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Abstract This paper deals with the smooth fitting problem under the genetic programming

(GP) algorithm. To reduce the computational cost required for evaluating the fitness value

of GP trees, numerical weights of GP trees are estimated by adopting both linear associative

memories (LAM) and the Hook and Jeeves (HJ) method. The quality of smooth fitting is

critically dependent on the choice of the regularization parameter. So, we present a novel

method for choosing the regularization parameter. Two numerical examples are given with

comparison to the generalized cross-validation (GCV) B-splines.
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1 K3,M;%\ C��D?)�
y(t) = µ(t) + ε(t) (1)
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394 $ w ^ - � 32%s� µ(t) rt�D?�ε(t) riID?�?*pp E(ε(t)) = 0, 	9- σ2. 63D? y(t),

t = t0, t1, · · · , tn (t0 < t1 < · · · < tn), /j*�l L{(ti, yi)|yi ≡ y(ti)}i=0,···,n, FO µ(t) e1sC µ̄(t). ax�U"� µ̄(t) 1s	���5��
)��!,y�b<��6a5�L��oS�h��u2j'R>LB#�s[1,2] e	��FO µ(t) e(S1s��rO�4��!�&A%w\�4��GP ;�e�n?���f0AU�esI	)�1s�'k;%(S GP ;�dB;�n?�.?f����m{��7;� GP ;- µ(t) e;�GeT'��℄RWe?���^j�edep$^j��g�;P�[BB��WV�a(e GP I��8l�guU�� GP ;e�/���?���1sr9�ax�=l�8-R Sharman K C, Watson A H, Gray G J, Bettenhausen K D, McKay B, Weinbrenner

T, Yang Y S. h
0�e�	�S[m{	��TW��d<-T?�f?w% GP ;/�e�8sIV% GP ;e?����<I"��u-R LAMs L HJ FO�edP���kVk��sIX{�sP�TW L 6biIeO�� GP I�/Lzm{D?L�CUp{.?
�/LzD?L��CA
�;
R7,M GP ;� L e/L��I;
X"8X/LzepÆ
�u;�(�8e�|-'k;%P/e.?�'�g'te L ?"��ed;%��e"��0fk8X��.?T����?*vt��.?TV���?B�8X�ax�=elg GP I�?���1s��U"�K�e.?'k	��℄dz*�V[3∼7]
. �u�sD;��Pe~\v�)	���	�f0U�ksI&'kS�e GP ;�u��
|5�g GP I���-Rp{.?	�0�8XhPw\�=el�t�b��uXPDp{/LzD?L GP ;?���1seU�	)ÆZGD'kp{.?e�	��[:D GP I��e8XhPw\�5Æ'GD;%?*$=�

2 GP =1N|FBgr}>LB#�sI�-g>LI�eegJ��pu7e�'��^e%^-R;�uU;��/"*sIiB#��ueT'_�r µ(t), GP;e�nT��n (Terminals)�a(D? (Primitive functions) ZfI�'��s���n9?:�n�R-�w\�pr�w\U(g�e�e���u�;�e4Z�n*-0 [e���n-w\ea( C�)�nL�}�ng?re,�n�RWn-'Pu�a( CeD?�g�[BB��GP;�/dB>LI�uU [�>L1*�6����6L G�V%I�LRW�'ke%^���-)"RWe/Lz���%^��6-Q^x�^��)"/Lz�`'A%%^e*e,� (��;��B#��L���.)h) ��'P;��%^� G-TB#Ni;�;.�e�;�AX_� G�N'��nA�eaU�;,��
GP g}�D?��"�-;��<URe+#�GP ;�/g�[BB��uU [Aed(SeD?�)�rD�� GP ;�/e�C�?
g GP ;�n�e?���1s%-Æ��;+k�[/LzD?	Æ�p��?*�6�6biIo_�w\� ddW�&�GP ;L�
>*�6�eRe8XD?�����/j8XD?e(U�	�--Rp{/Lzm{D?�ep{
 (8X
>a�). /LzD?-R f = E + λθ �)�E X" GP ;/L��z�θ -8X1sC�λ -p{.?�u;�-�0fkdB'R/^ep{.?e�E?���1s7S' GP ;*r;%8XD?ZRepp
��,$����'R>LI�Sdpp;�u6;% GP ;��ÆXPp{/LzD?�'kD?lL?���ew\�

2.1 JY4=M/2_86yWU
f = fA + λθ (2)
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(2) 'G/LzD?LRep{
�s� fA =
1

n + 1

n
∑

i=0

(y(ti) − ū(ti))
2, θ - GP ;D?e8X1sC�λ -p{.?��?'kqOÆC*r θ, ?rF - �U Tikhonov p{ [4]

, n
GP ;g�[BB� �;%"z�	�D?�U" GP ;e�A��`pe�r�g tib ti+1 �}e`;n�i� dSVfS��u��r*fg ti(i = 0, · · · , n) `;n�3tb�HO�F - �U Tikhonovp{fgWI�eq�p{*fE�U�k�I�Yeyufg ti b ti+1 �}eV���[3,4]

. -R) (3) e8XD?3t θ,

θ =
1

n + 1
{

n
∑

i=1

µ̄(ti)
2}(|µ̄′(t0)| + |µ̄′(tn)| + µ̄′

L) (3)s� µ̄′

L - µ̄′(t) =
dµ

dt
g t0 b tn �}e�	=z�f0�<U�kg ti ∼ ti+1 �}ed{�OV�e8X GP ;�r'�[BB*~���LR) (2) �'Ge/LzD?�dBS[sI�3t λ L1s���sI���ePU GP ;�u�K9	�sI
^�"�PA�yW'R;�~\e	)�R fA e�X_ GP ;ev$/Lz��^'R>LI�"�*e",M8XK9�} fA e��LAMs 	�[1∼3] -;��<U�esI	��Q�^�Ni'ke GP;��U%$Ge GP ;#U fA ek����U-R HJ FO	�[4,5] 'k λ .?�}/LzD? f ek���

2.2 e1C�=MCg�u���nl�CU;% C t, NiV��W 1. t U;%?����t ey��X"�ne$v8G��B��'keD?'d GP ;;�vte��'kD?l F

F = {g1, g2, g3, g4, +,−, ∗,÷} (4))��g1 =
a1

1+e − b1(x − c1)2
, g2 =

a2

e[(x − b2)/c2]2
, g3 =

a3

b3

√

b2
3 + (x − c3)2, g4 = a4(b4x−c4)

2,

g1 d<-;%xÆ��oS�'Re S�D?�g2-"CK�D?�g3-�ÆgD? (RBF),

gi CU�%6 ‘+’, ‘-’, L ‘*’ I9I�&te?��� ((ai, bi L ci), e6�RW�eV;%xCU;%8G�ney�?����Ol��u'ReD?l��0ARbsR�QYtw\eD?����pD? µ(t), �	D?h�
2.3 GP L/JYHasI GP ;��BBTA%+�'��Step 1: -R LAMs 	��'R�C fA e/LzD?ROsI���e GP ;e1s�� [2,3]

. Step 2: Q���'kq%#U fA (��e GP ;�R�C fA Le/LzD? f m{RWe���-R HJ FO	��dBk�[
f FO(S���HJ FO	�ZsR	�
��4H�zU��HJFO	��8Yn--R!,_)�*--R2}FO[4,5]

. �d�De-�^ HJ FO	�m�"�GP ;e$v/Lz�V � fA, �>LI�V��;X'R�
3 r}0Bg)m��ax�U"�'ke	���6}9� (DP) ��64~� (CV) ��PY?L8XI�� (CRESO)

[5] � L- �	�[6,7] �F - �6� (ZC)
[8]

. DP 	� 8D�	9 σ2 �&�u�$vLR*<�CV 	��M* 8qz	9 σ2 �&�℄�*�6�*V�CV }91s�V�CRESO 	��-Re(�)��*p{.?�;�D? θ(λ)+2λ
d

dλ
θ(λ) e
�kV



396 $ w ^ - � 32%��TW HJ 	�*f;� θ(λ) e?%��PAqV*0fsI d

dλ
θ(λ), e"yW9Sdrbu6;% λ ��Hr λ �eq� [�
Ju HJ 	�;�*ee θ(λ) ��L- �		��p{.?e!�- λ e'k�
^Wg L- �	e “3n ” UkV�N�oa�� 8g fA L θ e3ne"ed;%t�P9e?"hPL8X�L- �		�Tg"��}�;-�	e*?%���- λ �e{q [;�e�?9G�V�ZC 	��;�gW$4~"ev�)	��orb;%' η (�frFe(w.? λ, o (λ) = |fA(λ) − λθ(λ)|.

ZC 	�eSn-ÆCsI η, ℄dByWe$463�ZC 	�e(V�n-g"�|5��ÆC' GP ;B�8X�rDX)axp{.?'k	�e*&��u-RD;�gW$4�?e~\v�)	��λ e'kdB;%~\e�4.) (5) sI�o
λ =

1

sθ
τα (5))��τ =

1

2n

n
∑

i=1

{y(ti+1) − y(ti) − (µ̄(ti+1) − µ̄(ti))}
2, sθ = θ, α dB) (6) sI�

α =

{

max{100(max(fA, τ) − min(fA, τ)), τ} + ξ, if fA > τ

ξ, sR (6)V% τ , sθ L α �g HJ 	�+(1s��x��t�sI λ esI GP ;��e HJ 	�[:���
HJ 	��)[:�HJ(w−∗, w−0, r, f), +(nr w−0, (wn w−∗ dB}(�.?�D? f .r��b r Ub(VsX?�
1) PU GP ;e��dB LAMs 	�ROsI�Q�^�'k(Ge GP ;��RW�eV;%�sI τ1, s1

θ, �J�!X"sX?�� ξ = 0.95, sI α1, 'R τ1, s1
θ, α1dB.) (4) sI λ1. u6�GP ;e��ÆC w

−0  dB LAMs 	�rb�
�+(
HJ(w−1, w−0, r, f1), (f1 = fA + λ1θ), ed��ÆC w

−1.

2) �s+� 1), sI τ2, s2
θ, α2 L λ2, I ξ = 0.8l�sI α2, +( HJ(w−2, w−1, f, f2).

3) �b^xsX? k Ub(Ve"e? h, ��+� 2), u;�z� k -t?��
ξ = 0.95, z� k -l?�� ξ = 0.8. � h -l?�z |f−h

A − f−h−1
A |/f−h

A > 0.1, +� (2) R
ξ = 0.95 ���P�u;�^ HJ(w−h, w−h−1, r, fh) "�f−h

A 
^ fA e���u�s r = 1000, h = 4, Hr r T��GP ;e��*fE�1s�
4 GP L�g:ZjR

GP I��e8XhP0�+�Z	�I�[:���P6 1.

1) Ni;�;%��fdB>LI�QxX;�;%�e���PU;eF(��� Koza 	��r!�e GP ;��r 1. �^�V%;�oyNi?�V��W 0.5, {%;e���'R LAMs 	���1s�LAMs 	���} fA e(���o fA e�X"{%;e/Lz��
2) 'kq%Ge GP ;�{µ̄i}i=1,···,θ, ed��e fA �e;�θ X"'k;e?a��u'k 5 %G;�V%�'ke GP ;�s�� −→w LAM

i = (wLAM
i,j )j=0,···,pi

-R HJ 	��dBp{.? λ e'kdb�u;�−→w LAM
i - pi- 2}ÆC�TW HJ 	��+(n�<\!�{qe*e+(n0fJu*ee�?�r�Yu%w\� 8'kq%*ee
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GP K�Æ0M{EAf9YiQ\q|/A��2� 397+(n�AdbGe�?��udBoyNi?bF(�� −→w LAM
i , LAMs 	�����

−→w LAM
i = (wLAM

i,j + δi,j)j=0,···,pi, δi,j -Ni?�V��W 0.5|wLAM
i,j |. Q −→w LAM

i ��HJ FO+(��� ρ P��urD��sIX{��r 5P�TWdB f (�1s���*ÆC;�(Ge GP ; µ 1s�PAyW�s;�'k/^��ev�)	��I�[:���P6 2.�V% µ̄′, ��ÆC1sQl k %n+(�−→w HJ
i:k (k = 1, · · · , ρ), r~�u��tEA%�J�o fA(i:k) L θi:k, fA(i:k) X" −→w HJ

i:k e µ̄i e fA, θi:k X" µ̄i e θ e −→w HJ
i:k .

1) F( −→w HJ
i:∗ r −→w HJ

i:1 , −→w HJ
i:∗ X"(w���

2) z� fA(i:∗) + ζθi:∗ > fA(i:k) + ζθi:k(k > 2), ζ =
{ 1

2 (fA(i:∗) + fA(i:k))}
1.3

1
2 (θi:∗ + θi:k)

, bT −→w HJ
i:1  � −→w HJ

i:∗ .

3) �� 2)ρ − 1 P�k = k + 1, db(U −→w HJ
i:∗ .

µ̄i e/Lz� � fA(i:∗), >L1*I�gWu%�g�;X�LR�Q {µ̄i}i=1,···,θ�'k(Ge; µ̄∗, V%;e��ÆCr −→
w

HJ
i:∗ , tEA%�J fA:i L θi, fA:i X" −→

w
HJ
i:ke µ̄i e fA, θi X" µ̄i e θ e −→

w
HJ
i:k .

4) 'k µ̄1 *r µ̄∗.

5) �? fA:∗ + ζθ∗ > fA:i + ζθi(i > 2), ζ =
{ 1

2 (fA:∗ + fA:i)}
1.3

1
2 (θ∗ + θi)

bT�µ̄∗  � µ̄i.

6) ��+� 5)θ − 1 P�i = i + 1, rb(UG; µ̄∗.

3) dB>LI�;�;%�e�����+� 1) L+� 2), dB+� 4)∼6) 'k^xX(Ge; µ̄C L�;X(Ge; µ̄P , sI µ̄C -�� µ̄P *G��? fA:P + ζθP > fA:C + ζθC(k > 2), bT µ̄C �'k��n µ̄P ��J�µ̄C �WV�u;�ζ =
{ 1

2 (fA:P + fA:C)}1.2

1
2 (θP + θC)

.

4) ��+� 3), �bUbe"eX?�O�Ge GP ;'ke�8HG- ρ L θ. ^RWe�oy"�rbGe GP ;e0f�^V�℄�oysIX{�
5 B��xn�A�~g�Æ��0�;%G�D?�r�W���J� GCV B-6aD?�?��ua-RD(�℄e GCVSPL ��sI�[9]

. *�l�r {(ti, µ(ti) + εi)|ti = a + i(b − a)/n}i=0,···,n,

a L b �$r+(nL�>n�n = 50, εi r
�W 0 "CiI�	9 σ2. ��*�l�,MA�|5�σ = 0.1 L σ = 0.05. �7"CiIe	9qV
e�℄TWiIU"/� 	aD?eYz�j� GP �?f GCV B- 6aD?�?�S*
e�PA�V�|5�� 5 %*ee*�l?"�;%*�lehPzG_T MSEµ̄
L =

1

n + 1

n
∑

i=1

{yi − µ̄(ti)}
2 &t�µ̄(t) eG_�tEr MSEµ̄

T =
1

n + 1

n
∑

i=1

{µ(ti)− µ̄(ti)}
2, 7!iI*�6� L e`?D? µ′(t) eG_�tEr MSEµ̄′

T =
1

n + 1

n
∑

i=1

{µ′(ti) − µ̄′(ti)}
2.G�D?�) (7) tE�

µ(t) = 1.5{exp(−30(t − 0.25)2) + sin2(π(t − 0.2))}, 0 6 t 6 1 (7)



398 $ w ^ - � 32%TWG�D?*�6�eiIg t = 0 ��0fo_aD?eYz�PAÆC`� µ′(t)e1s;�S9e�?�u�/�O� GCV B- 6aD?e�rYz�$4�?�" 1 P*�;	Z�GCV B- 6ae�g"�|5�SVz9G&7�I;	Z�U�|5��
µ̄SP1(t) e�?� µ̄GP (t) O�G��l 1 Ll 3 �|5 (σ = 0.05) �l 2 Ll 5 �|5
(σ = 0.1). � σ = 0.1, j�"*(Ge µ̄GP (t) LR
Le µ̄′

GP (t)(|5 4), j�"*(9e|5 (|5 2). 68A%j��g-� t = 0(g(9a�� t = 0.25) ~℄�?�*eaD?��j�U�~$�u-Hr�~℄*�6�6biI 	P��# 1 H�EA GP N GCV B- 7bEA��
Table 1 The results of GP and GCV B-spline for the bell-shaped function

Mean σ GCV B-spline

GCV Error M
µ̄

L
M

µ̄

T
M

µ̄′

T
M

µ̄

L
M

µ̄

T
M

µ̄′

T
# �o

Noise: ε ∼ N(0, 0.052)

1 4.41E-3 5.10E-2 3.26E-3 2.17E-3 3.64E-4 2.20E-2 2.29E-3 2.92E-4 1.01E-2 23

2 -3.01E-3 5.02E-2 2.93E-3 1.64E-3 5.76E-4 5.96E-2 2.29E-3 6.73E-4 1.90E-2 23

3 4.41E-4 5.08E-2 3.23E-3 2.13E-3 4.40E-4 3.50E-2 2.56E-3 4.00E-4 1.63E-2 23

4 3.63E-3 4.98E-2 3.17E-3 9.24E-4 1.11E-3 1.86E-1 2.18E-3 6.37E-4 1.04E-3 23

5 6.11E-3 4.98E-2 2.53E-3 1.08E-3 1.11E-3 9.62E-2 1.80E-3 8.06E-4 3.19E-2 23

Noise: ε ∼ N(0, 0.052)

2 -4.58E-3 1.11E-1 1.43E-2 8.41E-3 2.34E-3 1.23E-1 1.07E-2 7.93E-4 2.52E-2 23

3 -9.93E-3 1.07E-1 1.48E-2 1.04E-2 1.22E-3 5.05E-2 1.14E-2 1.69E-3 1.75E-2 23

4 1.15E-2 1.11E-1 1.47E-2 1.04E-2 2.88E-3 7.11E-2 1.00E-2 1.02E-3 2.91E-2 26

5 -3.83E-3 1.01R-1 1.24E-2 8.56E-3 1.27E-3 7.06E-2 9.72E-3 1.01E-3 2.08E-2 23

6 9.62E-3 1.04E-1 1.33E-2 9.53E-3 2.19E-3 8.25E-2 9.99E-3 1.93E-3 1.78E-2 9

k 1 H�EA)Hf GP < µ̄GP (t) NS�Mf
µ̄′

GP (t) ���_ σ = 0.1, MSE
µ
T N MSE

µ̄′

T �f�%. 7.93E-4 N 2.52E-2

Fig. 1 The results of the best GP tree and µ̄GP (t)

its correspondent µ̄′

GP (t) for the bell-shaped

function, when σ = 0.1. The values of MSE
µ
T and

MSE
µ̄′

T are 7.93E-4 and 2.52E-2, respectively

k 2 H�EA):f GP < µ̄GP (t) NS�Mf
µ̄′

GP (t) ���_ σ = 0.1, MSE
µ
T N MSE

µ̄′

T f��%. 1.93E-3 N 1.78E-2

Fig. 2 The results of the worst GP tree µ̄GP (t)

and its correspondent µ̄′

GP (t) for the bell-shaped

function, when σ = 0.1. The values of MSE
µ
T and

MSE
µ̄′

T are 1.93E-3 and 1.78E-2, respectively

6 �R�uZGDgW GP e8XhP	���	��-e4�-dBp{.?e'k4H1s GP ;e���rD1s���yWJ�D LAMs 	�4�RO1s��{%;e�



3 r nDNi
GP K�Æ0M{EAf9YiQ\q|/A��2� 399��A��sIX{��U-R HJ 	�dBp{.?'kFOyge µ̄′(t) GeT'����sI;e���p{.?'k=8v�)	��u61�DLge	�� CV L L- �		��*f4H�LRe*&�e6�dBp{.?e'k0Aed�Ge GP ;�?�
v��D GP e B- 6ae�f��?�*�g"�|5��1s µ(t) L µ̄′(t),

GP  B B- 6a��	�e*&�KgW�p{.?e'kLGe GP ;'k!�-;�v�)e� � CRESO L ZC 	��UU/$e?*gJ�?�
v�?9�*�g`�|5��'kep{.?*-(we��-0A
6�.?�e�q [f0db��Ge�?�uU[W�;+0��
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