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Abstract This paper studies indefinite stochastic linear quadratic optimal control problem

with linear terminal state constraint. At first, we present a necessary condition for the

existence of optimal linear state feedback control by means of Lagrange multiplier theorem.

Then, a sufficient condition is also given under the strengthened conditions. To some extent,

the previous results on stochastic linear quadratic optimal control without constraint can be

viewed as corollaries of the main theorems of this paper.
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2 � �IgL�P=G���b5Æ�UqJ E 247-�R
�_�>�l	>�P3R�_*}5d*vfI���C�GDd�^z$I'�[7∼9]
. !;z�1ZI1pO<I�R
E� LQ >�mP�A1℄D*w+(IrZvZI>��xxO<T/1��P#I�`��L�Sos
xx$�K�Ækou^;\msI Lagrange multiplier RZ�Cv[�Ls
��O<I�RE� LQ SomP�dwdO<E� LQ mP8W��dV�>;I*w�$T/1��7IO<m Riccati h)8We*I; P ∈ NBV n×n[0, T ]. O�1pO<E� LQ �>SoI,B8oP-�fÆk{$RZI*w℄o_GD�IR_!�Æk{$�C�x=��O<IE���a4�>SomP (X�' x′ �/� (�Ha)x I�n).+' 1.

inf{J(x0, u) := E

∫ T

0

[x′(t)Qx(t) + u′(t)Ru(t)]dt} (1)

s.t. dx(t) = [A(t)x(t) + B(t)u(t)]dt + [C(t)x(t) + D(t)u(t)]dw(t), x(0) = x0 (2)

ai1x1(T ) + ai2x2(T ) + · · · + ainxn(T ) = ξi, a.s. i = 1, 2, · · · , r (3)_℄�x(t) = (x1(t), x2(t), · · · , xn(t))′ f n hI�L��u(t) ∈ Rm 1So9��w(·) 1R2WulR- (Ω , F, P ) !I*hI�� Brown TU�Ft = σ(w(s) : 0 6 s 6 t 6 T ) f
Brown TU&'I�ti�u(·) :DS�So"

Uad =

{

u(t) ∈ Rm, {Ft}t∈[0,T ] − 37P#IE��)�s
E
∫ T

0
|u(t)|2dt < +∞,_��7I�F (2) s
O<T/ (3)

}

ξi fyRI FT P#I�hP�E���% E|ξi|
2 < +∞, aij f,eI+>�i =

1, 2, · · · , r; j = 1, 2, · · · , n. h Mr×n = (aij)r×n, ξ = (ξ1, ξ2, · · · , ξr)
′, ZO< (3) P
f

Mx(T ) = ξ, W_℄,% M f�sr�j�g	t�zHa Q(t) � R(t) f℄&a�
A(t), B(t), C(t), D(t), Q(t), R(t) 13Bh>I*�Ha��s
-x,% H1

H1 : A, C ∈ L∞(0, T ; Rn×n), Q ∈ L∞(0, T ; Sn), B, D ∈ L∞(0, T ; Rn×m), R ∈ L∞(0, T ; Sm)�t L∞(0, T ; X) :=

{

f(t) : X −iÆ�B=P#	>�s
ess sup
t∈[0,T ]

|f(t)| < +∞

}

, Rn×mf n × m Ha�Sn f n 6℄&a�AD��$��l	>tI�4�1R
I�H-mP 1 '&f=O<I�R
E� LQ �>SomP�
2 Jf,�;Æk{$RZg��6zy0Æk$;DIz$I Lagrange multiplier RZ�*�z$I5Z[10]

.�0 1. % X f�R-�Y fqf��R-�T f X D Y I���℄ x, h ∈ X , ��xv!~
δT (x; h) = lim

α→0

1

α
[T (x + αh) − T (x)] (4)8W�&3!~f T W x 1h� h Ih�C>� Gateaux C>��℄�0I h ∈ X , !;!~X8W�Z& T W x 1f Gateaux PC��0 2. % X, Y fqf��R-�T fR2D X D Y I���℄yRI x ∈ X , T W

x 1f Gateaux PC�Gateaux C> δT (x; h) ∈ Y �D h fB=��I����s

lim

‖h‖→0

‖T (x + h) − T (x) − δT (x; h)‖

‖h‖
= 0



248 	 W � � � 32KZ& T W x 1f Frechet PC�δT (x; h) f T W x 1 h I Frechet C>��0 3. % T (x) fR2D Banach R- X D Banach R- Y I����Bb�I
Frechet C>��℄ x0 ∈ X , δT (x0; h) f6 X D Y Is$�Z& x0 f�� T IZP�� 1 (Lagrange multiplier). % f(x)1R2D BanachR- X !IBb�I FrechetC>I+ig	�H(x) f X D BanachR- Z I:$�x0 f�� H(x) IZP�� f(x)WO< H(x) = 0 xW x0 1:D!i�Z8W Z !B=��g	 z∗0 , - Lagrange g	

L(x) = f(x) + z∗0H(x)W x0 1B�P�%
δf(x0; h) + z∗0δH(x0; h) = 0 (5)℄HB h ∈ X X'a�1 1. % α(t) W [t1, t2] b���℄HBW [t1, t2] b�PCI	> h(t), � h(t1) =

h(t2) = 0, XB ∫ t2

t1
α(t)h(t)dt = 0 'a�Z α(t) ≡ 0, t ∈ [t1, t2].1 2. % α(t), β(t) W [t1, t2]b���℄HBW [t1, t2]b�PCI	> h(t), � h(t1) =

h(t2) = 0,XB ∫ t2

t1
[α(t)h(t)+β(t)ḣ(t)]dt = 0'a�Z β(t) fPC	>��C>f β̇(t) = α(t),

t ∈ [t1, t2].WÆ7I���Vy0*w�D�2}HaI5Z�1 3
[9]

. yR M ∈ Rn×m, Z8We*I M+ ∈ Rm×n, s

MM+M = M, M+MM+ = M+, (MM+)′ = MM+, (M+M)′ = M+MHa M+ &f M I Moor-Penrose �2}�

3 �&�V16zy0xfR2��0 4. mP 1 &f3RI (well-posed), ��
V (x0) = inf

u(·)∈Uad

J(x0, u(·)) > −∞, ∀x0 ∈ Rn

u∗ &f�>So (�D/i x0), �� V (x0) = J(x0, u∗). G�>So�℄7I�F'f
x∗. 6zNomP 1 8W�>���LdVSok u∗(t) = K∗(t)x(t) I�$T/�'F1��NjmP 1 W���LdV

u(t) = K(t)x(t), K(·) ∈ Cm×n[0, T ] (6)x:D�>I�$T/�ou6z�L�>�mP��'�R�mP���X� Lagrange

multiplier RZGD8W�>;I�$T/�� (6) >� (2), GD�x��vZ (fdh��x(t) .'f x)

dx = (A + BK)xdt + (C + DK)xdw (7)℄ (xx′) ^; Ito |.��t x f (7) .I;�GD
d(xx′) = [(A + BK)xx′ + xx′(A + BK)′ + (C + DK)xx′(C + DK)′]dt + (· · ·)dw



2 � �IgL�P=G���b5Æ�UqJ E 249h E(xx′) = X , |� X f℄&a�℄!.6 0 D t �m���V�>��bGD�x��Hamh)
Ẋ = (A + BK)X + X(A + BK)′ + (C + DK)X(C + DK)′

X(0) = X0 = x0x
′
0� (6) >� (1), B.��ÆGDz�g	�x (�t trA �/Ha A I ):

J(X, K) = tr

∫ T

0

[QX(t) + K ′(t)RK(t)X(t)]dt3*O< (3) �f
MX(T )M ′ = N, N = E(ξξ′)_#LmP 1 P��f�℄ K(t) -xfO<>�mP:D���+' 2.

inf{J(X, K) = tr

∫ T

0

[QX(t) + K ′(t)RK(t)X(t)]dt}

s.t. Ẋ = (A + BK)X + X(A + BK)′ + (C + DK)X(C + DK)′ (8)

X(0) = X0 (9)

MX(T )M ′ = N (10): 1. |��mP 1 �8W��dV�>; u∗(t) = K∗(t)x(t), Z K∗ *R'1mP 2I�>;�dg�'a�z�g	 J(X, K)P4fR2WR- Cn×n[0, T ]×Cm×n[0, T ] !��t Cn×n[0, T ]fHBKC1 [0, T ] !b�	>I n 6ha~'IR-� (8) R2d6 Cn×n[0, T ]×Cm×n[0, T ]D Cn×n[0, T ] I�� H(X, K):

H(X, K)(t) = X(t)−X(0)−

∫ t

0

[(A+BK)X +X(A+BK)′ +(C +DK)X(C +DK)′]dt (11)_ (10) R2d6 Cn×n[0, T ] D Rr×r I�� G(X):

G(X(T )) := MX(T )M ′ (12)6_O< (8)∼(10) P�/'
H(X, K)(t) = 0, G(X(T )) = N, ∀t ∈ [0, T ] (13)xvXdw J(X, K), H(X, K), G(X) XBb�I Frechet C>���0JuIC>�1 4. J(X, K), H(X, K), G(X) XBb�I Frechet C>��C>f

δJX(X, K; ∆X) = tr

∫ T

0

(Q + K ′RK)∆Xdt (14)

δJK(X, K; ∆K) = tr

∫ T

0

(∆K ′RKX + K ′R∆KX)dt (15)

δHX(X, K; ∆X)(t) = ∆X(t) −

∫ t

0

[(A + BK)∆X + ∆X(A + BK)′+
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(C + DK)∆X(C + DK)′]dt (16)

δHK(X, K; ∆K)(t) = −

∫ t

0

[B∆KX + X∆K ′B′ + (C + DK)X(D∆K)′+

(D∆K)X(C + DK)′]dt (17)

δG(X ; ∆X(T )) = M∆X(T )M ′ (18)�t ∆X ∈ Cn×n[0, T ], ∆K ∈ Cm×n[0, T ].7$�ldw (17), �FIPYBGd�W3n��AR2 1 I (4) B
δHK(X, K; ∆K) = lim

α→0

H(X, K + α∆K) − H(X, K)

α

H(X(t), K(t) + α∆K(t)) = X(t) − X(0) −

∫ t

0

[AX + B(K + α∆K)X + XA′ + X(K+

α∆K)′B′ + (C + DK + αD∆K)X(C + DK + αD∆K)′]dt = X(t) − X(0) −

∫ t

0

[AX+

XA′ + BKX + XK ′B′ + (C + DK)X(C + DK)′ + αB∆KX + αX∆K ′B′ + α(C+

DK)X(D∆K)′ + α(D∆K)X(C + DK)′ + α2(D∆K)X(D∆K)′]dtA (11), �h α → 0, PG (17). �1 5. O< (13) s
ZT/�% δH(X, K; ∆X, ∆K), δG(X ; ∆X(T )) B ∆X , ∆KW Cn×n[0, T ]× Cm×n[0, T ] s�*1s$I���7$�4f M �sr�H- δG(X ; ∆X(T )) fs$�xvl�dw℄� N0 ∈ Rn×n,� Y ∈ Cn×n[0, T ], 8W (∆X, ∆K) ∈ Cn×n[0, T ]× Cm×n[0, T ], s

∆X −

∫ t

0

[(A + BK)∆X + ∆X(A + BK)′ + (C + DK)∆X(C + DK)′]dt−

∫ t

0

[B∆KX + X∆K ′B′ + (C + DK)X(D∆K)′ + (D∆K)X(C + DK)′]dt = Y

∆X(T ) = N0h ∆K = 0, !;h)�f
∆X −

∫ t

0

[(A + BK)∆X + ∆X(A + BK)′ + (C + DK)∆X(C + DK)′]dt = Y

∆X(T ) = N03���mh)*RB; ∆X̃, 6_Lh)B; (∆X̃, 0). �' NBV n×n[0, T ]�/_#IHaR-��KCf [0, T ] !IB=�$	>��W[P
0 1� 0 iW (0, T ) Cb��xvy0ÆkI{$RZ�� 2. %�>�mP 1 8W�>; K∗, Z8W℄&a P ∈ NBV n×n[0, T ] #℄&a
λ ∈ Rr×r, ℄HB t ∈ [0, T ], s


− Ṗ =(Q + K ′
∗RK∗)+P (A+BK∗)+(A + BK∗)

′P +(C+DK∗)
′P (C + DK∗) (19)

P (T ) = M ′λM (20)

K ′
∗R + PB + (C + DK∗)

′PD = 0 (21)



2 � �IgL�P=G���b5Æ�UqJ E 2517$�A~' 1 Pe�K∗ '1>�mP 2 I�>;�Æk��>�mP 2 L'�D X, K IaK�>�X1Z�%�>;f (X∗, K∗). A5Z 4, 5 Pe��>�mPs

Lagrange multiplier RZIT/�6_A (5) e8W℄&a P ∈ NBV n×n[0, T ] #℄&a
λ ∈ Rr×r, s


tr

∫ T

0

(Q + K ′
∗RK∗)∆Xdt + tr

∫ T

0

{∆X −

∫ t

0

[(A + BK∗)∆X + ∆X(A + BK∗)
′+

(C + DK∗)∆X(C + DK∗)
′]dt}dP + tr[λM∆X(T )M ′] = 0 (22)

tr

∫ T

0

(∆K ′RK∗X∗ + K ′
∗R∆KX∗)dt − tr

∫ T

0

{

∫ t

0

[B∆KX∗ + X∗∆K ′B′ + (C+

DK∗)X∗(D∆K)′ + (D∆K)X∗(C + DK∗)
′]dt}dP = 0 (23)�t (22), (23) ℄HB (∆X, ∆K) ∈ Cn×n[0, T ]×Cm×n[0, T ]X'a� (22) # (23) INa�1A Riesz �/RZGDI�%℄ C[a, b]([a, b] !b�	>~'IR-) !IB=��g	

f , 8We*I v(t) ∈ NBV [a, b], -G f(x) =
∫ b

a
x(t)dv(t). �)*	��� P (T ) = 0, (22).m �mGD

tr

∫ T

0

(Q + K ′
∗RK∗)∆Xdt + tr

∫ T

0

∆XdP + tr

∫ T

0

{P [(A + BK∗)∆X + ∆X(A + BK∗)
′+

(C + DK∗)∆X(C + DK∗)
′]}dt + tr[λM∆X(T )M ′] = 0|��P W [0, T ) !tBWQ�pZP�3BI ∆X - tr

∫ T

0
∆XdP ��Ix�$;G^�A P W T BWQ�QZf −M ′λM . AD-!℄HBb�	> ∆X X'a�O�M℄Bb�C>�W[P 0 1� 0 iI	>''a�D1

∫ T

0

∆XdP = P∆X |T0 −

∫ T

0

P∆Ẋdt = −

∫ T

0

P∆Ẋdt6_ (22) �f
tr

∫ T

0

[(Q + K ′
∗RK∗)∆X + P (A + BK∗)∆X + (A + BK∗)

′P∆X+

(C + DK∗)
′P (C + DK∗)∆X − P∆Ẋ]dt = 0A5Z 2GD P W [0, T ) !P�s
 (19). ℄ (23) INa�'!;m �m�bZGD

tr

∫ T

0

[K ′
∗R(∆KX∗) + PB(∆KX∗) + (C + DK∗)

′PD(∆KX∗)]dt = 0A5Z 1 GD (21). s��=T/ P (T ) = 0 f P (T ) = M ′λM GD (20), Z P W [0, T ] !b�� �: 2. RZ 2 tI�$T/ (19)∼(21) #LXIO<T/ (8)∼(10) }B 2n w*6mh)�2n w�=T/�r wv[T/# m w>>h)�6tP-�R0 X∗(t), K∗(t), P (t)� λ.: 3. RZ 2 I8�G [8] tRZ 4.3 I (4.16) .Æ�B��Yg1�fv[i P (T )�Y�W [9] t P (T ) = H , H f,eI%℄&Ha�WÆkIRZ 2 t P (T ) = M ′λM , λf?RI%℄&a�_ λ I;�$ (8)∼(10), (19)∼(21) X�R�ou~0D (21) .P-
'
K ′

∗(R + D′PD) = −(PB + C′PD)



252 	 W � � � 32KB R + D′PD �P}*�|� K∗ 1�e*I�6_Cm λ � P (t) '1�e*I�_1=O<��=O<E� LQ SomPI�ÆsI�����>�mP 1 ttB��O<T/ (3), %_�fX%IpO<E� LQ �>SomP�3*�>�mP 2 F�f�xImP 3.+' 3.

inf J(X, K) = tr

∫ T

0

[QX(t) + K ′(t)RK(t)X(t)]dt

s.t. Ẋ = (A + BK)X + X(A + BK)′ + (C + DK)X(C + DK)′

X(0) = X0)# 1. ���>�mP 3 8W�>; K∗, Zxf=O<I�2 Riccati mh)[9]























−Ṗ = PA + A′P + C′PC + Q − (PB + C′PD)(R + D′PD)+(PB + C′PD)′

P (T ) = 0

(R + D′PD)(R + D′PD)+(B′P + D′PC) = (B′P + D′PC)

R + D′PD > 0

(24)W�- [0, T ] 8W�Ge*; P ∈ NBV n×n[0, T ], 3*
K∗(t) = −(R + D′PD)+(B′P + D′PC) + Y − (R + D′PD)+(R + D′PD)Y (25)�t"> Y (t) ∈ L2(0, T ; Rm×n).7$�WRZ 2 t�h M = 0 GD P (T ) = 0. �FIdwPk^ [9] tRZ 4.3 Idw�W3n��: 4
[9]

. (24) .fpO<�R
E� LQ SomP (1), (2) 3R��>dVSo8WI,m�$T/�: 5. ��W>�j�tNjv[�LI9��%�
J(x0, u) = E

∫ T

0

[x′(t)Qx(t) + u′(t)Ru(t)]dt + Ex′(T )Sx(T )�t S f+℄&Ha�Zzr!vI℄C�)�P-dwRZ 2 �℄o 1 ℄!;>�j���'a�l��v[O<T/ (20) � (24) m�S�f P (T ) = M ′λM + S � P (T ) = S%P�
4 .oV1W~ 3 t,Bj0=O<IE� LQ SomPM�pO<I$rU�*	�X��$T/ (8)∼(10), (19)∼(21) �1,mT/�fd
d λ, P (t) Ie*���$*	T/

R + D′PD > 0 (26)� 3. �� (8)∼(10), (19)∼(21), (26) 8W; X∗(t), K∗(t), P (t) � λ, ZmP 2 13RI���>dVSof
u∗(t) = −(R + D′PD)−1(B′P + D′PC)x(t) (27)
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V (x0) = inf

u(·)∈Uad

J(x0, u(t)) = x′
0P (0)x0 − tr(λN) (28)7$�% K∗(t), P (t) � λ fs
 (8)∼(10), (19)∼(21), (26) I;�A (21) .GD

K∗(t) = −(R + D′PD)−1(B′P + D′PC)>� (19) .�B.�ITDGD
Ṗ + PA + A′P + C′PC + Q − (PB + C′PD)(R + D′PD)−1(PB + C′PD)′ = 0 (29)

J(x0, u(·)) = E

∫ T

0

[(x′Qx + u′Ru)dt + d(x′Px) − d(x′Px)] = x′(0)P (0)x(0)−

E[x′(T )P (T )x(T )] + E

∫ T

0

[x′(Ṗ + PA + A′P + C′PC + Q)x + 2u′(B′P + D′PC)x+

u′(R + D′PD)u]dt = x′
0P (0)x0 − tr(M ′λMX(T )) + E

∫ T

0

x′[Ṗ + PA + A′P + C′PC+

Q − (PB + C′PD)(R + D′PD)−1(PB + C′PD)′]xdt + E

∫ T

0

[u + (R + D′PD)−1(B′P+

D′PC)x]′(R + D′PD)[u + (R + D′PD)−1(B′P + D′PC)x]dt = x′
0P (0)x0 − tr(λN)+

E

∫ T

0

[u + (R + D′PD)−1(B′P + D′PC)x]′(R + D′PD)[u + (R + D′PD)−1(B′P + D′PC)x]dt�tNaw “=” 1 d(x′Px) ^; Ito |.GDI�NAw “=” 14f (29) .�|��So
(27) ���j�g	 J(x0, u(t)), ���if x′

0P (0)x0 − tr(λN). �|�=O<�ÆI�>j�i�pO<�Æ[9] ^d*� −tr(λN). RZ 2 y0d>�mP 1 � 2 8W�>;I�$T/�_RZ 3 1mP 2 8W�>So;I*w,mT/�xvX�*hI.�`�X�wRZ 3 I7;�! 1. WmP 2 t�h A = −1, B = 1, C = −2, D = 0, M = 2, N =
(1 + e2)2

e2
, X0 = 1,

Q = 0, R = 1, T = 1, ZRZ 2 IT/ (19)∼(21) #LXIO<T/ (8)∼(10) �f�xIh)�


















































−Ṗ = K2
∗ + 2P (−1 + K∗) + 4P

P (T ) = 4λ

K∗ + P = 0

Ẋ∗ = 2(−1 + K∗)X∗ + 4X∗

X∗(0) = 1

X∗(T ) =
(1 + e2)2

4e2A!;h)��;G
X∗(t) =

(1 + e2t)2

4e2t
, K∗(t) = −

2

1 + e2t
, P (t) =

2

1 + e2t
, λ =

1

2(1 + e2)H-mP 2 8W�>So u∗(t) = −
2

1 + e2t
x(t), �>i V (x0) =

1

2
(1 − e−2).



254 	 W � � � 32K! 2. WmP 2 t�h A = −1, B = 1, C = −2, D = 0, x0 = 1, Q = 0, R = 1, T = 1,

M = N = 0. 4f M = N = 0, 3*_�fpO<IE� LQ SomP�ARZ 3 IT/
(8), (9), (19)∼(21), GD�xIh)�



































−Ṗ = K2
∗ + 2P (−1 + K∗) + 4P

P (T ) = 0

K∗ + P = 0

Ẋ∗ = 2(−1 + K∗)X∗ + 4X∗

X∗(0) = 1;G P = K∗ = 0, X∗ = e2t. H-mP 3 8W�>So u∗(t) = 0, �>i V (x0) = 0. B�_w8o6h�!'Æ�/L0X�
5 :rÆk�Cdv[=��O<I�RE� LQ SomP�6z^; Lagrange multiplierRZGD8W�>���LdVSoI�$T/�B��$T/V*	f R + D′PD > 0*�P-GD8W�>So;I,mT/���X�*w.�I+`�wdRZI7;�
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