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Abstract In the paper, a new class of ant colony optimization algorithm is proposed, in

which pheromone is classified into finite grades, pheromone updating is realized by changing

the grades, and the updated quantity of pheromone is independent of the objective function

values. It is proved by means of finite Markov chains theory that the algorithm converges

to the global optimal solutions linearly. Compared with MMAS, ACS and some other ant

colony optimization algorithms for the Traveling Salesman Problem, the calculating results

demonstrate that the proposed algorithm is effective and robust.
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2 � (I%p
~)h8!d`�h� 297_�f��:6�bl�'al:D��6�b*47<sew�<Y(��2�|	H7?�aw�<Y(�Qj5[yb�$��)f�j2Y2/\3KYj1y�
[9] u_N\�>?�}0sj_�f��U:&f�j6�bRY(*[4�w�<Y(�aI�pj6�b�Q(�w�<Y(|3�|(g6�b_�f� (Ant Colony

Optimization algorithm with finite grade pheromone, v?Æ FGACO) �6�b�A|('g$�'�6�b*4K�w�<Y(�3�s��*�j�C3*46�b�Y(:Q!q FGACO IY5?|H?jf��
2 QJyU�|� MMASPHvQ�yIÆKGjY';V�#�Y�*boXÆ	

min
s∈S

f(s)	6 S I|(aH�pj�b{ N 'x�Y�5��OPHA�m�xaÆ C, N Æ�yj5s�?"fJx i, j ∈ C PAj|D	 (i, j) ÆO�f Iw�<Y�� S 6j�bq/e:Ya�z9jPHvQ�y|Z<,�y (TSP) �q,{��y (' Flow-shop �y�Job-shop �y) n�_�f�|s3�	iNm|jPHvQ�y�Y�r�>V�	
TSP �y3uQf�?|�

MMAS f��:2�6�bj-$�3�mf�j:�SC (�W), �iK?j08�>VTDI	LAQm|Oj6�b�2�6�bj-$�n2Y�
for |℄SY n = 1, 2 · · · {

for _ ant = 1, · · ·, RY_Y {j^F�Y'�x k UÆ_jLA�x�a�F�j�xYw m = 1;W�! list(m) = k;

while(W�*<jLE�x){�W�F�4^F��x l;

k = l;

m = m + 1;

list(m) = k;

}

}��bRvW� ŵ, �6�b*44^*46�b�
}sk��Ytr2_�t k SF�7����x i, p�b$CHkfF�O (i, j) j"\	

P (ck+1 = j|ck = i, τ) =






τ(ck, j)α · η(ck, j)β

∑

r∈C
(ck,r)∈Jck

τ(ck, r)α · η(ck, r)β
, '8(ck, j) ∈ Jck

0, 	p�; (p1)



298 L � T J � 32 	6 α, β I2Y�τ I6�b9�τ(i, j) !EO (i, j) -j6�b�Jck
I� ck ,Bjm|O�P (· | ·) I�z"\�η(ck, r) !�O (ck, r) -j�Æ6��	� TSP �y�η(ck, r) �;,O (ck, r) j<����~b�Yt

1) ∀(i, j) : τ(i, j)← ρτ(i, j)

2) '8 f(ŵ) > f(wt), R ŵ = wt

3) 	� ŵ, ∀(i, j) ∈ ŵ, τ(i, j)← τ(i, j) + 1/L(ŵ)

4) ∀(i, j) : τ(i, j)← max(τmin, τ(i, j))

5) ∀(i, j): τ(i, j)← min(τmax, τ(i, j))	6 ŵ IbRv	�wt I�S|℄jRv	�ρ IWÆkH�τmax IRY6�b�τminIR/6�b�L(ŵ) I ŵ 	njw�<Y( (	� TSP �y�p!EW�<�). �-X6�b*44^6�-�qbRv		nO-j6�b�a MMAS f�X;;�q�S|℄Rv		nO-j6�b[3]
.:Q!q�MMAS D ACS �|'$i'/�vx	

1) 2Yj2/I[4�yj�iNj|5[*K��2Y��p$�
2) �f�jÆ<:D6�YKj6�b,�Z,��
3) �f�jÆ<:D6�6�bI�,Y$~j��If�d��WjY'	k�
4) ,	�6�bj"	YK�6�b%tj�=3"	�FW"\jp-*Y�

3 FGACO i�����z_�f�\P-���wN|(g6�b_�f��p� MMAS f�j>VTDY.�*�jI0sY94j6�b*44^�'8J�O-j6�b,��plj"\,7�;/�*b�`r�pl'AIn�j�'8[�6�b�O�A|( M 'g$�*�jg$�Y�q/3"	n*�:Y(��U,�g$jFW"\,���*XN&-Y� 2) 6j�;�6�b*4I�:g$j��3:&j�	�bRvO�w%	g$�		pjO�~q	g$�*47-sq�w��m h(i, j) IO (i, j) -jg$�g(x) I`{�j j:<Y�p:&Ug$e6�bjq/3"��9|(g6�b*4jYG!XC'$	
u1) ∀(i, j): h(i, j)← h(i, j)− r1

u2) '8 f(ŵ) > f(wt), R ŵ = wt

u3) 	� ŵ, ∀(i, j) ∈ ŵ, h(i, j)← h(i, j) + r2

u4) ∀(i, j): h(i, j)← max(1, h(i, j))

u5) ∀(i, j): h(i, j)← min(M, h(i, j))

u6) ∀(i, j): τ(i, j) = g(h(i, j))	62Y r1, r2 I �Y�r1 < r2, ? r1 ÆG�Y�r1 = 1, ? r2 Æ};Y�2Y M IRYg$Y�
� g(M) = τmax, g(1) = 1. �6�b*44^6�<s};Y�G�Y32{-1g$j�Q�U:&	6�bj-1��W�F�4^ (p1) C6�sNJ'2Y!�6�bD�Æ6�j,	;VD��
FGACO f��2Y α z�e<Y g(x) 6�Ps-Y�j�A�r2_�t k SF�



2 � (I%p
~)h8!d`�h� 2997����x i, �I� FGACO f�6�,njW�F�4^Æ	
P (ck+1 = j|ck = i, τ) =






τ(ck, j) · η(ck, j)β

∑

r∈C
(ck,r)∈Jck

τ(ck, r) · η(ck, r)β
, '8(ck, j) ∈ Jck

0, 	p�; (p2)

4 i�mk`u:e
VEA��# 1 v 4 �ugloC
Table 1 Symbols used in section fournB[�� gi

τ(n) u n T}^8k7 :�qJ N × N ����N J�zk6t
w(n) u n T}^&ÆkSw
� (w(1) �#g+=
), qJ N �.L
sn sn = (τ(n), w(n)), q"Fu n T}^8kEt
X X = {sn}∞

n=1

Γ sn n}+}�)1BkbI
Z w(n) n}+}�)1BkbI
H : Γ → Z H �Etb Γ 7k�r0f Z 7� H(τ(n), w(n)) = w(n)

G(i,j) : Γ → ℜ ℜ J;Zb� G(i,j)(sn) = τ(n)(i, j), (i, j) ∈ H(sn), G(i,j) �Etbr0f;Zb�� w(n) .kP (i, j) 
ok7 
Psnsm Et sn C^f sm k#℄
P EtC^��
π0 MBEtk#℄�-
πi u i T}^8k#℄�-
π∗ SwEt#℄�-$nu_f�jj^s9���f��|(dMF%tj3"�|3j^:DD|(dMFjz&x [10]. dMF|'$;V?4 ([10, p. 43] �7 3.1.1 j'�	_):�o 1. 	�|(dMF�*4UGDsNÆ��: n .B℄e"Y℄7Dsj"\jF n �(�Y��� 0, VN%�6&m|℄7Dsj"\jF n �(�Y���

1. 
� 1. � FGACO f�6�sn I|(dMF��u�sn |(Dsj�{f�jW�F�4^*$�sn IdMF� �
� 2. � FGACO f�6�( sn, sm ∈ X , 3� sn e sm jB℄"\ Psnsm
|	

1) ( f(H(sn)) < f(H(sm)), � Psnsm
= 0.

2) ( H(sn) = H(sm), �W�v'O (i, j) ∈ H(sn), �i G(i,j)(sn) > G(i,j)(sm), �
Psnsm

= 0.�u�{ u1), u2), u3), �_%�� ��^qDsB℄7�VibRv	 ���w�<Y($~�VibRv	*��ap	njk�Oj6�bw��'8bRv	*��{ u1), u3) C�k�Oj6�bISCj ({`{|�?*$). �:|(S|℄L�m|Oj6�b{�H*��R7bRv		njO-6�b�I τmax, 	pO-j6�b�I 1. ��S7t*b	|(dMFjDsÆ<�5�



300 L � T J � 32 ℄� 1. (5Ss�RvsD ;s). 	� s ∈ Γ , '8bRv		njO-6�b�I τmax, 	pO-j6�b�I 1, �? s I5Ss�v$r�b H(s) I��Rv	7��? s ÆRvs�	pDs?Æ ;s�℄o 1. (FGACO j"\v?). 	� FGACO, �|Ds sn = (τ (n), w(n)) jj^:DI|(dMF�p�|b$?4	
1) m|Ds*I℄7s��I�Ss�'��SsIRvs�p�|;�?�
2) 6& ;s-CYS|℄�6&kY'5Ssj|℄SY�UiG�,��u�1) 	�Rvs s∗, { u1), u2), u3) *$p-*|B℄eIj�f Ps∗s∗ = 1, kRI�Ss�U�|;�?�{?4 2 *$	pDs�I℄7s�
2) 	�5Ss�kÆ�6&�5Ss%�k�O-j6�b�H*��UFW"\X*��kR|℄SY�UiG�,� �℄o 2. (FGACO jSC?). FGACO f�SCe��Rv	j"\jF n �(�Y��� 1.�u�Afe FGACO kS|℄7���SNRv	�{?4 2 �l7 1 �7 1 j?4 1), *$�_A?� �	 Γ 6j�b�b$
��D	1) 	nw�<Y(5D�O�2) '8w�<Y(,��Rv		n6�b~D�O�	pO-6�b5D�O�
� 3. "\B℄�� P I$)����� P =

[
Ik 0

A B

]
, Ik I`����B I$)����pjRYv�( λ /� 1.�u�Afe Γ 6j�b�-nj
��D�{?4 1 D�7 1 *$�_A?� �{� B jRYv�( λ /� 1,� (I−B)−1 I*���m Mi = I +B +B2 + · · ·+Bi−1,� P i =

[
Ik 0

MiA Bi

]
, P∞ =

[
Ik 0

(I −B)−1A 0

]
.℄o 3.(FGACO jSCe�). πi SCe π∗ jSCe�fO ‖πi − π∗‖ 6 O(λi), X�I^�f�b*Y� λ jSC�\*?SC��u�‖πi − π∗‖ = ‖π0P

i − π0P
∞‖ =

∥∥∥∥π0

[[
Ik 0

MiA Bi

]
−

[
Ik 0

(I −B)−1A 0

]]∥∥∥∥ =
∥∥∥∥π0

[
0 0

(Mi − (I −B)−1)A Bi

]∥∥∥∥ 6 ‖π0‖λ
i = O(λi) ���%�r�b M = 1 7� FGACO f�
QÆ��f�� τmax J�Y7�λ J���� 1, f�SCe�Rg�&d:�SC�?|R7�H7F�L6j τmax IÆWf�?|j3y�

5 3\30F\+=T����s TSPLIB 6j TSP f=36R FGACO f��Ps TSPLIB 6jm��f=6jYM!E�OjYw (�'�f= ft70 j�OYwI 70, kro124p I'=��pj�OYwI 100). �:&f�7�sY�!mYa�Fsj�O�sQY�!mY��Fsj�O�
5.1 X}{�f�61j2Y|6�bjLA(�};Y�RYg$Y M �2Y β D τmax. $n��2Y	f�j?|jp-�:Q6�- �Y'2Y��H	p2Y*���	f



2 � (I%p
~)h8!d`�h� 301=6R7�β = −5, 6�bjLA(�ÆRY(jY��f�Æ< 10 S�kS 2500 ℄�_YÆ 25. <Y g(x) =
τmax − 1

M − 1
(x− 1) + 1, �IY'*?<Y�

5.1.1 �[eW} M�8x! 2, � M n� 10000 7��#(�Y��7 M Y};Y/.6�b�Q/�f�!&Nhwj^?�kR�� M �Y7�r2 n��YjY�	�f= eil51, M �	p_'Y(7��7K/�	�f= ry48p, M �(Æ 50, 100, 1000 7��7K/��8!q�|('g$|�!f�SCe�?j�8�'�f��|H?jU�?�# 2 r2 = 3, τmax = 200, T[h&[+�9��$*d�8l����� (2C{K�8)
Table 2 Comparison of average and percentage deviation for varying maximal grade, where r2 = 3,

τmax = 200 (percentage deviation is indicated in bracket)

M 10 50 100 1000 10000

ry48p 14571.5(1.0%) 14534.5(0.7%) 14545.3(0.8%) 14544.6(0.8%) 15758.9(9.2%)

eil51 429.2(0.8%) 429.8(0.9%) 428.1(0.5%) 428.6(0.6%) 460.5 (8%)

5.1.2 �[��~ τmax�-�SC?��:D6�	� τmax jF�|Y'�?j$>�*|r/X*|rY�pIp-f�?|jY';VjK�! 3 j�8^qN�Yx�b N 6 τmax 6 6N7�J'f=j�7�/� 1%.# 3 r2 = 3, M = 50, T[8!d+�9��$*d�8l����� (2C{K�8)
Table 3 Comparison of average and percentage deviation for varying maximal pheromone, where r2 = 3,

M = 50 (percentage deviation is indicated in bracket)

τmax 10 50 300 1000 3000

ry48p 14728.4(2.1%) 14491.0(0.5%) 14547.1(0.9%) 14646.9(1.6%) 14713.4(2.0%)

eil51 431(1.2%) 428.3(0.6%) 428.4(0.6%) 430.1(1.0%) 429.3(0.8%)

5.1.3 hp} r2�nj��6a�$h M �Y7�r2 n��YjY��%�M �/7�r2 n��/jY�! 4 ��N r2 *�7j:Q�8�r2 �/J'f=�8�?�a eil51 !q r2 �/��8*Y��?�# 4 M = 50, τmax = 50, r2 +�9��$*d�8l����� (2C{K�8)
Table 4 Comparison of average and percentage deviation for varying r2, where M = 50, τmax = 50

(percentage deviation is indicated in bracket)

r2 2 5 10

ry48p 14519.1(0.7%) 14584.5(1.1%) 14603.6(1.2%)

eil51 427.3(0.3%) 426.9(0.2%) 427.9(0.4%)

5.1.4 �^|q
v� 1 D� 2 IRY6�Y τmax = 50, RYg$Y M = 50, };Y r2 = 3 7j:Q�8�{�*x�f�SCe�/�'�!&NK?jal|A�z	I�� 2 6�“�I ”���f�Ff�|�/rale*?j	�
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� 1 ry48p ~_;FGh�
Fig. 1 Evolution of the best results (ry48p)

� 2 eil51 ~_;FGh�
Fig. 2 Evolution of the best results (eil51)

5.2 �w�x�^\Vi[� [11] 6wjj�CÆ<6RD���k'f=0� 10000kN S	�	� TSP,

k = 1;	� ATSP, k = 2; N !E�OYw�};Y r2 = 3,RYg$Y M = 50. $n3��
FGACO f�� MMAS, ACS, ASj?|�L)5f�j2Y2/�Y�lI [3]. _'f=6 g(x) =

τmax − 1

M − 1
(x − 1) + 1, � ft70 D kro124p f=6� g(x) =

√
τ2
max − 1

M − 1
(x− 1) + 1,pIY'Æ<Y�{! 5 *$� ft70 f=�8�Rv�8K���	�	pf=�FGACOf��	pf�j�#�8?��8!qf�I|0j��f�*d��WSC�# 5 TSP(�*() E ATSP(M*() llh�9���V~N#GT�l�$�9 (2C{K τmax)

Table 5 Comparison of computational results for TSP (upper three) and ATSP (lower three), the best

average results are indicated in bold face (τmax is indicated in bracket)g> S�X�= FGACO (τmax) MMAS MMAS+pts ACS AS

eil51 426 426.8(50) 427.6 427.1 428.1 437.3

kroA100 21282 21286.0(400) 21320.3 21291.6 21420.0 22471.4

d198 15780 15950.8(800) 15972.5 15956.8 16054.0 16702.1

ry48p 14422 14498.2(50) 14553.2 14523.4 14565.4 15296.4

ft70 38673 38979.9(210) 39040.2 38922.7 39099.0 39596.3

kro124p 36230 36444.6(300) 36773.5 36573.6 36857.0 38733.1

6 �b6�b*44^I_�f�j3y%Y��z_�f�j6�b*4K[4�w�<Y(�,Y$~�.j�yI2Yjp$?D�W���wNj|(g6�b_�f�0sY94j6�b*44^��6�b�A|(g$�6�b*4{g$*43:&�'�*4K�w�<Y(jY/�3��96�b*44^|'$jvx	
1) |0?���!qNf�ISCj�:Q!q�f�je��/�'�� MMAS �

ACS nf�,��*d��W�
2) U�?�2Y2//�j:Q!q���Y�:�2Y	f�p-K/�
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