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Abstract In this paper we extend the maximum scatter difference discriminant criterion

which is proposed for binary classification to the multiple-class maximum scatter difference

discriminant criterion. Based on this new criterion we establish a novel face representation

method. The facial feature extraction method based on the multiple-class maximum scat-

ter difference discriminant criterion effectively avoids the small sample size problem which

always brings troubles to conventional discriminant analysis methods when they are ap-

plied to face recognition tasks. Experimental results conducted on international benchmark

datasets such as ORL, Yale, and FERET face image databases demonstrate that the novel

face representation method is promising in comparison with Fisherfaces, eigenfaces, orthog-

onal complimentary space method, and null space method.
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t7b�0�)�� 379�h��=�.��(mC#��ia�/�&n�"`x��&na)%�+28�aNiAS���ya!:"mBy�/eÆ�ae�N|%PX�&�x�/�h�a�i.�&na�X[(m�Ax��$KPX�/��a�&D��D8�
$��~
�F$RCaQ_�	�
M[1] �,Q�r5[2] ;,�Z,�h�z5[3] 
�&D�Aj�:haV��kM[4] ;���6O[5] 4��Bj=�/�h�.3�n�/eÆwKa�p6	�6�Cma�Ok��NiaepN|�6��AhP,�=�,��)

X�&nwx�N|�6��&�;�&�K{n+^&�a�/eÆx��$�x�/�h�a�i.�/e�N|aV�Ry��/e�N|aRy��\:�m4Q&�LXW<N|[6] aRy��;LXV;N|aRy����/eÆaW<N|5+v��v�AM�!M
HBaM
?Q�\:_ABy�LXV;N|a�/N|Ry��H{>mZr`XZ$��A`�a�E���LXV;N|a�/N|Ry��n�/eÆ�>.�pe0�_�a=!�6�\4(mqZa	�K
	��G�n�p6	�6-G_=!epN|�6�K{`_�/eÆa=!
d�'�K�p6	�__epN|�_a	��G�AU�G
z$l=�k�+^a�G
zn℄�+^aN|Ry�$�p�m
��R��u_x��/N|Ry���� Turk ; Pentland RCaLX�>��| (Principal component

analysis, 
Ym PCA) a Eigenfaces
[7]

, Belhumeur 
RCaLX Fisher 	�e� (Fisher

linear discriminant, 
Ym FLD) a Fisherfaces
[8]

, Bartlett 
RCaLXq,>��|[9] AS7j
RCaLX 2 p�>��|[10] a�/N|Ry�$

�. p�Fisherfaces +.=�q,a�/N|Ry�$�UX�/��tV\:.=!�8�tV�Vk&`�-
z\:mlG
z�H{ FLD w��wP$Rye�N|��"^kJN|qp���� PCA g="P�VkKP FLD ��N|Ry�r�3�P PCA w�p6	�_��p;-G�"`-GAa�_`+jC�lGa&`�-
z�+���?x�/N|Ry�����r(�_�[14] �>�_�[11] AS*=�_�[12] 
p.m8|� Fisher e��oV;a&`�-
zalG�tV{�k~sm$a�,Q�r5e��o[2] .=��a	�e��o�K;.m8�� Fisher e��oV;alG�tV{�RC$a�,Q�r5�o1e*u=!,S
M���"`+^&�a�pZ$8�3���
MA�a�,Q�rf���[ Fisher e��o+^a.�,Q�r5�o0P,E�r5 — &_�rd} C �a&`�r (C mZ�1;�\:m
��;), 0m
MA;�a���r6�{+j3P,E Rayleigh ��LX,Q�r5e��oa	��&n— ,Q�r5�&n�k�/��A``_838hP��4y2�X�k�&�2SX#�G`a�/N|Ry (� Eigenfaces ;
Fisherfaces) ^,�=K,��)�&na��������A[�V?t�Ca.a���6O
2Q�{u�,Q�r5�&nk�/;�Q�a�&�a%+X�?%1;
C a%n��T8lG�tV��VS3a�&�2�w"w1;���Haj1
Si�"`,Q�r5�&n>m=��a�V>�a�/�����Y.�,Q�r5�&n���.=�4&�&n�ZKPXx&Z$��tV���"3�wbtV���|�nb$a=!x&�&tV�Cm=�:4&�&tV��20P “=wx ”(one-vs-rest) �$�=! l &�&tVwK_ l !4&�&tV
�20P “=w= ”(one-vs-one) K “V�9 ”(directed acyclic graph)�$�=! l &�&tVowK_ l(l− 1)/2!4&�&tV[14]

./�y2�X�,Q�r5�&nk “=wx ” �|�$�a��G\:�ve�H{+:"P��20P “=w= ” K “V�9 ” �|�$�,Q�r5�&na��GE�a)`_���Y.F�&�!; l a+vrQ�,Q�r5�&na&�S�&�GnI



380 % o E ) Æ 32�,Cqe�mI�vRn/PX4&Z$�&a,Q�r5e��o#s_�PXN|Ryax&,Q�r5e��o��s3�
:}�8,Q�r5e��o;,Q�r5�&n��Al,8x&,Q�r5e��oASN|Ry���$C8+^1;[i�a,Q�r5N|/eÆ�,Ak ORL � Yale AS FERET �/eÆ;� ��[ Fisherfaces �
Eigenfaces ��r(�_�>�_
�/N|Ry����8�v�31y2�X�LXx&,Q�r5e��oaN|Ry���V=kaS,�
2 /TÆu8g"�qCU/TÆu8�(o� ω1 ; ω2 .4!Z$&�Z$ x ∈ Rd m d p��6�g i &+28�a!;m Ni,8��� mi �&_�-
z Sb ;&`�-
z Sw ��kEm

mi =
1

N

∑

x∈ωi

x, i = 1, 2 (1)

Sb = (m1 − m2)(m1 − m2)
T (2)

Sw =

2∑

i=1

∑

x∈ωi

(x − mi)(x − mi)
T (3)nZ$8�3℄!�� w ∈ Rd(w 6= 0) ��
M�
MA8�a&_�r S̃b ;&`�r S̃w ��m

S̃b =
w

TSbw

w
T
w

(4)

S̃w =
w

TSww

w
T
w

(5)&_�r;&`�r.�6;����a4!:P	��&_�raQ�;�a���a8
&`�ra��;�a���a8�\4	�^~�vR�An�84!���	�'=>,E�r5
w

TSbw − C · wTSww

w
T
w

=
w

T(Sb − C · Sw)w

w
T
w

(6)0m=!`=a���	��k��1; C m=
��;�,Q�r5e��o%y"`,E�r5P_,Qa��0m,S
M���HI�,Q�r5e��owK�A�,SCZ��
max
w 6=0

w
T(Sb − C · Sw)w

w
T
w

(7)k��
z Sb − C · Sw =m1;m C a,E�r5
z�?� [2], vRVA�I*�TG 1. ,E�r5
z Sb −C · Sw ,QN|�wKaN|�6Vm,Q�r5e��oa,S
M���Y w
∗(C) m (7) $�ka,S
M����pZ$8� x 3��
MA�`_=pN| w

∗(C)Tx. x8��p6	�_aZ$�&tVV�Cm=pN|�_aZ$�&tV�C b ; b1 ��mIV+28�;g=&+28�3 w
∗(C) �
MAa8����V

b =
1

N1 + N2

∑

x∈ω1Y ω2

w
∗(C)Tx (8)
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b1 =
1

N1

∑

x∈ω1

w
∗(C)Tx (9)o�LX,Q�r5e��oa,Q�r5�&nm�

f(x) = sign(w∗(C)Tx − b) · sign(b1 − b) (10)k��sign m�:7;�f(x) = 1 �' x 7X ω1, f(x) = −1 �' x 7X ω2.

3 z(/TÆu8g"�q^Q�U|� ω1, ω2, · · · , ωl . l !Z$&�Z$ x ∈ Rd m d p��6�g i &+28�a!;m
Ni, og i &8��� mi �(X8��� m �&_�-
z SB ;&`�-
z Sw ��kEm�

mi =
1

N

∑

x∈ωi

x, i = 1, 2, · · · , l (11)

m =
1

N

l∑

i=1

Nimi, N =

l∑

i=1

Ni (12)

SB =

l∑

i=1

Ni(mi − m)(mi − m)T (13)

SW =

l∑

i=1

∑

x∈ωi

(x − mi)(x − mi)
T (14)I��,E�r5
zm SB − C · SW .vRa�y.1e�k k!,Se��6w, w2, · · · , wk,"`+^&�a�pZ$8�3x��6
MA�a�,Q�rf���m�DN|�_a	�
*�AS,Se��6<r+=U$aM
�\::wKRm.��r�6*�VN)w

T
i wj = δij , i, j = 1, 2, · · · , k.Y W = [w1, w2, · · · , wk] ∈ Rd×k, Z$8� x 3x��
MA`_N|�6 WT

x. IV+28�aN|�6(>a&_�-
z S̃B ;&`�-
z S̃W , ��m WTSBW ;
WTSW W . Z$8�
MAa,E�r5
zm WT(SB − C · SW )W .UX&_�-
zWTSBW aP tr(WTSBW )�OC
MA+^&�h�Z$8��_Lka(a5GaQ��{&`�-
zWTSW W aP tr(WTSW W )o�OC
MA^=&�Z$8��_Lka(a5GaQ��HI�AP,E�r5
zWT(SB−C·SW )WaP tr[WT(SB −C ·SW )W ] 0m
MA;�a���r6�k�eQ�;�a����e8�X.�vRVA�x&,Q�r5e��o�%n"` tr[WT(SB−C ·SW )W ] P_,Q�a
M�� w1, w2, · · · , wk 0m,S
M���k��W = [w1, w2, · · · , wk], w

T
i wj = δij ,

i, j = 1, 2, · · · , k.x&,Q�r5e��owKXA�,SCZ��
max

w
T
i

wj=δij ,i,j=1,2,···,k
tr{[w1, w2, · · · , wk]T(SB − C · SW )[w1, w2, · · · , wk]} (15)�8,SCZ��A��m

max
w

T
i

wj=δij ,i,j=1,2,···,k

k∑

i=1

w
T
i (SB − C · SW )wi (16)



382 % o E ) Æ 32�?� [13], vRVA�I*�TG 2. � λ1 > λ2 > · · · > λk m,E�r5
z SB − C · SW ar k !N|��
ϕ1, ϕ2, · · · , ϕk mwKa=*.��rN|�6�o

1) max
w

T
i

wj=δij ,i,j=1,2,···,k

k∑

i=1

WT
i (SB − C · SW )Wi = λ1 + λ2 + · · · + λk

2)

k∑

i=1

ϕT
i (SB − C · SW )ϕi = λ1 + λ2 + · · · + λkxDq�,E�r5
z SB −C · SW ar k !N|�6(>a.��rN|�6*

ϕ1, ϕ2, · · · , ϕk, Vmx&,Q�r5e��oa=!,S|��V$CLXx&,Q�r5e��oaN|Ry���g=.�%�$ka+28�QXD&`�-
z SW ;&_�-
z SB;g}.�%�%ka1; C, XD,E�r5
z SB − C · SW ;g
.�%�%ka1; k, �kC,E�r5
zr k !.��raN|�6
ϕ1, ϕ2, · · · , ϕk;g>.�nIVZ$�6 x 
M_#!
M� ϕ1, ϕ2, · · · , ϕk, `_N|�6 Φ

T
x. k��Φ = [ϕ1, ϕ2, · · · , ϕk].���x�N|Ry��%+	�X�/��A`�^8;/PXkJZ$�&�&����s��&
A`�

4 /TÆu8Q�1g�n,E�r5
z SB − C · SW aN|�6Fbm�/eÆ�vR�A`_&?X
Eigenfaces aN|/eÆ�e 1 .Z1; C a���m 100, 10, 1, −1 ��ORL ;�Q�,E�r5
z SB − C · SW r 5 !N|�6aeÆ�

f 1 \2= C b�Æ!o 100, 10, 1, −1 ��-F
t7�{s 5 "P~�7bf�
Fig. 1 Images corresponding to the first five eigenvectors of a generalized scatter difference matrix when

parameter C equals 100, 10, 1, and −1, respectively
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t7b�0�)�� 383UX SB − (−1) · SW = SB + SW = ST m(�-
z�Dq� C = −1 �a,E�r5N|/�Z��. Eigenfaces.Ke��A�C�F�1; C y�a+vrQ�N|/a�xe$e���[ Eigenfaces�:�O#&8�a'^Ni+^�,E�r5N|/�Oao.#&8�a�:5G�
5 	y�6�4 1;�Qm ORL �/eÆ;� �KU 40 ��P� 10 � 112×92 HreÆI*>�b#eÆwKa6	�_p;�P 10,304 p�"`,E�r5
z SB − C · SW aN|�6aXD�`
:"_�md�XD6�vR3�nP�eÆa��GU 112×92 qe_
56×46, �Ak-GAa 2,576 p6	�_�Px&,Q�r5e��o��N|Ry�%yP!�ar 5 �eÆ0m+28��A 5 �eÆ0m318��+28�!;;318�!;�m 200. ��P Eigenfaces

[7] �Fisherfaces
[8] �*=�_�'�[12] ;x&,Q�r5��N|Ry�%P,�=�&n���&�`��Nz;�� 1 I'�K��;�+_�C�LXx&,Q�r5e��oaN|Ry��X�SXG`a

Eigenfaces; Fisherfaces, JSX*=�_�'��{u�1; C a�Cw��y2OVX�M
� � 1 ORL =ÆR�,_P~T{��b!!O{=
Table 1 Recognition errors of various feature extraction methods on ORL databasedN�< Eigenfaces Fisherfaces

+>�` -R�s6�(� C = 1000 C = 100 C = 10 C = 1

24 14 28 12 11 8 11 9

29 15 31 11 10 9 10 8

34 14 28 10 9 8 9 9

39 14 23 8 7 7 8 9�4 2;�Qm Yale �/eÆ;�Q�KU 15 ��P� 11 �k+^V/�v;+v[i�aHreÆI*>�eÆ��Gm 100×80. �40P “D=� ”. V='�� 165 J31�g i J31a318�m;�Q�ag i�eÆ�+28�mDI�jaIVkJ 164�eÆ��4y2mx 165 J31ah�y2�mqe`L;�_�9��P�>��|n 8,000 pab#6	�_-G_ 163 pa PCA �_��AkI�_���N|Ry�,A��0P,�=�&n���&��4='�48 Eigenfaces � Fisherfaces ��r(�_�'�[14] �>�_��'�[11] ;LXx&,Q�r5e��oaN|Ry���D
Eigenfaces 0PIV 163 ! PCA N|�j�kK�kx 163 ! PCA N|LE�jRy 14!e�N|��4y2�� 2 I'�K��;��A�C�LXx&,Q�r5e��oaN|Ry��X�SXG`a
Eigenfaces; Fisherfaces, [�r(�_�'�;>�_�'�
Z�{u�1; C a�Cw��y2OV��M
�� 2 Yale =ÆR�,_P~T{��b!!I

Table 2 Recognition rates of various feature extraction methods on Yale databaseO}Sz�� Eigenfaces Fisherfaces
�s)� ?�` -R�s6`�(� �(� C = 1000 C = 100 C = 10  H 81.82% 72.73% 98.18% 98.18% 98.18% 98.18% 99.39%



384 % o E ) Æ 32��4 3;�Q0P FERET �/eÆ;� �K.=!Q��/ ��6V 3737 ��/eÆ��4��vR%yk�a 200 ��P� 7 �eÆ�UX�6a&�!;x�^&�/eÆa+v[i��v�!M
�CQ�
wX ORL ; Yale {1�FERET ?_���m�D�/r
�+v
HBaM
�vR0P8��Gm 80×80 a��CHreÆ�%��8Hr��CF*��4='�� 7 J31�g i J31a+28�mP!�/ag i, i+1, i+2�eÆ2)
,318�mDI�jaIVkJ 4 �eÆ�PJ31�a+28�!;;318�!;��m 600 ; 800. �4y2mx 7 J31ah�y2�^�4}=8��P�>��|n

6,400 pab#6	�_-G_ 599 pa PCA �_��AkI�_���N|Ry�,A��0P,�=�&n���&��4='�48 Eigenfaces � Fisherfaces ��r(�_�'��>�_��'�;LXx&,Q�r5e��oaN|Ry���D Eigenfaces0PIV 599 ! PCA N|�j�kK�kx 599! PCA N|LE�jRy 199 !e�N|��4y2�� 3 I'�� 3 FERET =ÆR�,_P~T{��b!!I
Table 3 Recognition rates of various feature extraction methods on FERET databaseO}Sz�� Eigenfaces Fisherfaces

�s)� ?�` -R�s6`�(� �(� C = 100 C = 10 C = 1  H 52.11% 25.18% 58.73% 52.82% 55.91% 61.95% 59.64%K��;�+_�C�LXx&,Q�r5e��oaN|Ry��X�SXG`a
Eigenfaces ; Fisherfaces, SX�r(�_�'�;>�_�'��
6 {:_*K�|;�4b4�X���/��{1�LXx&,Q�r5e��oaN|Ry���
wX#xG`aN|Ry���V=kaS,�3��x&,Q�r5e��o\?84&,Q�r5e��oaSi�P,E�r5VY,E Rayleigh ��K{�T8 Fisher e��oV;a&`�-
zalG�tV�kJ�LXx&,Q�r5e��oaN|Ry���V38aN|�'a.�kx!/Z���/ �aw��4�X����X�SXG`a Eigenfaces; Fisherfaces, SX�r(�_�>�_
�'�K[�
Z�
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