjiH; " ET; ET; B

Applying the Schur complement yields that (9) is equivalent to (17) for all 5,4 € S. This completes the
proof. O

4 Robust non-fragile H, control for uncertain jump linear systems

In this section, we consider robust and non-fragile H., disturbance attenuation for the uncertain
jump linear system (5).

Theorem 2. The uncertain jump linear system (5) is stochastically stable with ~-disturbance
attenuation property (6), and the controller w(t) = K(I;)x(t) is robust and non-fragile if there exist
symmetric positive-definite matrices Pj; = Pﬁ > 0, controller gain matrices K; and positive constants
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Aji >0, A2j; > 0, Azji > 0, such that and the following LMIs hold for j,¢ € S

( Qi + Ao BT Evi PjiBai PjiBui + Aaji By Eoi K}
B3, Pj; —2I 0 0
BEPJZ + )\zjiEzTiEli 0 —I+ )\zjiEzTiEzi 0
K; 0 0 —I+ )\13'2'0522]
C; 0 0 0
HyPy: 0 0 0
L K; 0 0 0
FEs; 0 0 0
cr PiHi K E3, 7
0 0 0 0
0 0 0 0
0 0 0 0
T4 N HRHL 0 0 o <Y (18)
0 —Aojil 0 0
0 0 Mgl 0
0 0 0 —Asjild
N N
where 2, = AEPM + Py Avi + ; i Pij + ; mleji + B::,l;PiiB&, if j=1 ‘
AT Pji + PjiAv; + W?z‘(PM — Pj;) + B3 Pj; B, if j#

Proof. Let us first look at the nominal jump linear system ) ,, which means AA;(r¢,t) =
0, ABi(r¢,t) = 0,AC(r¢,t) = 0 and ¢(r¢,t) = 0 in (5). Again taking the Lyapunov function as (10)
and following a similar line as in the proof of Theorem 1, we have

N ll:(t) T sz‘ PjiBzi ll:(t)
o= o0l [ae "o e (19)
where
N N
Y (A1; + BuiK)T Py + Pu(Ay + BuK) + Y. mi; Py + Zm—leji + B3; PyiBa, if j =i
i = =1 =
(A1; + B1K;)" Py + Pji(A1 + BuK;) + 71';-)1-(1:’“ — Pji) + B3; P;j; B, if j#i

By Dynkin's formula, we have
T
E {/ UV (x(s),ls, s, s)ds} = E{V(z(T),lr,rr,T)} — E{V(2(0),lo,70,0)}
Jo
Under the zero initial condition, we have
T
J<E {/ [ZT(t)z(t) — 2w (Bw(t) + WV(az(t),lt,rt,t)] dt} Y w(t) € £2]0 o)
0

Taking (19) into the above inequality, we have

ren [|[B0] e ] [E0]] ) .

By Lemma 1 and applying the Schur complement we obtain that

J

[jS+C?Ci Pj;B2; PjiBu KI

B3, Pj; —2I 0 0 .
{ BLp, 0 o 0 } <0, j,i€S (21)
K; 0 0 —I
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where
N N
AT, Py + P A1y + Zﬂ'ijpij + Zﬂ'iljpjz‘ + B3 PiiBs,if j=i
jS — Jj=1 Jj=1
AEPJZ + PjiAu‘ + W?Z(Pzz - Pji) + B:rsripjiBSM Zf .7 75 (
guarantees

Mj; + CFC;  Pj; B

B3 Pji -1

Then for the uncertain system (5), replacing A1;, B1;, C; and K in (21) with Ay; + H1;F;(t)E1s, Bui+
Hq;F;(t)E2i, C; + H2i Fi(t)Es; and Kj + ai¢i(t) K, and using Lemma 1, we can complete the proof.(]

5 Conclusion

In this paper, we study the robust non-fragile H control problem for a class of uncertain jump
linear systems. Sufficient conditions on the existence of robust stochastic stability and ~y-disturbance
attenuation Ho, property are presented based on coupled LMI’s. All of these results established are
dependent of the priori knowledge of the norm bounds of the system’s uncertainties. A possible direction
for future work is to obtain the robust and adaptive Hs control laws of the unknown norm bounds.
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