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Abstract In this paper we first prove that the optimal discriminant direction of Maximum

scatter difference (MSD) discriminant criterion with a certain value c0 is equivalent to the

optimal Fisher discriminant direction. Second, sample recognition rate curves of MSD are

illustrated. The recognition rate curve is usually a pulse curve when the within-class scatter

matrix is nonsingular. With the increase of parameter C, the recognition rate of MSD also

increases. The recognition rate of MSD achieves its maximum when C is equal to c0. In

addition, former study showed that, when the within-class scatter matrix is singular, MSD

criterion is approaching the large margin linear projection criterion as parameter C increases.

1) EuT#/Tf� (60472060) R�f</AT#/T[�9eK8t (04KJD520037) QJ
Supported by National Natural Science Foundation of P.R. China (60472060) and Natural Foundation of Edu-

cation Bureau of Jiangsu Province of P.R. China (04KJD520037)T0(� 2005-6-29 TM*0(� 2006-3-10

Received June 30, 2005; in revised form March 10, 2006



542 V | \ V � 32(
Moreover, the recognition rate curve of MSD is non-decreasing. Thus, an adaptive classifica-

tion algorithm based on maximum scatter difference discriminant criterion is proposed based

on these facts. The new algorithm can tune parameter C automatically according to the

characteristics of training samples. Experiment conducted on 6 datasets from UCI Machine

Learning Repository and AR face database demonstrates that the adaptive classification

algorithm for maximum scatter difference has good classification property.

Key words Maximum scatter difference, large margin linear projection, Fisher discrimi-

nant criterion, adaptive algorithm, machine learning, face recognition

1 u℄\X-~7~�L�LgCEj0J~�L�[1]
, � Fisher ~�L�[2] ga�\X-~7L�R�W g3\��z�;�Ei(�;�j.�pGa�^'�;�zW�y\X/~q�?,9�	 Fisher ~�L�(�jL�\X-~7L�/~Bp-~7 —;x-~}� C �j;w-~ (C �pG1`�~<��%�`), a��zW`�j0�J~M��(�^~Bp Rayleigh 2�T��B�hP Fisher ~�L�iSj;w-*�'j�qJ�{�e�\X-~7~�L�j0J�;	 — \X-~7�;	��%FB�V
ifPJN�~[1]

. �_�F�l���;BF��5CO�j%FB���) Eigenfaces
[3] Q

Fisherfaces
[4]

, ::0m	"�T��ZyCj0E;Mh[5] 3
d����\X-~7�;	�%F`�l3j�;Jy$(l,i:1` C jQ���hP�qJ�{�"��Jj�;BF��O�1`�IÆpjvRm�u�Ei\X-~7�;	A�gCEj&�ABj%FB����jMjL�a�eR��\X-~7�;		B�~f;w-*�'���q�'jgCpGB��{>�
-��;Jy�1` C j�6�<k,�1` C jÆ��Z0yd;B�[jDX)��P>�Q�
aj1` C ���iJNj�;BF:?D
�l"%e0m~H�_.l (Validation set) 3�1` C �IvR9g'\X-~7�;	P>j(Z�`L
>pÆ)$3�{�OT\X-~7�;i��8*U���V*|
�5P\X-~7~�L�Q\X-~7�;	�"WtuP\X-~7~�L�	 Fisher ~�L�moXx$0J�z~�L�3xj?%�\WyKPgCSNv\X-~7�;i��� UCI h	S"`�4[6]
(UCI machine learning repository) j 6 3`�lmo AR %F�9`�4[7] 3j4R�F�l�SNv\X-~7�;	�;w-*�'��q�'Q��q�'LC�7(�y���d"�Xx$0J�z�;	Q Fisher0J�;	j�JB�Jy�

2 _[0�:�"N��_[0�:�>�7 ω1 Q ω2 LL3pG;�pG x ∈ Rd � d ��;M�r i ;XHa�j3`� Ni,a�+6 mi �;x-*�' Sb Q;w-*�' Sw ��yp�
mi =

1

Ni

∑

x∈ωi

x, i = 1, 2 (1)

Sb = (m1 −m2)(m1 −m2)
T (2)
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Sw =

2
∑

i=1

∑

x∈ωi

(x−mi)(x−mi)
T (3)�pGa�^r3�; w ∈ Rd(w 6= 0) �I�z��zWa�j;x-~ S̃b Q;w-~ S̃w ���

S̃b =
w

TSbw

w
T
w

(4)

S̃ =
w

TSww

w
T
w

(5);x-~Q;w-~LUM`�0�JjL3<~8��;x-~ÆX�`�j0�JÆN	;w-~Æ��`�j0�JÆN�sP�W “Ei�zWpGa�j0�JVf\X ” j\�~��;j�{�0mD���Æm(�s�CY�{
max
w 6=0

w
TSbw

w
T
w

(6)

min
w 6=0

w
TSww

w
T
w

(7),"��e��5
�Æ (6-7) LG�yj\�Z�{�V*N
��KZ�^s�CY�{�Z�s�CY�{�^s�CY�{j���T���wK`�[7] L��gCI3�Bj����~�wK`��jCM���e0mifm(\�ZpG
max
w 6=0

w
TSbw

w
TSww

(8)s�LInj Fisher ~�L��
Fisher ~�L��;x-~	;w-~j�6a�UM�zW`�0�Jjg3XSJ~M�Ei$gXS0�J~MVf\Xj;Mq� Fisher \��z�;�)F�~�wK`��j0Jv����eq0mif\X-~7 (Maximum scatter

difference, |s� MSD) ~�L�
max
w 6=0

w
TSbw − C ·wTSww

w
T
w

(9)\X-~7~�L��;x-~	;w-~jBp7a�UM�zW`�0�Jjg3XSJ~M�Ei$gXS0�J~MVf\Xj;Mq� MSD \��z�;�a;w-*�' Sw ��q�'>�(8) GA�g3(Ny�{ (Ill-posed problem), T�/=P Fisher ~�L�jv~���\X-~7~�L���jq`�P8$ Fisher ~�L�j�qJ�{��>N~�;w-*�'�qQ��qLC(�;S�\X-~7~�L�j\��z�;j�yd�<|^�0mD����'jv);M�{��{ 1
[1]

. �' Sb −C · Sw \Xv)6�vjv);Mq�\X-~7~�L�j\��z�;�s w
∗(C) � (9) �yj\��z�;�b Q b1 ���q�XHa�Qrg;XHa�^ w

∗(C) E�zWja�+6�q
b =

1

N1 + N2

∑

x∈ω1∪ω2

w
∗(C)Tx (10)



544 V | \ V � 32(
b1 =

1

N1

∑

x∈ω1

w
∗(C)Tx (11)��e�\X-~7~�L�j\X-~7�;	yp��

f(x) = sign(w∗(C)Tx− b) · sign(b1 − b) (12)���sign �"PK`�f(x) = 1 �I x \� ω1, f(x) = −1 �I x \� ω2.9� w
∗(C) jJp�aXHa�^'E�z>�L;a��\X/~q�2,P�a�XHa�~+�z6j b, s�LL;a�jg3�6j��u��%` sign(b1 − b) ��}P(�;�XHa�	'��u3xj?%�sign(b1 − b) > 0 o�O`���u�3ja�*X.�9S ω1, � sign(b1− b) < 0 �o�O`���u�3ja�*X.�9S

ω2. (12) G�%` sign(b1 − b) ja~���
9S ω1 ja�jK`6FA� 1, ��^se`���uj`3^L�3�
3 _[0�:�>���r�>�4{l�'s

F (c) =
w

∗(c)T(Sb − c · Sw)w∗(c)

w
∗(c)Tw

∗(c)
= max

w 6=0

w
T(Sb − c · Sw)w

w
T
w

(13),"�F (c) L c jg3�6K`��Bp Rayleigh 2jkJ2�F (c) m��' Sb − c · Swj\Xv)6�l{ 1. F (c) L c j^v}K`�v��a;w-*�' Sw ���q�'>�F (c) L cjZ1^v}K`�� lim
c→∞

F (c) = −∞; a Sw ��q�'>�lim
c→∞

F (c) = max
wTSww=0

w
TSbw

w
T
w

.�}�7 c1 < c2, w1 Q w2 ��L�' (Sb − c1 · Sw) Q (Sb − c2 · Sw) \Xv)6q�vj^�v);M�
F (c1) =w

T
1 (Sb − c1 · Sw)w1 > w

T
2 (Sb − c1 · Sw)w2 =

w
T
2 (Sb − c2 · Sw)w2 + (c2 − c1)w

T
2 Sww2 = F (c2) + (c2 − c1)w

T
2 Sww2�� Sw ��+y�'�s�� w

T
2 Sww2 > 0. > F (c1) > F (c2), q F (c) L c j^v}K`�v�j�+ Sw ��q�� Sw �+y�'�s����'oj^�;M w, V�

w
TSww > λw > 0 (14)���λw �;w-*�' Sw j\�v)6�P>�F (c1) > F (c2), q F (c) L c jZ1^v}K`�s λb ��' Sb j\Xv)6����'oj^�;M w, V�
w

TSww 6 λb (15)� (14), (15) 2
F (c) = w

∗(c)TSbw
∗(c)− c ·w∗(c)TSww

∗(c) 6 λb − c · λw (16)(v-K� lim
c→∞

F (c) = −∞.
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w

TSww=0

w
TSbw

w
T
w

�yj\��z�;�s�� lim
c→∞

F (c) = max
w

TSww=0

w
TSbw

w
T
w

. ��{ 2. F (c) LS�M c jEPK`��}�F (c) L�' Sb− c ·Sw j\Xv)6�s�L'�'53�gjEPK`[8]
. �'�'jq��g+L c jEPK`�> F (c) L c jEPK`� �l{ 2. + Sw ���q�'���D F (c) = 0 U��g+�9 c0, ��' Sb − c0 ·Swj\Xv)6q�vjv);Mq� Fisher \�~�;M��}�� (13) G2�F (0) = max

w 6=0
w

TSbw

w
T
w

= λb > 0.W��� (16) G2�a c∗ >
λb

λw

>�F (c∗) < 0.�� F (c) LS�M c jEPK`�>��x (0, c∗) w�"U�gu c0, Ei F (c0) = 0.��� F (c) LS�M c jZ1^vK`�> c0 L�gj���. [2] 2�Fisher \��z�;� w
∗ = S−1

w (m1 −m2).s c1 =
w

∗TSbw
∗

w∗TSww
∗
, ,"� c1 > 0.� Fisher \��z�;jJp2���'og3�z�; w, +� w

TSbw

w
TSww

6 c1.�P(v.l���'og3�z�; w, +�
w

∗T(Sb − c1 · Sw)w∗

w
∗T

w
∗

= 0 >
w

T(Sb − c1 · Sw)w

w
T
w$o�O�w

∗ �>�1` c1 (j MSD \��z�;�q�' Sb − c1 · Sw j\Xv)6q�vjv);M (:�37g3<`�`).s���F (c1) =
w

∗T(Sb − c1 · Sw)w∗

w
∗T

w
∗

= 0.�� F (c) jT9�g�> c1 = c0. �'y��l�+ Sw ���q�'�a1` C �6��' S−1
w Sb j\Xv)6>�

MSD j\��z�;m�� Fisher \��z�;�
F (c) mS�M c �ZjK`�0)� 1 qI�� 1(a) L9� Cancer `�l (1�� 2) 3j�_�Fb=j�sH>q�lP�a;w-*�'���q�'>�K` F (c) mS�M c �Zj�7�mO1` c j(��X�K`6 F (c) ^v��%��X�� 1(b) L9� AR %F�9`�l3j�_�Fb=j�s�la;w-*�'��q�'>�K`6 F (c) mO1` c j(��X�^vt}fr3k/6�
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� 1 F (c) nV�O�\kLb�2�(a) Sw ��r
(b) Sw �r
Fig. 1 The curve of F (c): (a) Sw is nonsingular; (b) Sw is singularl{ 3

[1]
. + Sw ��q�'��a1` C �;��X>�MSD j\��z�;mw��m(\�ZpG�yj\��z�;

maxw
TSbw (17)

{

w
TSww = 0

‖w‖ = 1
(18)�v� (17), (18) LGj~�L�?3�Xx$0J�z (Large margin linear projec-

tion, |s� LMLP) L���e2h�)F;w-*�' Sw ��q�'���T3x N(Sw) j�`(�� 1. 9�T3xjJ?���'og3�z�; w ∈ N(Sw), +� w
TSww = 0. $o�O�aXHa�^$C�;�zW�9S�g;�jXHa�}l�fg3u3�$L���6jgC�7�Xx$0J�zL�R��$C���6j�z�;�� fg3�>Ei;x-~ w

TSbw

w
T
w

Vf\Xj�; (s� max
‖w‖=1

w
TSbw m�� max

w
TSbw

w
T
w

).�%F�9`�l3j�_�F�l�e�Xx$0J�zL�j�;i�"�JNj�;Jy��B�[0m�0J0E;Mh3
d[9]
.W���_�l�a;w-*�' Sw ���q�'>�\X-~7�;i�jB�[m1` C �Zj�0�d�gaH�0�mO1` C j�X�B�[dF��X�a1` C �Xf c0 >�B�[Vf\X	a;w-*�' Sw ��q�'>�'B�[�0�d�g^vt��0�LC;S(�\X-~7�;i�jB�[m1` C �Zj�0��)� 2 Q� 3 qI�� 2 L9� Australian `�l (1�� 2) 3j�_�Fb=j�sH>q�lP�a;w-*�'���q�'>�\X-~7�;i�jB�[mS�M c �Zj�7�� 3 L9� ORL %F�9[8] `�l3j�_�Fb=j�s�dq�lP�a;w-*�'��q�'>�\X-~7�;i�jB�[mOS�M c j�X^v�X5f���r3k/6�sP�\X-~7~�L��t3��N~� Sw ��q;Sj Fisher ~�L�Q�N~� Sw �q;SjXx$0J�z~�L��hq�gP�9�`$C�gj�yL�a Sw ��q>�1` C vG�
��' S−1

w Sb j\Xv)6�Ei MSD j\��z�;	 Fisher \��z�;3g;	a Sw �q>�1` C vG�X�Ei MSD j\��z�;	Xx$0J�zj\��z�;3g;�



4 � e�!n�g�^Z/�9�!M�kVPx�=j� 547�P��eyKPe�\X-~7~�L�jSNv�;i��Ei Sw ��q>�1` C G�
��' S−1
w Sb j\Xv)6��a Sw �q>�1` C Z=X�

� 2 Sw ��r?^Z/�9�=�kD!℄n2b
C �\kLb�2

Fig. 2 The recognition rate of MSD classifier vs.

the parameter C when Sw is nonsingular

� 3 Sw �r?^Z/�9�=�kD!℄n2b C �\kLb�2
Fig. 3 The recognition rate of MSD classifier vs.

the parameter C when Sw is singular

4 WQy_[0�:�>k
e�
6Lx℄�Æ1` C, EiK`6 F (C)j*�6��r37yj�7 ε(P>�;w-*�'��q�\X-~7L�
Z� Fisher ~�L�), d#EiK`6 F (C) j)�M ∆F (C) j*�6��'7yj�7 ε(P>�;w-*�'�q�\X-~7L�
Z�Xx$0J�zL�)(1�� 1).(i7KSNv\X-~7 (Adapting maximum scatter difference, |s� AMSD) �;i��k 1 e�< C ← C0, ε← ε0, $ri�' Sb − C · Sw j\Xv)6�q F (C).k 2 e�+ F (C) > 0, < C ← kC, $ri F (C) Q ∆F (C).k 3 e�+ |∆F (C)| 6 ε, �Kr 7 ,�k 4 e�< C ← kC, $ri F (C).k 5 e�+ F (C) < 0, < flag ← −1, $Kr 8 ,�k 6 e�ri ∆F (C), $Kr 3 ,�k 7 e�ZK�' Sb − C · Sw \Xv)6�vjv);M�i��^�k 8 e�< a← 0, b← C, C ← (a + b)/2, $ri F (C).k 9 e�+ |F (C)| 6 ε, �Kr 12 ,�k 10 e�+ F (C) > 0, �< a← C, ��< b← C.k 11 e�< C ← (a + b)/2, ri F (C), $Kr 9 ,�k 12 e�ZK�' Sb − C · Sw \Xv)6�vjv);M�i��^�1` C jJ6 C0 0m9�N
U
7y�B)�av~ AMSD �Æ%FB��{>�1` C jJ60m�iXgC��ej�%�_�F�l�����qj;w-*�' Sw, ��7� ε0 = 0.01; ���qj;w-*�' Sw, ��7� ε0 = 1, q0�iJNj�;BF�1` k ja~L��;w-*�'��q�'j> ()�I%FB�>), E\X-~7L���Xx$0J�zL��k 6�X���jh~��6�k j�6(kHXdH��k 6HX�a�v;w-*�'��q>�\X-~7L��� Fisher ~�L�qNj>x	�3�k 6H���a�v;w-*�'�q>�\X-~7L���Xx$0J�zL�qN>x����j�_��1` k +�6� 10.
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5 �&A`�_g`�l� AR %F�9`�4�s� 126 %j 4000�!01�9[A��� 120 %
%� 26 ��(�>��A!�RK����"
m}�(}6j%F�9�$ 26 ��96�L3>��� 13 ��9�g3>��W 13 ��9�Wg3>���W37 14 |���_�.6�"
j%F�9�q
3%jr 1-7 �Qr 14-20 ��9��
3%jr
1-7 ��9a�XHa��r 14-20 ��9a�4Ra��XHa�Q4Ra�Y`+�
840 3��?M%F�<�A!msgjz7��e/~P��[� 50×40 jC�Z%F�9�$�IP_~+UZN����_�SNv\X-~7�;	QXx$0J�z�;	 (Large margin linear pro-

jection, |s� LMLP)
[9] �0E;Mhj�;BF�I���SNv\X-~7�;	�Xx$0J�z�;		0E;Mh�?3}LL;�;	�~��;�;�{>N
���{�Æ�++3L;�;�{�<�j�Æ�G�m(,C�g�g (one-vs-one) �g�� (one-vs-rest) Q�;℄ (Directed acyclic graph, �oD� DAG)

[10]
. �_��e�/~g�g�Æ�G�SNv\X-~7�;	0m~ Matlab�� [�'jv)6ov);MjK` eigm9�-�Xx$0J�z�;	0m~ Matlab �j	RCYK` quadprog m9�-��0E;Mh�/~ Junshui Ma

[11] m,
je� Matlab j SVM ;"5�j LinearSVC.� 1 RKPXx$0J�z�0J0E;MhQSNv\X-~7�;	� AR `�l3j+�B�[�� 1 64�=�� AR &G�:b!n4k-!D!℄ (%)

Table 1 Recognition rates of various classifiers on AR face image database (%)�<
 Yy%1K�{ 1K1F<Ni TOw℄Y.�8, C \ 66.19 66.19 66.31�_	`�l9S UCIh	S"`�4�se��L Heart, Australian, Cancer, German, LiverQ Pima. ���$Z3`�l3j�_+/~Yg��I�~j4R�� 2 RKP0J0E;Mh� Fisher �;	QSNv\X-~7�;	� Heart,

Australian, Cancer, German, Liver Q Pima m 6 3`�l3j+�B�[�� 2 64�=�� 6 4 UCI b!n4k-!D!℄ (%)

Table 2 Recognition rates of various classifiers on 6 UCI datasets (%)a mo� Australian Cancer German Heart Liver Pimaa m�a 690×14 699×9 1000×24 270×13 345×6 768×8

LSVM 80.72 96.57 76.10 84.81 69.57 65.10, C \ Fisher 85.94 97.42 70.30 83.70 62.90 74.22

AMSD 85.94 97.42 70.30 83.70 62.90 74.09

6 
_�
Fisher ~�L�QXx$0J�zL�+(\1`���Nv�;w-*�'��qQ�qLCvY;S��. 1 l�.l�a;w-*�'��q�'>�Xx$0J�zL��\X-~7~�L�j��HG�������e�g,	IP\X-~7~�L



4 � e�!n�g�^Z/�9�!M�kVPx�=j� 549�	 Fisher ~�L�jw�D%�$yKPyXS Fisher ~�L�QXx$0J�zL��Kje�\X-~7~�L�jSNv�;i���Nq2#Pse5SU�j(Z�N
8KjL�SNv\X-~7�;i�l"�Xx$0J�z�;i�Q Fisher�;i��h�g�9�s��>N~�;w-*�'��q�'Q��q�'m�C;S�`L��N
~Hx℄9�ySNj1` C, ��;B[
o�Xx$0J�z�;i�Q Fisher �;i��sP���
 f�6h�-���$LN
�e�WvmÆ)jg3H
�{�
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